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Editors’ Introduction

More than a century after the list of problems to be solved by David Hilbert
and almost half a century after the international reform attempt of the mo-
dern mathematics, the international landscape of the mathematics as of their
teaching are different, both richer and more diversified: the unity of mathe-
matics is no longer related to the study of the foundations, the power of ma-
thematics is more indisputable than ever, the research for links between the
evolution of the mathematics, of the brain and of the human civilizations
leads to extraordinary educational results.

The study of the phenomenology of learning mathematics, the interdiscipli-
nary research on the science of education as well as the technological im-
pact on the representations of the reality have made the field of math educa-
tion a new field of cognition, of research and of engineering, very important
and particular in his complexity.

Greece, as the birthplace of the science of the mathematics, of the philoso-
phy, of the theatre, of the democracy, but also of the bonds between them in
the republic, has often been chosen to organise international meetings in
math education. We note, indicatively, the historical international meeting
(OCDE, Athens) for the teaching of modern mathematics in 1963 (1), more
recently the Conference (PME-33, Thessaloniki) on the theoretical frame
state of the research in math education in 2009 (2) and this year the interna-
tional meeting (CIEAEM-64, Rhodes,2012) on the links between teaching
mathematics and democratic education (3).

The Hellenic Mathematical Society since its foundation in 1918 participates
continuously in this international scientific, pedagogical and technological
evolution of the math education. It systematically organizes conferences,
training activities, competitions and Mathematics Olympiads. It publishes
three pedagogical magazines for students, three scientific revues for its
members, for the teachers’ training and for all those who love mathematics,
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2 Editors’ Introduction

it is the official editor of two international journals, the Bulletin and the
Journal for Mathematics in Education (JME).

The decision for the publication of the Proceedings of the International
Conference CIEAEM-64 in this special issue of JME is a choice joining
three dimensions.

The first is related to the recognition of the important role of this Internatio-
nal Commission for the Study and Improvement of Mathematics Education.
Since its foundation by eminent mathematicians, psychologists and pedago-
gues in 1950 , date that a new age has started in Europe after the barbarism
of the Nazis and the War, the meetings and the cieaem's documents have
always had an important influence in the research, the innovation and the
practice of teaching mathematics.

The second dimension is related to the importance that the Hellenic Mathe-
matic Society brings in the reinforcement of teaching mathematics in all
academic degrees, from kindergarten to high school included the cycle of
higher education. In this same framework the JME makes a great effort to
build consistent and creative links among international researchers and to
encourage the comparative studies and the publication of joint reports.

The third dimension of this choice is related to the particular theme of this
cieaem-64 conference. We live a financial crisis which is connecting
structural and humanistic questions, related with the democratic local/global
organisation of our world.

Just like in the modeling of the environmental crisis, there is no great diffe-
rence if its description is oriented from the local to the global (Greece, Eu-
rope and planet) or in the opposite direction.

The important is to understand that there is a systemic crisis that puts in
question the ability of our mind and of our societies to conceive the interac-
tions, to formulate the unpredictable, to predict the uncertain, to think in the
paradox, to include the dispersion and the infinite in the concepts of periodi-
city and recursion, to search for new types of order in the phenomenology of
the disorder. All this conduce to mathematics concepts!

This crisis emerge the need to think with more complexity and to act with
more responsibility. It is urgent to connect the math education with the de-
mocratic concern and the universal humanitarian values, to find meaningful
tools and teaching practices that result to this connection in an explicit way,
in order to construct an educational system which is innovative, flexible and
adaptable to the variety of the concrete situations.

HMS i JME, Volume 4. 2012



Editors’ Introduction 3

Mathematics has faced historical ruptures and crises however the mathema-
tical community has proved the capability to surpass the antinomies, not by
using interdictions but by creating new concepts and integrating them in ri-
cher new theories.

The democratic concepts of the city and the republic have traversed the his-
tory and the variety of human societies and they have shown resilience and
an extraordinary capacity of adaptation, leading us to the axiom “democracy
knows no dead ends”.

The conjecture of this volume is that it is possible to improve mathematics
education by joining the teaching practices with the principles of the demo-
cratic organization, of the liberty, of the respect and the social integration.

The editors

e Sonia Kafoussi, Chair of the International Programme Committee for
CIEAEMO64

e Chrysanthi Skoumpourdi, President of the Local Organization Commit-
tee CIEAEM64

e Francois Kalavasis, Editor in Chief of the International Journal for Ma-
thematics in Education

CIEAEM 64- Proceedings



4 Editors’ Introduction

Editors’ Introduction

Plus d’un siecle apres la liste des problémes a résoudre de Hilbert et prés
d’un demi siecle apres la tentative internationale de la reforme des mathé-
matiques modernes, le paysage international actuel des mathématiques et de
leur enseignement est différent, plus riche et plus diversifié. L’unité¢ des
mathématiques ne se pose plus au niveau des fondements, la puissance des
mathématiques est plus incontestable que jamais, la recherche des liaisons
entre les mathématiques, le cerveau et les civilisations humaines conduit a
des résultats pédagogiques extraordinaires.

L’¢étude de la phénoménologie de I’apprentissage mathématique, les recher-
ches interdisciplinaires sur les sciences de 1’éducation ainsi que I’impact
technologique sur les représentations de la réalité ont fait du domaine de
I’enseignement des mathématiques un nouveau domaine de recherche,
d’ingénierie et de cognition, de plus en plus important.

Grece, lieu natal de la science mathématique et de la philosophie, du théa-
tre, de la démocratie mais aussi des liens entre eux dans la république, elle
a été souvent choisie pour 1’organisation des rencontres internationales sur
I’éducation mathématique. Nous pouvons indiquer la fameuse rencontre in-
ternationale se 1963 (1) sur I’enseignement des mathématiques modernes
(OCDE, Athenes), plus récemment en 2009 (PME-33, Salonique) la confé-
rence sur la recherche de théories cohérentes d’éducation mathématique (2)
et cet été 2012 (CIEAEM-64, Rhodes) 1a rencontre internationale sur les liai-
sons entre I’enseignement mathématique et la démocratisation de
I’éducation (3).

La Société Mathématique Hellénique depuis sa fondation en 1918 participe
de fagon continue a cette évolution scientifique, pédagogique et technologi-
que de I’éducation mathématique. Elle organise systématiquement des
conférences, des activités de formation, des concours et des Olympiades
Mathématiques. Elle édite trois magazines pédagogiques pour les éleves,
trois revues scientifiques pour ses membres, pour la formation des ensei-
gnants et pour toutes celles et tous ceux qui aiment les mathématiques, enfin
elle est I’éditeur officiel de deux journaux internationales de recherche, le

Bulletin et le Journal for Mathematics in Education (JME).

HMS i JME, Volume 4. 2012



Editors’ Introduction 5

La décision de la publication des Actes de la conférence internationale
CIEAEM-64 dans ce numéro spécial de JME est un choix a trois dimen-
sions.

La premiére est liée a la considération du réle important de la Commission
Internationale pour I’Etude et |’Amélioration de |’Enseignement des Ma-
thématiques. Depuis la fondation de cette Commission en 1950 par des
éminents mathématiciens, psychologues et pédagogues, dans une Europe
qui reprenait sa voie démocratique apres les barbaries nazies et la seconde
guerre mondiale, les rencontres et les documents de la cieaem ont une in-
fluence importante a la recherche, aux innovations et dans les pratiques de
I’enseignement mathématique.

La seconde dimension est liée a I’importance qu’apporte la Société Mathe-
matique Hellénique au renforcement de I’enseignement des mathématiques
dans tous les degrés scolaires, de la maternelle jusqu’au lycée et au cycle
des ¢études supérieures. Dans ce méme cadre le JMFE fait un grand effort de
construire des liens internationaux consistants et créatifs entre les cher-
cheurs, d’encourager les études comparatives et la publication des rapports
communs.

La troisiéme dimension de ce choix est liée au theme particulier de cette
conférence cieaem-64. Nous vivons une crise financiére joignant des ques-
tions structurales et humanitaires, liée aux problémes de I’organisation loca-
le/globale de la démocratie. Comme c’est le cas des crises environnementa-
les, peu importe si la description du mode¢le est orientée du local vers le glo-
bal (Grece, Europe, planéte) ou au sens inverse.

L’important est de se rendre compte qu’il s’agit d’une crise systémique qui
met en question la capacité de notre esprit et des nos sociétés de concevoir
les interactions, de formuler I’imprévisible, de prévoir I’incertain, de raison-
ner dans le paradoxe, d’inclure la dispersion et I’infini dans les concepts de
périodicité et de récursivité, de chercher des nouveaux types d’ordre dans la
phénoménologie du désordre. Tout cela conduit aux concepts mathémati-
ques !

De cette crise émerge le besoin de réflexion plus complexe et d’action plus
responsable. Il est urgent de faire connecter I’éducation mathématique avec
le souci démocratique et les valeurs humanistes universelles, de trouver les
moyens et les pratiques d’enseignement qui aboutissent a cette connexion de

CIEAEM 64- Proceedings



6 Editors’ Introduction

facon explicite, pour construire un systéme €ducatif innovant, flexible et
adaptable a la variété des situations concretes.

La communauté¢ mathématique a connu des crises et des ruptures épistémo-
logiques mais elle a fait preuve d’une capacité de surmonter les antinomies,
non pas par 1’ interdiction mais par la construction de nouveaux concepts et
par I’intégration des contradictions dans des nouvelles théories plus riches.
Les concepts démocratiques de la cité et de la république ont parcouru
I’histoire et la variété des sociétés humaines et ils ont montré une résilience
et une extraordinaire capacité¢ d’adaptation, nous conduisant a ’axiome que
«la démocratie ne connait pas d’impasses».

La conjecture de ce volume est qu'il est possible d’améliorer I’enseignement
des mathématiques en le joignant aux principes de 1’organisation démocrati-
que, de la liberté, du respect et de 1’intégration sociale.

The editors

e Sonia Kafoussi, Chair of the International Programme Committee for
CIEAEMo64

e Chrysanthi Skoumpourdi, President of the Local Organization Commit-
tee

e Francois Kalavasis, Editor in Chief of the International Journal for Ma-
thematics in Education

(1) Howard.F.Fehr, André Revuz, Mathématiques modernes: Guide
pour enseignants. Rapport d'une session d'étude internationale sur
les nouvelles méthodes d'enseignement des mathématiques. Athenes,
1963, Edition OCDE, Paris, 1964.

(2) PME 33, 33rd Conference of the International Group for the Psy-
chology of Mathematics Education, «In Search for Theories in Ma-
thematics Education», Thessaloniki, 2009, Eds. Marianna Tzekaki,
Maria Kaldrimidou, Haralambos Sakonidis

(3) CIEAEM 64, «Mathematics Education and Democracy: learning
and teaching practices», Rhodes, Greece 2012

HMS i JME, Volume 4. 2012
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DISCUSSION PAPER

Mathematics Education and Democracy: learning and teaching practices

Our theme for 2012 continues and extends recent CIEAEM conference topics (1979
“Mathematics for all and for everyone”, 1985 “Mathematics for all ... in the computer
age”, 1999 “Cultural diversity and Mathematics Education”, 2005 “Changes in the society:
a challenge for mathematics education”). The theme asks us, furthermore, to revisit the
manifesto (2000) for 50 years of CIEAEM, in particular with respect to globalization and
the interaction of mathematics education and democracy.

Democracy as a goal to strive for can be defined as an ideal form of social organization
that establishes a free and equal practice of political self-determination including values,
norms and behaviors that promise an optimal combination of economic, cultural and
institutional structures for a whole population (Valero, 1999). An international goal of
mathematics education still remains to overcome the history of limited opportunities for
some populations (marginalized groups), and democracy’s promise of equal participation
by all members of society suggests a variety of possibilities for mathematics education in
supporting the goals of democracy itself. Moreover, the challenge about the role of
mathematics education for a critical citizen today could be the focus of research. However,
globalization determines in a new way the notion of democracy in society, raising questions
about the complexity of national political systems and their relationship with global,
economic forces, challenging local assumptions about culture, identity, and the importance
of specific mathematical skills for a given curriculum, and even requiring any study of
democracy to include a self-critique of the cultural assumptions and traditions that inform
our working hypotheses about the potential and limitations of democracy as an ideal form
of social organization.

1. Democracy in mathematics curriculum: How does school mathematics contribute to
critical thinking and decision-making in the society?

In general, the mathematics curricula which exist in the countries of the world appear
to be remarkably similar. Whether these similarities exist by reasoned choice or are a result
of various waves of cultural imperialism is not clear, but they certainly do not appear to
reflect any differences in socio-cultural context (Bishop, 2009). Within the democratic
classroom students should see themselves in the curriculum and link mathematics to their
everyday lives (Malloy, 2002).

Moreover, students are facing a world shaped by increasingly complex, dynamic and
powerful systems of information and ideas (English, 2002). Mathematics curricula must
broaden their goals to include concepts and processes that will maximize all students’

HMS i JME, Volume 4. 2012



10 DISCUSSION PAPER

opportunities for success in society. Students should have the opportunity to think critically
about world issues and their environment through mathematics.

- What are the values of a democratic mathematics curriculum?

- What are the goals and the contents of a democratic mathematics curriculum?

- What is the nature of the relationship between mathematical knowledge of the workplace
settings and in life contexts in general and school mathematics?

- How can the new technologies help the design of a democratic mathematics curriculum?

2. Democracy in mathematics classroom practices: What kind of mathematics classroom
practices would enact a particular set of humanitarian values (e.g. social justice, respect
and dignity)?

Many researchers have developed the notion of “democratic access” to mathematical
ideas by the learners. This notion is related to:
» the creation of the appropriate learning conditions where all the students develop
the ability to solve and understand increasingly challenging problems,

* students’ mathematical knowledge, skills and understanding in order to cope with
problems in our society and to shape their personal futures. Students have to
become critical thinkers and decision makers in the classroom setting, but also in
their life conditions.

Moreover, democracy in mathematics classroom practices designates the possibility of
entering a kind of mathematics education that contributes to the consolidation of
democratic social relations (Skovsmose & Valero, 2002). The mathematics classroom is a
micro society in which democratic relationships among their members can be established
during their communication. Research in contemporary multicultural classrooms has
revealed many factors that influence learning and teaching of mathematics.

-What kinds of learning environments are needed to promote a democratic access to
mathematical ideas for all students?

- What is the nature of the critical process into which learners must be initiated?

- What are the forms of a democratic discourse in the mathematics classroom?

- What values are students expected to learn?

- What are the criteria for assessment?

3. Democracy in mathematics teacher education

Mathematics teachers should provide students with a mathematics education that will
serve them throughout their lifetimes. In doing so, they have to be acting subjects in
identifying, planning and implementing the curriculum. Teachers have to be sensitive not
only about the mathematical content, but also about the development of democratic social
relationships among the members of the classroom.

Teachers, mathematics educators, researchers, and policy-makers are all participants in
the systems of schooling. Interaction among them is necessary for the improvement of
mathematics teaching and learning. Moreover, teachers’ development of mathematics

HMS i JME, Volume 4. 2012



Discussion PAPER 11

teaching is most effective when it takes place in a supportive community of inquiry through
which knowledge can be developed and evaluated critically (Jaworski, 2003).

- What understandings, values and strategies do teachers need in order to promote
democracy in mathematics classroom?

- What are the characteristics of a (pre-service or in-service) teacher education program for
democracy in mathematics classroom?

- How does collaboration among policy-makers, mathematics educators, researchers and
teachers support this goal?

4. Democracy in research on mathematics education

In mathematics education different actions and different concerns have produced
different theories; over the past decades a number of research methodologies have been
developed, and other, more innovative methods continue to be developed as we work.
Consistent with a democratic orientation, this variety is inevitably enriched by the
contributions and participation of differently-oriented research, realized in different
societies where the influence of contrasting societal norms can be significant.

-How can mathematics educators more effectively act as “public Intellectuals” within a
democracy, enabling a democratic public education about and with mathematics education
in the public sphere?

-What are the criteria for a critical assessment of research theories and methodologies?

- How does a ‘local’ theory affect the researchers’ theory building?

-How can a democracy enact a democratic discussion about mathematics education issues
that is informed by research and practice?

DISCUSSION DU THEME

Education en mathématiques et démocratie: les pratiques d’apprentissage et
d’enseignement

Notre théme pour 2012 développe les récents sujets abordés par les conférences
CIEAEM (1979 “Mathématiques pour tous et chacun”, 1985 “Mathématiques pour tous ...
dans I’¢ére de I'ordinateur”, 1999 “Diversité culturelle et éducation en mathématiques”,
2005 “Changements dans la société: un défi pour I’éducation en mathématiques™). Le
théme nous demande de revisiter le manifeste (2000) qui a été publié pour les 50 ans de la
CIEAEM, en particulier par rapport a la globalisation et I’interaction de 1’éducation en
mathématiques et de la démocratie.

On peut définir la démocratie, selon Valero (1999), comme un but a atteindre, une
forme idéale d’organisation sociale qui établit une pratique libre et égalitaire de 1’auto-
détermination politique incluant les valeurs, les normes et les comportements qui
promettent une combinaison optimale des structures économiques, culturelles et
institutionnelles pour toute une population. L’éducation en mathématiques a pour but
international de surmonter une série d’opportunités limitées pour certaines populations
(groupes marginalisés) : or la promesse de la démocratie d’une participation égale par tous
les membres de la société suggere diverses possibilités d’éducation en mathématiques.
Dr’ailleurs, le défi du role de 1’éducation en mathématiques pour former 1’esprit critique du

CIEAEM 64- Proceedings



12 DISCUSSION PAPER

citoyen d’aujourd’hui pourrait constituer un foyer de recherche. La globalisation détermine
différemment la notion de démocratie en société, soulevant des questions au sujet de la
complexité des systémes politiques nationaux et leur relation avec les forces économiques
globales, remettant en question les idées locales au sujet de la culture, de I’identité et de
I’importance de certaines habiletés mathématiques pour un curriculum donné. La
globalisation exige méme que toute étude de la démocratie comporte une autocritique des
notions et traditions qui informent nos hypothéses de travail sur le potentiel et les limites de
la démocratie comme forme idéale d’organisation sociale.

1. Curriculum de la démocratie en mathématiques: Comment les mathématiques a [’école
contribuent-elles a la pensée critique et a la prise de décision en société?

Les curricula en mathématiques sont remarquablement similaires a travers le monde.
Que les ressemblances soient le fait de choix conscients ou résultent de vagues successives
d’impérialisme culturel n’est pas clair mais elles ne semblent pas refléter les différences de
contexte socioculturel (Bishop, 2009). Pourtant, les étudiants devraient se reconnaitre dans
les curricula suivis en classe démocratique et faire le lien entre les mathématiques et leur
quotidien (Malloy, 2002).

De plus, les étudiants font face & un monde faconné par des systémes d’information et
d’idées de plus en plus complexes, dynamiques et puissants (English, 2002). Les curricula
en mathématiques doivent élargir leurs buts en incluant des concepts et processus qui
maximiseront, pour tous les étudiants, leurs opportunités de réussite sociale. Ils devraient
avoir I’opportunité de développer leur esprit critique au sujet des questions mondiales et de
leur environnement a travers les mathématiques.

- Quelles valeurs un curriculum démocratique en mathématiques doit-il proposer?

- Quels en sont les buts et les contenus?

- Quelle est la nature de la relation entre la connaissance mathématique des environnements
de travail et de vie en général et les mathématiques en classe?

- Comment mettre les nouvelles technologies au service d’un curriculum démocratique en
mathématiques?

2. Démocratie dans les pratiques mathématiques en classes: quelles pratiques
permettraient de vivre un ensemble particulier de valeurs humanitaires (ie justice sociale,
respect et dignité)?

Plusieurs chercheurs ont développé la notion “d’accessibilité démocratique” aux

notions mathématiques par les apprenants. Cette notion est reliée a:
* La création de conditions d’apprentissage appropriées ou tous les étudiants
peuvent développer 1’habileté a comprendre et résoudre des problémes complexes.

* Aux connaissances mathématiques, habiletés et compréhensions en vue de faire
face aux problémes de nos sociétés et de préparer leur avenir personnel. Les
étudiants doivent devenir des penseurs critiques et des décideurs en contexte de
classe certes, mais aussi dans leurs contextes de vie.

La démocratie dans les pratiques mathématiques en classe ouvre la possibilité de
commencer une ¢ducation mathématique qui contribue a la consolidation de relations
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sociales démocratiques (Skovsmose & Valero, 2002). La classe constituera ainsi une
microsociété ou les communications feront naitre des relations démocratiques. La recherche
sur les classes multiculturelles contemporaines révele plusieurs facteurs qui influencent
I’apprentissage et I’enseignement des mathématiques.

-Quelles sortes d’environnements d’apprentissage pourraient promouvoir un acces
démocratique aux idées mathématiques pour tous les étudiants?

- Quelle est la nature du processus de pensée critique auquel les apprenants doivent
s’initier?

- Quelles sont les formes d’un discours démocratique en classe de mathématiques?

- Quelles sont les valeurs que les étudiants doivent apprendre?

- Quels sont les critéres d’évaluation?

3. Démocratie en formation des enseignants en mathématiques

Les enseignants en mathématiques devraient fournir une éducation en mathématiques
qui servira les étudiants durant toute leur vie et, ce faisant, étre actifs dans I’identification,
la planification et la mise en ceuvre du curriculum. Ils seront bien entendu sensibles aux
contenus mathématiques mais aussi au développement de relations sociales démocratiques
entre les étudiants en classe.

Les enseignants, les éducateurs en mathématiques, les chercheurs et les formulateurs
de politiques sont tous des participants dans le systéme scolaire et ’interaction entre eux est
nécessaire a I’amélioration de I’enseignement et de I’apprentissage des mathématiques. Le
développement de 1’enseignement mathématique est plus efficace lorsqu’il a lieu dans une
communauté de support a la recherche qui développe et critique les connaissances
(Jaworski, 2003).

- Quelles compréhensions, valeurs et stratégies requicrent les enseignants afin de
promouvoir la démocratie dans la classe de mathématiques?

- Quelles sont les caractéristiques d’un programme d’éducation des enseignants (avant et
pendant la classe) pronant la démocratie en classe de mathématiques?

- Comment la collaboration entre formulateurs de politiques, éducateurs en mathématiques,
chercheurs et enseignants peut-elle supporter ce but?

4. Démocratie en recherche en éducation mathématique

Différentes actions et préoccupations ont donné naissance a diverses théories en
éducation mathématique; au cours des derniéres décennies un nombre de méthodologies de
recherche ont été développées et d’autres méthodes plus innovatrices sont en
développement. En accord avec une orientation démocratique, cette variété s’enrichit de
contributions de recherche aux orientations différentes, réalisées dans des sociétés ou
I’influence de normes sociétales contrastantes peut étre significative.
-Comment les éducateurs en mathématiques peuvent-ils agir davantage comme
“intellectuels publics” a I’intérieur d’une démocratie, favorisant une éducation publique en
mathématiques démocratique et centrée dans la sphére publique?
-Quels sont les critéres pour une évaluation critique des théories de recherche et des
méthodologies?
- Comment une théorie “locale” affecte-t-elle 1’¢laboration de théories des chercheurs?
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-Comment une démocratie peut-elle mettre en oeuvre une discussion démocratique au sujet
des questions d’éducation en mathématiques qui soit informée par la recherche et la
pratique?
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Abstract: Different groups of challenges can be associated to a
mathematics education for democracy, and we address challenges re-
lated to: (1) Mathematics. What roles might mathematics be playing in
society, technology, and daily-life practice? (2) Mathematics educa-
tion. What kind of disciplining might be exercised through this educa-
tion? What alternatives are possible? (3) Foregrounds, meaning and
possibilities. How to characterize students’ foregrounds? What could
be considered meaningful mathematics education? What could a con-
struction of possibilities mean?

What a mathematics education for democracy could mean is an
open question without any specific answers in sight. Thus, we always
have to keep in mind that “democracy” is an explosive concept.

Key-Words: mathematics education for democracy, school
mathematics tradition, prescription readiness, student’s fore-
ground, meaning, possibility.

1. Introduction

The discussion about mathematics education and democracy is old.'
However, it is continuously transformed into new discussions, as interpreta-
tions of and conditions for democracy are ever changing.

One can characterise “democracy” as an explosive concept.” By this we
understand a concept that can be defined only through concepts just as open

! See, for instance, Skovsmose (1990).
? The notion of explosive concept has been described in Skovsmose (2005).
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and vague as itself. Thus, democracy is related to equity, justice, and inclu-
sion. We will not try to provide any defining clarification of democracy. But
we will use the notion, recollecting Wittgenstein’s observation in Philoso-
phical Investigations, that the meaning of a notion is its use. So we hope to
bring some meaning to “democracy” by using it.

Democratic ideals were expressed in Antiquity in Greece, and since then
they have been ignored, forgotten, revived and transformed. They have been
incorporated in parliamentary systems. They have been formulated as part
of liberal political thinking. They have inspired the formulations of very dif-
ferent constitutions, the fundamental principles according to which a state is
governed.

Accompanying the formulation of democratic ideals, one also finds ex-
pressed the counter idea that democracy is only for somebody. Thus, in
1910 in the English Parliament it was explicitly stated by Arthur James Bal-
four (Prime Minister 1902-1905 and Foreign Secretary 1916-1919) in a de-
bate addressing Egypt that democracy was not for the “Orientals”.’ As a
consequence, Balfour could present as an obligation for England to rule all
these many people not apt for democratic systems. The democracy-is-not-
for-them argument has been applied again and again. It has been basic to the
apartheid regime in South Africa: Blacks had to be excluded. The same ar-
gument barred woman from participating in democracy for long periods,
thus women got the right to vote in United Kingdom in 1928, in France
1944, in Switzerland in 1971, while they in Saudi Arabia are promised to be
allowed to vote in 2015.

Democratic ideals also concerns institutions, organisations and work
places. And also here one meets the democracy-is-not-for-them argument.
Thus it is often claimed that institutions like the military, church, hospitals
cannot be based on democratic principles. But what about the educational
system? For a long period democracy was not considered relevant for this
system. But it has been contested, for instance by the so-called 1968 stu-
dents’ movement. In fact the democracy-is-not-for-them argument is con-
tinuously being challenged, for instance through many non-governmental
movements and, recently, through the Arabic Spring.

Democracy also functions as a useful label, and even the most brutal
form of dictatorships has decorated themselves with the notion of democ-
racy. Thus the official name of East Germany was Deutsche Demokratische
Republik (German Democratic Republic). It should also be noted that even

* See Said (1979, pp. 31 ff))
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if it is generally agreed that a political system, where women and blacks are
not allowed to vote, can hardly be called a democracy one traditionally
decorates our historical past and think of, say, England as being a democ-
racy also before 1928.

Let us now concentrate on education. We will address different groups
of challenges that can be associated to a mathematics education concerned
about democratic ideals. We will address challenges related to:

1. Mathematics. What roles might mathematics be playing in society,
technology, and daily-life practises?

2. Mathematics education. What kind of disciplining might be exer-
cised through this education? What alternatives are possible?

3. Foregrounds, meanings, and possibilities. How to characterise stu-
dents’ foregrounds? What could be considered meaningful mathe-
matics education? What could a construction of possibilities mean?

Through the discussion of foregrounds, meaning and possibilities we
will get closer to characterise a mathematics education inspired by democ-
ratic ideals. However, let us take the issues in their proper order.

1. Mathematics

We will characterise two different attitudes towards mathematics. The
first we refer to as the modern perspective on mathematics.

It has been part of Modernity to celebrate mathematics, and this celebra-
tion includes different elements. First, it is emphasised that mathematics
provides a unique insight in nature. This claim was crucial for the so-called
scientific revolution, and it has accompanied the natural sciences ever since.
In fact the mathematised natural sciences have been considered a scientific
ideal that other sciences, as economy and medicine for instance, have to
pursue. Thus mathematics has been nominated as the language of sciences,
if not the rationality of science. Second, it has been emphasised that
mathematics, through its broad range of applications represent the rational-
ity of progress. Thirdly, mathematics has been celebrated as a pure science,
which stands out due to its objectivity and neutrality.

The Modern celebration of mathematics is accompanied by the as-
sumption that there exists an intrinsic harmony between mathematics and
democratic ideals. In other words: by being an ambassador of mathematics
one is also promoting the rationality of democracy. This assumption has
been related to the observation that the axiomatic organisation of geometry
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and the formulation of democratic ideals took place during the same period
and in Antique Greece. The assumption claimed an intrinsic connection be-
tween the two ways of thinking.

One could contrast the modern perspective with a critical perspective on
mathematics. According to this it is important not to address mathematics
with any pre-set values, as the mathematical rationality can operate with all
kinds of qualities. Mathematics represents a powerful rationality. It inte-
grates knowledge and power. It constitutes a knowledge-power unity, which
can be used for any purpose. As a consequence, mathematics needs to be
critically examined, and not to be celebrated in general.

The critical outlook does not assume that there are any intrinsic harmony
between democratic ideals and mathematical forms of thinking. Instead it is
claimed that mathematics could come to serve many different political and
socio-economic interests, also the most undemocratic types.

To explore further a critical perspective on mathematics it is important
to consider the roles that mathematics does play in society. One finds
mathematics brought in action in all different forms of technology. Here we
interpret technology in the broadest possible way. Thus, we do not only re-
fer to technological artefacts: washing machines, TV-sets, robots, electronic
networks, etc. By technology we also refer to forms of automatisation, pro-
cedures for financial transactions, forms of surveillance and control, etc. As
technology, so all forms of daily practices become mathematised. Our life-
worlds become continuously defined and re-defined through mathematics in
action.”

Let us just refer to some of the domains where mathematics-based tech-
nological development has a tremendous impact on our life-worlds:

(1) One can consider a computer being a mathematical algorithm, mate-
rialised in an electronic format. In this sense a computer is a mathematical
construct. We find such constructs in all forms of modern information and
communication technology. All kinds of new equipment, like mobiles and
tablets, are now flooding the market. Thus social practices become changed
in huge scales due to implementations of mathematical constructs.

(2) Processes of production take new forms due to automatisation. Any
production process — of cars, airplanes, washing machines — is established

* For a discussion of mathematics in action, see, for instance, Skovsmose (2009). For
a discussion of processes of robotting and surveilling, see Skovsmose (2012a). See
also Gellert and Jablonka (2009).
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through a certain balance between automatic processes, technical manage-
ment, and manual labour. However, this balance is always changing as new
technology makes new forms of automatisation possible. Such changes al-
ways reflect particular interests: The market conditions, the level of salaries,
the possibility of exercising more control of the production process, etc.

(3) Processes of management and decision-making take new forms due
to mathematics. As an example, one can think of the new conditions for ana-
lysing implications of not-yet implemented initiatives. Through more and
more complex mathematical models, one tries to provide economic forecast-
ing. This way new “necessities” become identified: “necessary economic ac-
tions”, “necessary reductions”, “necessary restrictions”, etc. Through
mathematical models one identifies a range of necessities which frame our
daily life and accompany us into the future.

(4) In medicine mathematics-based techniques play new crucial roles,
both with respect to diagnostics and treatment. As one particular example,
one can just think of the technologies used in cancer treatment. The machine
through which radiotherapy is conducted is now a highly automatised in-
strument. All relevant parameters that are defining the treatment of a par-
ticular person become activated when she or he is treated. And more and
more medical treatments are conducted through mathematical algorithms.

(5) All kind of advanced war technology is based on mathematics in ac-
tion. As an example one can think of the “drones”, the unmanned aircrafts
through which particular targets become attached. The possible targets be-
come subjected to a taxonomy, including algorithmic decision-making of
whether to fire or not to fire. This way the whole process of “targeting” be-
comes mathematised and automatised.

The hectic mathematics-based development of technology includes
many tensions and conflicts. We do not have to do with any universal form
of progress. This development brings about new forms of risks, exploitation,
domination, control, surveillance, robotting. It brings about new forms of
capitalising profits. There is no intrinsic connection between applications of
mathematics and democratic forms of thinking.

There is no basis for a general celebration of mathematics. The modern
perspective on mathematics has turned obsolete. Mathematical rationality
has to be addressed critically in all its many instantiations. It is an important
challenge for mathematics education to develop further a critical perspective
on mathematics.
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2. Mathematics education

Let us now consider what role mathematic education might be playing in
society. One could assume that this education in general makes part of a
democratic endeavour, and that there is an intrinsic connection between
mathematics education and democratic thinking. One could claim as done
by Hannaford (1998) that his “Mathematics Teaching is Democratic
Education”.

Our point, however, is that one cannot make any such assumption. We
find instead that mathematics education, as education in general, can be
acted out with reference to any form of political interests. We do not find
that mathematics education contain any democratic essence. Mathematics
education operates as a socio-economic contingency: It could come to oper-
ate as a democratic force, but also as a disciplining device — to use a term
explored by Foucault.’

Let us consider the school mathematics tradition. By this tradition
we refer to some features of much mathematics education: (1) The activities
in the classroom are first of all defined through the chosen textbook. The
teacher makes exposition of a particular topic from the textbook, which de-
fines the tasks for the students. This way, the “acted out” curriculum be-
comes defined through the textbook. (2) The mathematical exercises play a
dominant role, as solving pre-formulated exercises is considered crucial for
the learning of mathematics. These exercises demonstrate particular charac-
teristics: All the information given is exact, and should not be questioned. It
is necessary for solving the exercises, but no other information is relevant.
The exercises have one and only one correct solution. (3) One important
feature of the classroom practice is to eliminate errors. There are many pos-
sibilities of errors: An algorithm can be conducted wrongly; a wrong algo-
rithm can be applied; an exercise can be copied wrongly from the textbook;
the wrong exercise can be calculated, etc. All forms of errors have to be
eliminated, as “doing things correctly” is considered equivalent to “learning
mathematics”. (4) The students’ performances have to be evaluated. This
can be done through the teacher’s questioning approach in the classroom;
through the teacher’s control of the students’ solutions to exercises; and
through different forms of tests. It can be completed through the exams by
the end of the school year.

One feature of a disciplining through mathematics education might
be captured by the notion of prescription readiness (see Skovsmose, 2008).

> See, Foucault (1991).
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Considering the content of the many exercises, defining for the school
mathematics tradition, one can hardly claim that working with such exer-
cises provide any deeper understanding of mathematics. However, one can
pay attention, not to the content, but to the form of these exercises. They op-
erate as a long sequence of commands: “Construct a triangle...!” “Solve the
equation...!”, “Calculate the distance between...!”, etc. Taking a command
as given is a defining element of a logic of commands. Following a com-
mand accurately is another element. Furthermore, the implementation of a
command has to be carefully controlled. In general, a logic of comments
cultivates a prescription readiness.

However, a mathematics education concerned about democratic ideals
needs to be associated to others approaches reaching beyond the school
mathematics tradition. And there are in fact several approaches to be con-
sidered. One can think of responsive mathematics education which tries to
make students able to respond to forms of domination as critical citizens
(see for instance Greer, Mukhopadhyay, Powell, and Nelson-Barber (Eds.),
2009); one can think of mathematics education for social justice which put a
particular attention to the notion of equity and inclusion (see, for instance,
Sriraman, (Ed.), 2008);one can think of many ethnomathematical ap-
proaches as exemplifying a an education concerned about democracy (see,
for instance, D’ Ambrosio, 2006); one can think of forms of inclusive edu-
cation as we will return to later. More generally, one can consider all such
approaches as representing the broad family of critical mathematics educa-
tion (see, for instance, Alrg, Ravn and Valero (Eds.), 2010; and Skovsmose,
2011a).°

Furthermore we want to emphasise that the discussion of mathematics
education and democracy cannot just concentrate on school education.
Learning mathematics can take place in many different other contexts, and
everywhere one can consider what it could mean to try to pursue democratic
ideals.

3. Foregrounds, meaning and possibilities
Let us just summaries: There are no intrinsic connection between, one
the one hand, mathematics and mathematics education, and, on the other
hand, democratic aspirations. Possible relationships are contingent.
As a consequence, one cannot assume that mathematics education
can acknowledge democratic ideals through well-defined methodologies.

6 See also Gutstein (2006); Appelbaum with Allan (2008); and Skovsmose (2011b, 2012b).
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Relationships between mathematics education and democracy may be con-
structed in very different ways in different contexts.

In this section we will try to express aspirations of a mathematics educa-
tion in terms of foregrounds, meanings and possibilities. In this way we will
try to present the very open nature of the challenges.

3.1 Foregrounds

We see the notion of foreground as important for interpreting learning
and for understanding what learning could mean when democracy is taken
into consideration.”

The foreground of a person refers to opportunities which the social, po-
litical, economic and cultural situation provides for her or him. Naturally,
the foreground is not composed of any well-defined space of possibilities.
The statistics through which some opportunities in life become depicted
only represents tendencies: some might appear almost deterministic, while
others may be weaker likelihoods. Thus, we see a foreground as formed
through propensities. However, a foreground is not only established by sta-
tistical parameters. It is also an experienced phenomenon. It represents the
person’s expectations, hopes, and frustrations. Thus, a foreground is formed
through both social configured propensities and personal experiences and
interpretations of possibilities and constrains. The foreground of a person is
closely related to his or her background. However, there is no deterministic
relationship between them. They are different entities.

One can think of foregrounds in individual terms, but it might be more
appropriate to think of them in collective terms as the interpretation of pos-
sibilities is elaborated through interaction and communication. People from
the same community can be submitted to the same overall propensities and
somehow have similar foreground. Foregrounds are collective, but still in-
cluding individual features.

When only desolate possibilities are experienced by a person or a group
of persons, we talk about a ruined foreground. A foreground can be ruined
through social, economic, political or cultural acts. During the apartheid re-
gime in South Africa the destruction for black people’s possibilities was an
integral part of the system. Political suppression of different groups is a
general destroyer of foregrounds. Poverty as well. However, also affluent
environments could bring about ruined foregrounds: thus young people

"Fora presentation of the notion for foreground, see, for instance, Skovsmose (2011a, in
print).
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might experience a overwhelming indifference if they do not perceive op-
portunities that they could identify with. There are ranges of particular ex-
amples of foreground being configured through processes of social exclu-
sion, thus Baber (2007) has explored foregrounds of immigrant students in
Denmark.

Foregrounds form motives for learning. Thus students’ aspirations and
hopes provide energy to the learning process. Intensions for learning consti-
tute important elements of the learning process; and intentions are directed
towards the person’s foreground. If, however, a foreground is ruined, there
is not much there that intention could be directed towards. Thus a ruined
foreground can turn out to become a most devastating learning obstacle.
When considering achievements of different groups of students, one might
observe differences; however we find it important not to personalise such
possible differences, but instead to politicise them. It is crucial to consider
how political and economic factors might ruin the foregrounds of different
groups of students.

One important feature of an education concerned about democracy has
to do with creating opportunities in life. It has to do with adding new ele-
ments to students’ foregrounds. What this could mean depends on the con-
text. Foregrounds are dynamic: elements can be added through education.
Foregrounds include interpretations, and interpretations can change. A fore-
ground is not just there spreading out in front of a person. It is an evolving
phenomenon.

3.2 Meanings

Let us try to relate the notion of foreground to the notion of meaning.
The meaning of an action has to do with aiming at something, and meaning-
fulness in learning has to do with the directedness of the learning process. It
has to do with the students’ intentionalities pointing towards elements in
their foregrounds.

Let us imagine that we have to do with activities in the mathematics
classroom like: (1) solving quadratic equations; (2) addressing the mathe-
matics of surfing; (3) considering what could be pilots’ mathematics. What
meaning could be associated to such activities?

If one considers meaning of a classroom activity as defined first of all
through its relationships to the students’ backgrounds and to what they al-
ready are familiar with, then such activities cannot be expected to make
much sense to, say, students not interested in mathematics; students that
have not ever seen the ocean; students that never did a trip by airplane; Our
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point, however, is that experience of meaning also has to do with emerging
intentionalities.

As part of a project taking place in a poorer neighbourhood in Rio Claro,
we were teaching a group of students considered the most difficult students
in the classroom. They were always causing problems by being noisy, by
fighting, and by obstructing the teaching. They had not shown any interest
whatsoever in mathematics. We meet with these 12 students in the computer
room. It turned out that it was not that difficult to engage them in working
with computers. For many, the school was the only place where they could
touch a keyboard. And what kind of activities could make sense to these
students? Many! For instance, working with dynamic geometry. They were
fascinated by the movement on the screen, dragging a corner of a triangle
here and there. Then experienced many things for the first time: like the
magic that in any triangle the sum of internal angles result always in 180°,
This kind of activities seemed to make sense for them. But why? Again, one
need not think of meaning as having to do with familiarity. Meaning has to
do also with engaging students’ foregrounds. Working with computers
might bring about new imaginations of possibilities: “This could also be for
me.”®

What to think about surfing, then? Let us quote from An Invitation to
Critical Mathematics Education:

In a public school in Rio Claro, a city in the interior of the Sao
Paulo State, the teacher wanted to introduce project work in
mathematics. She asked what topics the students wanted to work
with, and one suggestion was surfing and surf boards. The
teacher did not find this to be a good possibility. The school was
located in a poor neighbourhood. Most likely the students had
never been at the beach and never seen the ocean. How could
working with surfing make sense to them? If one relates mean-
ing merely to already established experiences and to the back-
ground of the students, surfing does not appear meaningful to the
students. However, one might miss some important aspects of
what meaningfulness might include. It could very well be that
surfing makes part of the students’ foreground, and, as a conse-
quence, elaborating a project about surfing could be extremely
meaningful. (Skovsmose, 2011a, p. 29)

¥ See also Penteado and Skovsmose (2009) and Skovsmose and Penteado (2011, in print).
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What can be experienced as meaningful also has to do with aspiration,
hopes, and imagination.

Concerning the pilots mathematics let us also quote from An Invitation
to Critical Mathematics Education:

For a long period of time, I [Ole] participated in a mathematics
education project in South Africa.” We struggled with the chal-
lenge of what could make sense to children living in a village
“beyond the mountains”? As mathematics educator one could
try to investigate activities in the village through a mathematical
archaeology and try to identify how mathematics might be part
of the way the field work is conducted, how the crops are di-
vided, how the cooking is done, etc. One could identify mathe-
matical activities as related to these everyday activities, and on
this basis try to organise a meaningful mathematics education
for the children. But we need not be surprised in case meaning-
ful mathematics education for these children could be developed
around what we might call “pilots mathematics”. The children
from the village beyond the mountains may only have experi-
enced the airplane in the form of a thin, white, downy line high
up there in the sky. But piloting might nonetheless be part of
their foreground. (Skovsmose, 2011a, p. 29)

We find that meaningfulness is relates to students’ foregrounds. It relates
to their aspirations and hopes, and to their emerging intentionalities. Explor-
ing the properties of a triangle, considering the mathematics of surfing, and
working with the pilots’ mathematics may be meaningful to many children.

It is an on-going challenge to a mathematics education to establish meaning-
fulness.

3.3 Possibilities

We think of a mathematics education in terms of construction of possi-
bilities. Such a construction is a complex political and socio-economic task.
But it is also an educational task. The construction of possibilities concerns
the students’ foregrounds. It concerns what could become their foregrounds.
It has to do with possibilities that the students intentions could be directed
towards.

? See Vithal (2010).
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When we did work with dynamic geometry and the students felt capti-
vated, it cannot be due to their familiarity with the topic. Their engagement,
however, demonstrated that they brought intentions into their activities, and
intentions means directedness. Working with the software might have
brought them to consider new possibilities; they might have experienced
openings of their foregrounds.

Similar situation has also been investigated as part of the Epura project
(Unesp, Rio Claro, Brazil) which aims at constructing possibilities for those
who are excluded of the conventional learning environment. Some exam-
ples: Lessandra Marcelly S. Silva (2010) as part of her Master studies de-
veloped resources that can be used in the same class by blind and visual
students. Renato Marcone de Souza (2010) investigated the case of a stu-
dent that become blind during his undergraduation in Mathematics. It is
discussed how teachers reacted to this and the strategies were used in order
to organise the teaching. As part of his PhD, Denival Biotto Filho is work-
ing with teenagers in problematic family situation, attended by a local insti-
tution specialized in such cases. Based on the concept of foreground, Biotto
Filho wants to study what possibilities mathematics education out of the
school environment can open for the group. Furthermore, as part of Epura
project, there are research adressing deaf students (Elielson Sales), students
with intellectual disabilities (Carla Saullo), teacher education (Raquel Mi-
lani and Vanessa Cintra) and elderly people (Luciano Lima).

These references have to do with new possibilities emerging within the
horizon. This is an important quality of a mathematics education concerned
about democracy.

4. Almost too difficult

We started this paper by not defining democracy. And we continue not
defining it. What we have done, however, is to relate mathematics education
concerned about democracy to the notions of foreground, meaning, and pos-
sibility. This, naturally, does not bring any solidity to the discussion, as
foreground, meaning, and possibility are just as open as the very notions of
mathematics education and democracy.

Working for a mathematics education in such perspective means facing
a range of challenges. All of them almost too difficult. Naturally, it need not
be presuppose that democracy is well established in society, in the educa-
tional system in general, nor in the school environment in particular. In fact
it is relevant to work for democratic ideals in contexts where there is no de-
mocracy in sight. Mathematics education concerned about democracy is a
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challenge, and one can face this challenge in all situations and in all con-
texts. Certainly there is no guarantee for any success. But there are concrete
things to work for in order that “this could also be for me” is experienced
through mathematics education by more and more people.

A mathematics education for democracy is an on-going challenge, and
also an on-going challenge for itself. What such an education could mean is
an open question without any specific answers in sight. Thus, we always
have to keep in mind that “democracy” is an explosive concept.
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Introduction

There is a saying, “In education everything happens 50 years later”. If
true, this may have been not too problematic in older times, when changes
were slow, but in times like ours where changes are extremely fast, it will be
disastrous. Instead of being behind, education should be ahead. Primary-
school, for instance, will have to prepare today’s students for their entrance
in society, which will be about twenty years from now. However, this is not
the case. Instead, Tony Wagner (2008) speaks of an “achievement gap” be-
tween what schools (in the USA) are teaching and what students will need
to succeed in today’s global knowledge economy. He argues that, “students
are simply not learning the skills that matter most for the twenty-first cen-
tury” (ibid, 8-9). And he goes on to say that, “Our system of public educa-
tion—our curricula, teaching methods, and the tests we require students to
take—were created in a different century for the needs of another era. They
are hopelessly outdated.” (ibid, 8-9). If we focus on employability, we may
observe, that future employees in countries such as the USA will have to
compete with colleagues in other countries with similar skills who work for
lower wages. But, more importantly, the skills that the current and future
jobs require anywhere, differ significantly from what current education of-
fers. Wagner interviewed numerous CEO’s of large companies and he found
a strong communality in what they look for in new employees; as one of
them phrases it: “First and foremost, I look for someone who asks good
questions.” (ibid, 2). The underlying rationale is that these employees will
have to function in dynamic organizations. Employees today continuously
have to learn new things. From this perspective, asking the right questions,
is an important skill. In this respect, there is, however, a huge gap between
what society demands and what schools offer. Prevailing language educa-
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tion, for instance, aims at technical reading skills, but does not ask students
to think about what they read. Mathematics instruction also often focuses on
skills, instead of understanding. Schools, Wagner (ibid) goes on to say, are
not designed to support students in learning to think. The reason for that, he
argues, is that we as a society never asked schools to teach students to think.
This is reflected in national tests that are not designed to assess the ability to
reason and analyze. The point is, the world has changed, schools have not.

Next to the dynamics of the modern workplace, there is also a shift in
the type of work people do. Empirical research by the economists Levy and
Murnane (2006) shows that employment involving cognitive and manual
routine tasks in the USA dropped between 1960 and 2000, while employ-
ment involving analytical and inter-active non-routine tasks has grown in
the same period. This change especially concerned industries that rapidly
automatized their production. Parallel to the development in industry, simi-
lar changes occurred in other areas where a strong computerization took
place. This change happened on all levels of education. Jobs with a high
routine character are disappearing. Jobs that will be offering good prospects
for the future, are jobs which concern non-routine tasks, which are tasks that
require flexibility, creativity, problem solving skills, and complex commu-
nication skills. Autor, Levy, and Murnane (2003) refer to examples such as
reacting to irregularities, improving a production process, or managing peo-
ple. The jobs of the future are the ones that ask for flexibility, creativity,
lifelong learning, and social skills. The latter are jobs that require communi-
cation skills, or face-to-face interaction—such as selling cars or managing
people. These changes do not only affect the decline or rise specific jobs;
existing jobs are changing as well. Secretaries, and bank employees for in-
stance have got more complex tasks since word processors and ATM’s have
taken over the more simple tasks.

Earlier, Friedman (2005) pointed to the fact that the effects of comput-
erization and globalization overlap and reinforce each other. Routine tasks
can easily be outsourced, since information technology enables a quick and
easy worldwide exchange of information. The latter also makes it possible
to outsource business services, such as call-centers, or the work of account-
ants and computer programmers. Another effect of globalization is that it
forces companies to work as efficient as possible. This requires companies
to immediately implement computerization and outsourcing when it is eco-
nomically profitable and strengthens the market position of the company. It
also demands of the company to be on the lookout for opportunities to im-
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prove efficiency. As a consequence, working processes will have to be
adapted continuously. This in turn, puts high demands on the workers, who
have to have a certain level of general and mathematical literacy to be able
to keep up.

In summary we may conclude that schools will have to change to com-
ply with the requirements imposed by our rapidly changing society. In this
paper we will especially look into the consequences for mathematics educa-
tion. We will start by taking a closer look at the 21% century skills. This will
reveal the need for changes in the nature of the instructional process, and we
will discuss what this means for mathematics education by reviewing the
main characteristics of, annex requirements for, problem-centered, interac-
tive, mathematics education. Next we will turn to the content of mathemat-

ics education, which also has to change. Will we start with the 21% century
skills.

21" century skills.

Voogt & Pareja Roblin (2010), who reviewed the literature around five
theoretical frameworks on 21* century skills, observe that the need for 21*
century skills is mostly addressed by private or business initiatives, while
educational leaders, practitioners and the educational community do not ac-
tively participate in the debate. The frameworks they reviewed concern: the
‘Partnership for 21st century skills’ (Partnership for 21* century skills,
2008), ‘EnGauge’ (North Central Regional Educational Laboratory and the
Metiri Group, 2003), ‘Assessment and Teaching of 21st Century Skills’
(ATCS) (Binkley, Erstad, Herman, Raizen, Ripley & Rumble (2010), ‘Na-
tional Educational Technology Standards’ (NETS) (Roblyer, 2000), and
‘Technological Literacy for the 2012 National Assessment of Educational
Progress’ (NAEP). Dede (2009) compares similar frameworks in his review
of 21 century skills. Both review studies show that the frameworks appear
to strongly agree on the need for skills in the areas of communication, col-
laboration, ICT literacy, and social/cultural awareness. We may take Wag-
ner’s (2008) list of what he calls, ‘the new survival skills’, as exemplary:
critical thinking and problem solving
collaborating and leading by influence
agility and adaptability
initiative and entrepreneurism
effective oral and written communication
accessing and analyzing information
curiosity and imagination.

NNk W=
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We may also follow Wagner (ibid) in arguing that the 21* century skills
are not just about employability'. They will also have to include broader
goals, such as becoming a responsible, active and well-informed citizen.
Wagner (ibid) typifies this broader goal by asking if the students would
eventually be well-equipped for acting as a member of a jury within the US
legal system: “Would they know how to distinguish fact from opinion,
weigh evidence, listen with both head and heart, wrestle with the sometimes
conflicting principles of justice and mercy, and work to seek the truth with
their fellow jurors?” (Wagner, 2008, xvi-xvii). This characterization reso-
nates with the theme of this conference: “Democracy in mathematics cur-
riculum”, and the corresponding issue of contributing to critical thinking
and decision-making in the society. This begs the question of how to trans-
late these lofty goals into instructional practice.

Mathematics education for 21%. century skills

Most publications on 21* century skills do not discuss how these goals
might be achieved in education. It seems fair to say, however, that adopting
21%, century skills as educational goals will primarily affect the way instruc-
tional practice is shaped. Mathematics education seems to be a good place to
incorporate these goals. Dam, & Volman (2004), for instance, conclude on
basis of a review study that critical thinking is best developed in conjunction
with science and mathematics education. But also in a more general sense, it
may be argued that interactive, problem-centered, mathematics education
will contribute to most 21*. century skills. However, if we want to integrate
the objective of fostering 21%. century skills with attaining the regular goals
of mathematics education, we will have to find a way by which problem
solving, collaborating, communicating etc. serves the mathematics goals. In
theory this is not too problematic, since the literature on reform mathematics
points to this very type of activities—problem solving, collaborating, com-
municating etc.—as necessary conditions to enable students to construct
meaningful mathematics. “In theory”, because we know that creating
mathematics classrooms which can be characterized as interactive and prob-
lem-centered is not easy. We will discuss this issue by reviewing the main
characteristics of, annex requirements for, problem-centered, interactive,
mathematics education.

Local instruction theories
By reform mathematics we mean an approach to mathematics education
that assumes that students have to construct or reconstruct mathematics by
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themselves with help of the teacher and the textbook. Instead of reconstruct-
ing, one may also speak of reinventing—following the tradition of realistic
mathematics education (RME) (Gravemeijer, 2008). One of the prerequi-
sites for fostering reinvention—which has been a focus of RME research—
is the availability of local instruction theories that serve the need for guide-
lines about the routes along which students might reinvent pieces of mathe-
matics. A local instruction theory consists of a theory about a possible learn-
ing process for a given topic, and the means of supporting that process.
Mark that a local instruction theory should not be confused with a scripted
textbook. The local instruction theory is meant to function as a framework
of reference for teachers.

Hypothetical learning trajectories

On the basis of such a framework of reference a teacher may design so-
called ‘hypothetical learning trajectories’ (Simon, 1995) for the actual in-
structional activities in his or her classroom at a given moment in time. With
the term hypothetical learning trajectory, Simon (1995) refers to the notion
that a teacher has to deliberate on what mental activities the students might
engage in as they participate in the instructional activities, he or she is con-
sidering. A decisive criterion of choice then will be how those mental activi-
ties relate to the chosen learning goals. He emphasizes the hypothetical
character of those learning trajectories; the teachers are to analyze the reac-
tions of the students in light of the stipulated learning trajectory to find out
in how far the actual learning trajectory corresponds with what was envi-
sioned. Based on this information the teacher has to construe new or adapted
instructional activities in connection with a revised learning trajectory.

Classroom social norms

In addition to a sound planning of the instructional activities, another
prerequisite for inquiry mathematics concerns the participation of the stu-
dents. For the point is that students do not easily engage in problem solving
and reasoning in regular classrooms (Desforges & Cockburn, 1987). Cobb
& Yackel (1996) argue that this is not surprising, because students are often
familiar with a classroom culture in which the classroom social norms
(Cobb & Yackel, 1996) are that the teacher has the right answers, that the
students are expected to follow given procedures, and that correct answers
are more important than one’s own reasoning. In this type of classrooms
teachers usually ask questions of which they already know the answer.
Apart from being used to this situation, students have learned what to expect
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and what is expected from them. In relation to this, Brousseau (1988) speaks
of an implicit ‘didactical contract’. Significant, however, is that the students
have learned this by experience, not because the teacher told them so.

In contrast to what is common in school mathematics, the classroom has
to work as a research, annex learning, community. To make this happen, the
students have to adopt classroom social norms that fit an inquiry-oriented
classroom culture. These encompass, the obligation to explain and justify
one’s solutions, to try and understand other students’ reasoning, and to ask
questions if one does not understand, and challenge arguments one does not
agree with. In addition to those social norms, Cobb & Yackel (1996) ob-
serve that the teacher also has to establish socio-mathematical norms, which
relate to what mathematics is. This is expressed in norms about issues such
as, what counts as a mathematical problem, what counts as a mathematical
solution, and what counts as a more sophisticated solution. In regard to the
latter, we may argue that socio-mathematical norms lay the basis for the in-
tellectual autonomy of the students, as it enables them to decide for them-
selves on mathematical progress.

Task orientation

In addition to appropriating inquiry-based norms, students also have to
be inclined to invest effort in solving mathematical problems, discussing so-
lutions, and discussing the underlying ideas. Students may engage in learn-
ing activities for different reasons. The attitude of students in a mathematics
classroom can be broadly divided in two categories, ego orientation and
task orientation (Jagacinski & Nicholls, 1984). Ego orientation implies that
the student is very conscious of the way he or she might be perceived by
others. Ego-oriented students are afraid to fail, or to look stupid in the eyes
of their fellow students, or the teacher. As a consequence, they may choose
not to even try to solve a given problem, in order to avoid embarrassment.
Task orientation on the other hand implies that the student’s concern is with
the task itself, and on finding ways of solving that task. Research shows that
task orientation and ego orientation can be influenced by teachers.

Cobb, Yackel & Wood (1989) report on a study on a socio-constructivist
classroom, where task orientation was fostered. Part of their approach was
to change the classroom culture from one of competition, where students
compare themselves with each other, and with the criteria set by the teacher,
into a classroom culture, where students would measure success by compar-
ing their results with their own results earlier. We may think of the latter
perspective as one similar to that of an amateur painter or amateur musician.
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An amateur musician would not think of comparing him- or herself with
others; there would always be many people performing better. Instead an
amateur musician would be pleased if he or she would master a piece, which
he/she could not play some time ago. A similar situation is possible in a
mathematics classroom, where the goal for the students would be personal
growth. Here, experiencing an ‘Aha-Erlebnis’, for instance, may function as
an incentive. In such a classroom, students might even protest to be given
‘the solution’, for that would deprive them from the satisfaction of figuring
out things for themselves. The aforementioned research of Cobb et al.
(1989) shows that a classroom culture that emphases the exchange of ideas,
and the development of mathematical understanding as a collaborative en-
deavor, may foster the task orientation of the students.

Mathematical interest

In connection with student motivation, we may add that next to the ob-
vious “pragmatic interest”, which realistic problems appeal to, students will
also have to develop “mathematical interest” (Gravemeijer & Van Eerde,
2009). This concerns the preparedness of the students to the investigate so-
lution procedures, concepts and so on, from a pure mathematical perspec-
tive. This is a necessary condition for construing more sophisticated mathe-
matics. Mathematical interest will rarely come naturally, but has to be culti-
vated by the teacher by asking questions such as: What is the general princi-
ple here? Why does this work? Does it always work? Can we describe it in a
more precise manner? We may assume that the teacher can foster the stu-
dents’ mathematical interest by making mathematical questions a topic of
conversation, and by showing a genuine interest in the students’ mathemati-
cal reasoning.

Framing topics for discussion

Another essential role of the teacher concerns the orchestration of pro-
ductive whole-class discussions. For this the teacher has to identify the dif-
ferences in mathematical understanding which underlie the variation in stu-
dent responses (Cobb, 1997). Next, he or she has to frame these underlying
mathematical issues as topics for whole-class discussions. And finally, he or
she has to orchestrate a productive whole-class discussion on those topic in
order to foster higher levels of understanding.

In a similar feign, Stein, Engle, Smith, & Hughes (2008), espouse five
practices for promoting productive disciplinary engagement: anticipating
students’ mathematical responses, monitoring student responses, purpose-
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fully selecting student responses for public display, purposefully sequencing
student responses, and connecting students responses. The first two overlap
to some extent with Simon’s hypothetical learning trajectory, whereas the
last three are related to identifying, framing, and discussing mathematical
issues. Although a difference may be that Stein et al. (2008) seem to try to
address both mathematical ideas and the solution strategies of the students,
while Cobb (1997) emphasizes the mathematical issues that underlie student
solutions, and tries to steer away from a focus on solution strategies as such.

21* Century mathematical skills

The publications on 21* century skills mostly list general skills. Elabora-
tions of what changes are needed in the content of the various topics that are
taught, are very scarce. With some exceptions, there is also little attention is
given to the content of the mathematics curriculum. One of the reasons may
be that one of the effects of computerization is that mathematics becomes
invisible. Mathematics is hidden in integrated systems, such as spreadsheets,
automatics cashiers, and automated production lines. However, a conse-
quence of this is that many people become “mathematics consumers” , as
Levy en Murnane (2006, 19) put it. They argue that people who use com-
puterized systems are expected to make decisions on the basis of the output
of hidden mathematical calculations. The computerized equipment does the
actual calculation. However, they go on to say, if the decision maker does
not understand the underlying mathematics, he or she is very vulnerable to
serious errors of judgment. If we follow this line of reasoning, we may dis-
cern two seemingly conflicting tendencies. On the one hand, we appear to
need less and less mathematics, since various apparatus take over a growing
number of mathematical tasks. On the other hand, we will need more
mathematics as we develop into ‘mathematics consumers’, who become in-
creasingly dependent of the quantitative information and mathematical
models—which we ought to understand.

The aforementioned hidden character of mathematics in the information
society makes it difficult to establish, what mathematics students will have
to learn to become sensible mathematics consumers. To answer this ques-
tion, we will follow two tracks. The first concerns research of mathematics
at the workplace, the second concerns an analysis of the role of computers
as interface between the physical world and the computer user.
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Techno-mathematical literacy’s

When trying to relate the goals of mathematics education to the re-
quirements of the workplace, a complication is that the mathematics that is
used at the workplace is strikingly different from conventional mathematics
(Hoyles & Noss, 2003; Roth, 2005). To describe this specific kind of
mathematics, Hoyles and Noss (2003) coined the term “techno-
mathematical literacy’s”—or TmL’s for short. TmL’s are defined as idio-
syncratic forms of mathematics that are shaped by work-place practices,
tasks, and tools. Acting successfully at the workplace is dependent on a
combination of mathematical knowledge and contextual knowledge.

In a recapitulatory report, Hoyles, Noss, Kent & Bakker (2010) mention
as one of their key findings, that artefacts comprising symbolic information
in the form of numbers, tables and graphs are often understood as “pseudo
mathematics”. This means that these representations are conceived as labels
or pictures, without an understanding of the underlying mathematics. They
argue that, “Symbolic information thus failed to fulfill its intended role in
facilitating communication across ‘boundaries’ between communities within
and beyond the workplace” (ibid, 196). Important mathematical skills that
come to the fore in their research are: reading tables and graphs, identifying
and measuring key variables, reasoning about models in terms of the key re-
lationships between variables, and representing and interpreting data.

We may further note that the role of TmL’s does not simply boil down to
applying mathematical knowledge. Students will have to be able to flexibly
adapt their existing mathematical knowledge or adopt new knowledge. This
asks for experience with a variety of non-canonical forms of mathematics.

Quantitative models of reality
Apart from studying mathematics at the workplace, we may trace
mathematical skills that are needed in a computerized environment, by ana-
lyzing the role computers and computerized appliances play as interfaces
between the users and the concrete reality. In relation to this, we may dis-
cern the following processes:
- reality is quantified to make it accessible for computers—as com-
puters only work with numbers;
- these numbers are processed by the computer on basis of models that
describe interdependencies between variables;
- the output, which often has some mathematical form, is interpreted.
Thus in order to understand how a computer deals with reality, one must,
- have some idea of what quantifying (or measuring) entails;
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- understand at some level, what a variable is, how we can reason
about interdependencies between variables, and how computer mod-
els represent reality;

- has to be able to interpret the output of computers.

An important aspect of a measuring is that there will always be some in-
accuracy and uncertainty involved. In general students do not realize that
there will always be some measurement error, or that a repeated measure-
ment may result in a different outcome. Nor do they realize that variance is
part of industrial production, even though they will be aware of the phe-
nomenon of natural variance in nature. We would argue that it is important
for students to develop this kind of understanding, for many of the numbers
they will have to work with will be the result of sampling. We may further
follow Jones (1971) in his observation that measuring an object comprises
assigning a value to a variable; what is measured is not the object but a
property of that object. The significance of this observation comes to the
fore when we look at co-variation. In such cases we do not compare the in-
dividual lengths and weights of certain persons, but we study how “length”
varies with “weight”.

Fortunately information technology offers eminent possibilities for cre-
ating educational tools for helping students to come to grips with these
ideas. Hoyles et al. (2010), for instance, report on the use of interactive
computer tools that present symbolic information such as graphs, models
expressed in algebraic symbols, or numerical measures. Experiments with
such computer tools (which they call, technology-enhanced boundary ob-
jects) show that they can be employed successfully in enhancing the mean-
ings of the symbolic information by making them more visible and manipu-
lable, and therefore more accessible. We may note that this use of computer
tools is in line with Kaput’s, faith in the educational potential of informa-
tion technology that allows for the use of dynamic representations (Kaput &
Schorr, 2007). Computers can show the numerical results or graphical rep-
resentations of measuring activities real time on a screen, but also offer rep-
resentations of simulations that can be manipulated at will.

We may mention two examples of the educational use of dynamic repre-
sentations in service of the mathematical objectives mentioned above. One
concerns a simulation of a train on a rail track, which is accompanied by a
graphical representation of the speed of the train, which can be used to fos-
ter an understanding of co-variation and informal calculus (Galen &
Gravemeijer, 2010). A second example concerns an introduction to explora-
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tory data analyses with the help of so-called computer minitools (Gravemei-
jer & Cobb, 20006), that allow for a variety of representations and ways of
structuring of data sets. While analyzing data with the help of these mini-
tools, students may develop a qualitative notion of a distribution of data as
an object with certain characteristics, such as shape and spread.

Conclusion

We started by observing that there is a significant gap between what
students learn at school and what modern society demands. Computerization
and globalization result in a change in job requirements that involves a shift
from routine tasks towards non-routine tasks. The jobs of the future require
flexibility, creativity, problem solving, life-long learning and complex
communication skills. Our fast changing information society not only put
new demands on workers, it also affects our roles as learners and citizens.

In relation to this, we referred to Wagner’s (2008) benchmark that the stu-
dents eventually would have to become well-equipped for acting as a mem-
ber of a jury in the US legal system.

Similar to Wagner, many publications in this area use the term, “21%
century skills™; skills that may be summarized as flexibility, critical think-
ing, problem solving, collaborating, and communicating. We argued that
these skills fit very well with problem-centered, interactive, mathematics
education, and we reviewed the most important characteristics of this type
of mathematics education.

We further discussed what changes in the content of mathematics educa-
tion would be needed. Both research on mathematics in the workplace, and
an analysis of the role of computers as interface between the physical reality
and the user, point to topics such as, measuring, tables, graphs, variables,
models of relationships between variables, and elementary statistics.

Finally we indicated how computer tools may help students in coming to
grips with the aforementioned mathematics, by offering dynamic representa-
tions. In conclusion, we want to stress the urgency of a reconsideration of
the goals of mathematics education in light of the demands of the 21% cen-
tury, and the need to start experimenting with educational practices that may
foster these goals.

Notes
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1. Mark that most publications on 21* century skills stem from Western
countries, which implies a certain bias. We may argue, however, that
the 21* century skills that are identified will be or become significant
for other countries as well.
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La démocratie est ce lieu ou tout le monde se
croit compétent pour parler de tout. La vérité
ne se decide pas au suffrage universel.

Platon

INTRODUCTION

J’aimerais avant toute chose remercier les organisateurs de ce colloque
pour avoir pensé a moi pour une plénicre. Je suis parmi les plus anciens de
la CIEAEM ici dans cet amphi aujourd’hui, j’aimerais prendre un instant
pour rendre hommage aux personnes que j’ai cotoyées depuis que je suis en-
tré a la CIEAEM, des personnes qui ont donné, qui ont tout fait pour que la
CIEAEM soit ce qu’elle est aujourd’hui. Malheureusement ils ont quitté
cette terre. Je pense a Lucienne FELIX, a Zofia KRIGOWSKA, a Hans
FREUDENTAHL, 2 Paulo ABRANTES, a René METREGISTE et a Fi-
lippo SPAGNOLO.

Je suis entré a la CIEAEM a Budapest en 1986, a une commission res-
treinte et depuis, je suis resté membre actif mais en changeant de nationalité
tantot j’étais francgais, tantdt canadien, tantdt québécois et méme tcheque.

Je suis trés heureux de venir parler de la démocratie en Gréce, le berceau
méme de la démocratie moi qui suis originaire d’un pays qui s’appelle la
République Démocratique du Congo, la ou il n’y a vraiment pas de démo-
cratie comme dans d’autres pays qui s’affublent le titre de République Dé-
mocratique de... quelque chose et ou ce parfum de démocratie est plutot
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I’illusion de démocratie, un faux-semblant qui est pire qu’une absence de
démocratie.

Le theme que je prends aujourd’hui est tres large, complexe et difficile.
Comment lier ou concilier les mathématiques et la démocratie ? Telle est
I’une des questions que je me suis pos¢ avant de préparer cette adresse. Sous
quel angle traiter la démocratie et les mathématiques, deux concepts qui
peuvent converger selon certains et compleétement diverger selon d’autres.

Avant de commencer, je voulais partager avec vous cette réflexion de
Tozzi (2005) que je fais mienne. «Le miracle grec, c’est la connaissance
(I’émergence simultanée), au niveau politique de la démocratie, au niveau
juridique du proces moderne, au niveau épistémologique de la rationalité
(notamment sous ses deux formes majeures, la science et la philosophie).

La démocratie, c’est le droit égal pour tout citoyen de prendre la parole
sur I’agora pour débattre et décider des affaires de la cité et méme d’étre tiré
au sort pour exercer les fonctions clefs. Avec les limites que 1’on sait pour
I’époque : un citoyen doit étre Grec, homme, libre et de plus de trente ans.
Mais pour la premiére fois dans I’histoire des hommes, la 1égitimité d’une
parole n’est pas fondée sur la transcendance d’un dieu ou la puissance d’un
chef, mais sur la seule capacité a convaincre son auditoire par cette parole.
Le débat argumentatif entre hommes libres et égaux est fondateur de
I’espace public démocratique.

Du méme mouvement se développe le proces, c’est-a-dire le débat
contradictoire entre deux parties, dont chacune, présumée victime ou/et
coupable doit étre entendue, et peut faire entendre sa voix en vue d’une dé-
cision judiciaire. C’est la parole exprimée, argumentée, partagée, antagoni-
que et arbitrée.

C’est aussi le passage du mutos (le mythe imaginaire et symbolique) a
[’épisteme (un exigeant rapport au savoir et a la vérité), la raison comme
moyen et arbitre pour établir des connaissances et valider des théses, sous la
forme par exemple de la démonstration mathématique ou de la réflexion
philosophique.

C’est cet étroit nouage entre le débat et ses formes d’expansion, I’espace
citoyen public, I’espace juridique du proces et I’espace de confrontation des
deux formes occidentales de la raison (science et philosophie), que consacre
le miracle grec, matrice de I’histoire institutionnelle et culturelle que tout le
monde veut adopter ».

Dans le sous-theme 2 : Démocratie dans les pratiques mathématiques en
classe : quelles pratiques permettraient de vivre un ensemble particulier de
valeurs humanitaires ? Une question de fond est posée : Quelles sont les
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formes d’un discours démocratique en classe de mathématiques ? Les pays
ou il n’y a pas de démocratie, comment voulez-vous qu’on pratique la dé-
mocratie en éducation et en mathématiques ? Souvenez-vous en Argentine
au temps de la dictature des généraux de 1976 a 1983, les mathématiques
modernes ¢€taient interdites car elles proposaient des concepts comme en-
semble qui donnait 1’idée de regroupement, réunion et pouvaient donner
I’idée de réunion des gens pouvant renverser le régime, de vecteur, car il
donnait I’idée de maladie vénérienne.

Par ailleurs, dans une perspective historique des relations entre démocra-
tie et éducation, il semble capital de réfléchir aux enjeux d’éducation pour
favoriser I’exercice démocratique. je vais centrer mon propos sur l’enjeu
d’éducation dans la société pour favoriser I’exercice démocratique a I’heure
ou les citoyens se détournent de plus en plus de la participation politique, ou
on assiste a une montée des extrémismes, a 1’intimidation dans les écoles, a
la violence, a I’entrée des intervenants a I’école (des policiers)

A chaque pays, notent Panassier et Pugin (2011), correspond un systé-
me éducatif qui reprend les grands axes du projet politique de société et de
ce fait d’éducation. Cela dépend des pays, en France, la référence est encore
largement I’Ecole de la République, 1’Ecole de 1’unité de la nation, laique,
gratuite et obligatoire. Elle est définie et mise en ceuvre pour ancrer les prin-
cipes démocratiques contre la monarchie et promouvoir la raison et les
sciences contre la religion. Il faut noter qu’en France aujourd’hui au 21° sié-
cle, la démocratie et la laicité sont des acquis qui ne sont plus remis en cau-
se. Panassier et Pugin soulignent également que progressivement et avec la
constitution « d’une société des individus », la mission principale de I’Ecole
de former des citoyens éclairés s’est déplacée vers une réponse aux attentes
individuelles de formation d’autant plus exigeantes dans un contexte
d’insertion sociale et professionnelle difficiles. Aujourd’hui, toute question
collective est d’abord visitée sous le prisme de I’individu ou des intéréts
particulier au détriment de I’intérét général et de la cohésion du vivre en-
semble. Dans un tel contexte notent Panassier et Pugin (2011), ’enjeu
d’éducation pour réinvestir une dimension collective apparait essentiel.

Au Québec, souligne le Programme de Formation de 1’Ecole Québécoise
(PFEQ, 2001), I’école compte parmi les lieux importants de transmission
entre les générations des acquis de la société. Par le biais de ses activités de
formation, elle crée un environnement dans lequel I’¢léve s’approprie la
culture de son milieu, poursuit sa quéte de compréhension du monde et du
sens de la vie et élargit I’éventail de ses moyens d’adaptation a la société.
L’école québécoise a le mandat de préparer 1’¢léve a contribuer a 1’essor
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d’une société démocratique et équitable.

D’une fagon générale, au Canada, la vaste majorité des programmes sco-
laires (de la maternelle a la 12° année) qui enseignent la citoyenneté mettent
I’accent soit sur la qualité du «bon citoyen», soit sur «le fonctionnement du
gouvernement».

Pourtant, selon Westhteimer (2011), la réforme actuelle de 1’éducation
limite les fagons dont les enseignants peuvent développer le genre
d’attitudes, de compétences, de connaissances et d’habitudes nécessaires a
I’épanouissement d’une société démocratique. Ses constats font craindre que
les pratiques actuelles incitent davantage a plaire a 1’autorité et a réussir aux
examens qu’a développer et a défendre des convictions. Ceci a pour consé-
quence d’avoir une population qui maitrise mal les questions d’intérét pu-
blic et qui peine a analyser des décisions politiques complexe d’un point de
vue critique.

Westheimer (2011) souligne également que la plupart d’entre nous tien-
nent pour acquis que les valeurs démocratiques s’enseignent a 1’école mais
celui-ci montre que ce n’est toujours pas le cas. La plupart des programmes
qui veulent encourager la citoyenneté mettent 1’accent sur le bénévolat, la
charité et I’obéissance plutdt que sur la démocratie. La citoyenneté dans une
collectivité démocratique va au-dela de la bonté, note-t-il.

La Belgique, qui est ma puissance coloniale, aussi loin que peuvent re-
monter mes souvenirs, il n’y a eu aucun cours au Congo sur la démocratie
ou sur la citoyenneté. On avait méme pas de citoyenneté, on était pres-
qu’apatrides. Jamais je n’ai entendu prononcer le mot « démocratie » a
I’intérieur du cadre scolaire.

Finalement, dans tous les pays du monde méme dans ceux qui ne sont
pas démocratiques, théoriquement 1’école a pour mission d’éduquer les en-
fants dans un esprit démocratique et de le préparer a leur role de citoyen ac-
tif. De ce fait, apprend-on les rudiments de la démocratie, la liberté et
I’autonomie a nos ¢€léves ? Mais plutot la facilité, le laisser-aller et le laxis-
me qu’on confond complaisamment souligne Aktouf (1999) avec la respon-
sabilisation et I’émancipation.

En suivant I’histoire des systémes éducatifs a travers le monde, on peut
constater que la compétition reste 1’élément constant chez les acteurs de
I’éducation (éleves, enseignants, parents, etc.). Peut-on imaginer un systéme
éducatif sans compétition ? La question est posée par Jacquart (1999) qui
pense non sans raison que « Etre dans une société démocratique signifie que
tout individu, membre du peuple, a le droit de s’exprimer et que sa voix
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compte. Pour cela, bien sir, il faut qu’il soit capable de s’exprimer. C’est ce
qu’il faut chercher a 1’école.

Or justement, souligne encore Jacquart (1999), une société basée sur la
compétition ne peut pas étre démocratique, puisqu’elle est basée sur la lutte,
et qu’alors il y a tous ceux qu’on n’écoute pas et que, progressivement, on
met sur le bord de la route, ce sont les exclus, tous les en-trop. Une société
qui laisse quelques ¢€léves sur le bord doit se réformer. Jacquart propose de
remplacer « décrocheur » par « décroché », il y a une différence entre un vo-
leur et un volé : le décrocheur a été décroché, il a peut-€tre mis du sien, mais
¢’était un enfant qu’on devait accrocher.

VERS UNE DEFINITION FONCTIONNELLE DE LA DEMO-
CRATIE

Les deux concepts en jeu ici sont les mathématiques et la démocratie.
Nous sommes tous a la CIEAEM, il va sans dire que je ne vais pas perdre
votre temps a définir les mathématiques, leur enseignement et leur appren-
tissage mais je vais plutot m’attarder a définir la démocratie pour qu’on soit
au moins au méme diapason.

LA DEFINITION DE LA DEMOCRATIE SELON QUELQUES RE-
CHERCHES ET AUTEURS

Selon Valero (1999) cité dans la discussion du théme de la seconde an-
nonce de la CIEAEM-64, la démocratie est un but a atteindre, une forme
idéale d’organisation sociale qui établit une pratique libre et égalitaire de
I’auto-détermination politique incluant les valeurs, les normes et les com-
portements qui permettent une combinaison optimale des structures écono-
miques, culturelles et institutionnelles pour toute une population.

Popper cité par Corvi (1997) ne distingue que deux types de régimes po-
litiques : la démocratie et la tyrannie. Il va définir la démocratie comme le
gouvernement du peuple. La question classique depuis Platon « Qui doit
gouverner ? » est rejetée par Popper comme étant essentialiste. A ce pro-
bleme, il propose d’en substituer un plus réaliste : « Existe-t-il des formes
de gouvernement qu’il nous faille rejeter pour des raisons morales ? Et in-
versement : existe-t-il des formes de gouvernement qui nous permettent de
nous débarrasser d’un gouvernement sans violence ? Popper qualifie de dé-
mocratique, un régime dans lequel les dirigeants peuvent €tre destitués par
les dirigés sans effusion de sang. Tout autre gouvernement dans lequel la
destitution des dirigeants ne peut passer que par la violence pourra étre qua-
lifié de tyrannique.
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Le probleme majeur de Popper sera de penser a 1’organisation de la dé-
mocratie de telle sorte que celle-ci permette au mieux la destitution des diri-
geants. Il rejette des lors la démocratie directe et le scrutin proportionnel. En
effet se justifie-t-il, avec la démocratie directe, le peuple est responsable de-
vant lui-méme, ce qui est une contradiction : le peuple ne peut se destituer
lui-méme. Avec le scrutin proportionnel, la plupart des partis sont nécessai-
rement représentés dans les assemblées dans une ou moins grande propor-
tion, quoi qu’il arrive lors des élections, et les partis majoritaires sont sou-
vent forcés de devoir gouverner avec eux en créant les coalitions, ce qui si-
gnifie en clair que certains partis pourraient toujours participer au pouvoir et
ne jamais étre destitués.

Ainsi Popper préfére plutot la démocratie représentative avec scrutin
majoritaire, et ce en raison de ce qu’il pense étre les faiblesses de la démo-
cratie directe et du scrutin proportionnel. Popper marque une nette préféren-
ce pour le bipartisme, ou le parti opposant a la charge de critiquer les hypo-
théses formulées par le parti majoritaire, et inversement. Le systeme des
primaires internes aux partis permet de rajouter une autocritique des hypo-
théses a I’intérieur méme des partis.

DEMOCRATIE ET EDUCATION

Meirieu a énoncé 32 principes possibles pour une éducation démocrati-
que dont le principe 13 : « I’éducation a la citoyenneté par la découverte de
I’histoire de 1I’émergence de la démocratie et I’expérimentation de ses prin-
cipes et de ses modes de fonctionnement dans les cadres et sur les objets
adaptés au niveau de développement de I’enfant ». Le 19 : « L’école doit
lutter & la marchandisation des savoirs scolaires, en particulier a travers un
combat contre I’hégémonie des notes. La prise en compte des progres de
chacun et du développement de sa personnalité doit entrer systématiquement
en ligne de compte ». Le principe 20 stipule : « Pour lutter contre la mar-
chandisation des savoirs scolaires, I’Ecole doit promouvoir « la pédago-
gie du chef d’ceuvre » : les activités scolaires doivent étre finalisées par des
travaux personnels ou collectifs qui, poussés au plus degré d’exigence, per-
mettent, a travers des taches dans lesquelles les éléves s’investissent plei-
nement, de rencontrer des obstacles et d’élaborer des savoirs. Les ensei-
gnants accompagnent cet investissement en étant attentifs aux progres réali-
sés par chacun. Ils peuvent utiliser des échelles de progression afin de per-
mettre a 1’¢léve de se situer au regard des exigences qui lui sont manifestées.
En aucun cas, un travail ne doit « étre payé d’'une mauvaise note» et aban-
donné. Tout travail imparfait doit €tre repris et poussé a son terme.
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Il faut souligner que les régles de fonctionnement de 1’Ecole sont sem-
blables aux regles de fonctionnement de la société. Si la société n’est pas
démocratique, il serait étonnant que 1’école soit démocratique. Les régles de
fonctionnement de I’Ecole comportent nécessairement une part non négo-
ciable (les missions de I’institution, les programmes, 1’interdit de la violen-
ce, le respect des biens collectifs), mais elles comportent également une part
négociable avec les éleves dans le cadre de dispositifs pédagogiques structu-
rés et organisés par le maitre (« Conseil d’éléves »). Les adultes ont ici pour
mission d’aider les éléves a construire « le bien commun » et a identifier les
moyens de le faire respecter.

Reboul (1997) souligne que « les problemes pédagogiques ont une di-
mension politique. On peut penser d’ailleurs qu’il existe une relation entre
le régime politique d’une société et la pédagogie qu’elle utilise en ensei-
gnant. Mais la relation n’est pas a sens unique, car si 1’enseignement est dé-
terminé par la société globale, il la détermine a son tour, il la fixe ou il la
change. A partir de 13, il se pose la question de savoir : que doit étre un en-
seignement dans une société démocratique ? Si la réponse est difficile, cela
veut dire que le mot « démocratie » est loin d’étre univoque, je dirai méme
polysémique. On a qu’a remarquer dans la formule « démocratiser
I’enseignement ». Certains la traduisent par : donner plus de liberté, plus de
responsabilité aux ¢éleves eux-mémes, dans ce sens le produit de la démocra-
tisation est alors pédagogique avant tout. D’autres traduisent la formule tout
autrement : rendre tous les enfants égaux devant 1’enseignement, soit en
donnant a tous les mémes chances, soit ce qui est logique, en donnant plus
de chances a ceux qui sont moins favorisés au départ, par des classes moins
nombreuses, des cours de soutien, etc.

On peut remarquer que pour les premiers, 1’enseignement peut rester
tout a fait inégalitaire, puisque rien n’empéche la pédagogie démocratique
de confirmer les différences, donc les clivages entre plus et moins doués, en-
tre futurs chefs et futurs subordonnés dans les termes de Meirieu (1987).

Pour les seconds, 1’enseignement peut rester autoritaire, 1’essentiel étant
que personne ne soit défavorisé. Vous comprenez qu’une démocratie ne
peut sacrifier ni la liberté ni I’égalité.

Pour démocratiser 1’enseignement, Reboul (1997) pose deux principes
majeurs:

1. Principe 1 : Comme I’avait bien montré John Dewey : « une société
n’est réellement démocratique que si 1’école forme réellement des
démocrates. Une pédagogie autoritaire risque de faire des €tres sou-
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mis ou des révoltés, une pédagogie laxiste des irresponsables. C’est
pourquoi I’enseignement doit se fonder autant que possible sur
I’autorité du contrat, par exemple la gestion commune de projets
adoptés en commun. En tout cas la démocratie exige que les éléves
acquierent dés que possible 1’autodiscipline, le sens de la coopéra-
tion, le respect de I’autre qui sont au principe méme de son fonction-
nement.

2. Principe 2 : est que I’enseignement fondamental dure le plus possi-
ble. Une société, en effet, n’est pas démocratique si elle contraint la
plupart des jeunes a entrer trés tot dans le monde du travail ou de la
formation professionnelle et laisse a une minorité le loisir de se
cultiver, car cette culture 1a ne sera plus alors que celle d’une élite
dirigeante. Bref, que tous regoivent une culture de base compléte que
possible, donc aussi longue qu’il le faut.

Pour Audigier (2005), «la démocratie est a la fois une forme
d’organisation du politique, ¢’est-a-dire des pouvoirs, et une conception de
la société, c’est-a-dire des droits et libertés de chacun. Une de ses originali-
tés tient au fait qu’elle prend en compte la diversité qui caractérise nos so-
ciétés modernes, diversité des opinions, des croyances, des intéréts, des sa-
voirs, des attentes, et plus encore qu’elle fait de cette diversité un atout pour
son propre développement.». En fait, il fait une différence majeure entre la
démocratie sociétale et la démocratie politique qu’il faut travailler a retrou-
ver les chemins d’une formation qui intégre ces deux dimensions et marque
clairement les différences et les complémentarités ».

Enfin, Breton (2005) souligne que: « Avant d’étre un systéme
d’organisation politique, la démocratie est une pratique de la parole organi-
sée socialement dans le but de prendre des décisions ».

DEMOCRATIE ET MATHEMATIQUES

Un esprit critique et indépendant est une condition
nécessaire pour prendre sa place dans la société et par-
ticiper aux processus démocratiques et aux institutions

d’enseignement,
(Karlheinz, 2003).
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LA DEMOCRATIE A TRAVERS LE PROGRAMME DE FOR-
MATION DE L’ECOLE QUEBECOISE AU PRIMAIRE ET AU SE-
CONDAIRE

A travers Vivre ensemble et citoyenneté, communauté d’apprentissage et
microcosme de la société, I’école québécoise accueille des individus de pro-
venance sociales et culturelles diverses. Elle constitue, a ce titre, un lieu pri-
vilégié pour apprendre a respecter 1’autre dans sa différence, a accueillir la
pluralité, a maintenir des rapports égalitaires et a rejeter toute forme
d’exclusion. Elle place les ¢léves dans des situations qui les amenent a rele-
ver quotidiennement les défis de la coopération dans un esprit d’entraide, de
solidarité, d’ouverture a I’autre et le respect de soi. Elle leur permet ainsi de
faire 1’expérience des principes et des valeurs démocratiques sur lesquels se
fonde I’égalité des droits dans la société¢ québécoise. Cette préparation a
I’exercice de la citoyenneté s’appuie également sur des apprentissages co-
gnitifs, notamment ceux qui sont réalisés dans le cadre des disciplines ap-
partenant au domaine de I’univers social.

Le PFEQ (2001, 2003) permet aux éléves et aux étudiants de participer a
la vie démocratique de 1’école ou de la classe et de développer des attitudes
d’ouverture sur le monde et de respect de la diversité. Pour appuyer cette in-
tention éducative, il a fixé trois axes de développement :

1. Valorisation des régles de vie en société et des institutions démocra-
tiques
Processus démocratique d’élaboration des régles dans la vie scolaire,
municipale et nationale; acteurs de la vie démocratiques (individus, repré-
sentants, groupes d’appartenance) et respect des personnes dans leur role;
droits et responsabilités liés aux institutions démocratiques. A cet effet, les
¢léves et les étudiants assistent souvent aux débats et aux périodes des ques-
tions a I’ Assemblée Nationale.
2. Engagement dans [’action dans un esprit de coopération et de soli-
darité
Principe, régles et stratégies du travail d’équipe; processus de prise de
décision (consensus, compromis. Etc.); établissement de rapports égalitai-
res; recours au débat et a I’argumentation; leadership; dynamique d’entraide
avec les pairs; projets d’action liés au vivre-ensemble.
3. Culture de la paix
Interdépendance des personnes, des peuples et de leurs réalisations; éga-
lit¢ des droits et droit a la différence des individus et des groupes; consé-
quences négatives des stéréotypes et autres formes de discrimination et
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d’exclusion; lutte a la pauvreté et a I’analphabétisme; sensibilisation aux si-
tuations de coopération et d’agression; résolution pacifique des conflits;
modalité d’entente ou de contrat.

Le PFEQ, dans sa partie de I’univers social (histoire et éducation 4 la ci-
toyenneté) visent beaucoup plus a inculquer le respect de la loi qu’a préparer
les éléves a contribuer démocratiquement a la sociéte.

LA DEMOCRATIE A TRAVERS LES PROGRAMMES DES
MATHEMATIQUES DU PRIMAIRE ET DU SECONDAIRE

Le PFEQ en mathématiques ne fait aucun lien avec celui de 1’univers
social en ce qui concerne la démocratie. Et pourtant, ¢’est un programme qui
se dit d’amener 1’¢léve a établir des liens entre ses apprentissages scolaires
et sa vie quotidienne et de lui offrir I’occasion de comprendre différents
contextes de vie, de se construire une perception nuancée de ces contextes et
d’envisager d’actions dans des situations données.

L’APPORT DES MATHEMATICIENS A LA DEMOCRATIE

Plusieurs mathématiciens ou apparentés mathématiciens ont contribué a
I’évolution de la démocratie. L apport conceptuel de certains d’entre eux
mérite que je m’y attarde. Le choix est orienté par mes lectures. Pour Aristo-
te, le pere de la théorie du syllogisme, cité par Cauquelin (1994), la démo-
cratie évite deux écueils qui font sombrer les autres régimes : la sédition et
la corruption. Cette absence de faiblesse est conditionnelle : le peuple n’est
pas incorruptible mais seulement moins accessible a la corruption. Une sédi-
tion des riches n’est pas non plus impossible. Aristote souligne que la me-
nace par excellence est la sédition. L’insurrection est le danger qu’il faut
éviter a tout prix. Or ce risque est moindre en démocratie que dans les autres
régimes parce qu’il y a plus de pauvres que de riches et donc le pouvoir des
indigents fait plus de satisfaits que d’insatisfaits. Pour Aristote, le pire des
régimes est la tyrannie et le meilleur des régimes est la monarchie. Mais tout
régime risque de dégénérer et ses défauts seront alors proportion de ses qua-
lités. Ainsi, si la monarchie dégénére, comme ses qualités sont maximales,
les défauts de la forme dégénérée (tyrannie) seront les pires. La politeia par-
ce qu’elle est le moins bon des bons régimes dégénére en démocratie moins
mauvais des mauvais régimes. Et donc, il faut opter pour la démocratie.

Pour différencier la monarchie de la démocratie, Aristote utilise cette
métaphore médicale : « La monarchie, c’est la meilleure santé possible au
risque du choléra. La démocratie est un simple rhume et peut-étre vaut-il
mieux garder son rthume que prendre le risque du choléra. La démocratie est
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donc le régime de la prudence.»

I1 faudrait souligner que la justification formelle du suffrage universel a
été produite pour la premiere par le marquis Nicolas de Condorcet en 1795.
A ce niveau, Condorcet reprenait I’argument de Jean-Jacques Rousseau dans
le Contrat social, selon lequel 1’opinion de la majorité est 1égitime car elle
exprime la volonté publique. Condorcet a démontré la pertinence de cette
vision a partir d’un argument probabiliste : en effet, dans la mesure ou le ci-
toyen moyen a moins d’une chance sur deux de se tromper, la somme de
tous les votes des citoyens a trés peu de chance d’étre erronée. Cette dé-
monstration est connue sous le nom du Théoréme du jury de Condorcet.

Descartes souligne que « Il y a un mal fou a comprendre 1 démocratie...
a la comprendre de I’intérieur, du dedans de notre étre. Pourtant on y est ré-
ellement depuis suffisamment longtemps. Du mal avec la démocratie, parce
que chacun veut avoir raison mais que la démocratie suppose que personne
n’a raison en soi, et que la vérit¢ n’existe que du mélange et nait des
conflits, des heurts et des compromis »

LA DEFINITION NAIVE DE LA DEMOCRATIE SELON LES
ELEVES ET LES ETUDIANTS

Au Québec, le PFEQ a inscrit dans son curriculum le domaine d’univers
social comprenant la géographie, 1’histoire et I’éducation a la citoyenneté.
Nous faisons I’hypothése qu’en principe, le concept de démocratie devrait
étre familier a nos ¢€léves et étudiants. Afin de connaitre les conceptions de
ces apprenants, nous avons soumis un questionnaire anonyme a 50 sujets
(10 éleves du primaire, 10 du secondaire, 15 étudiants du collégial et 15
étudiants de I'université en didactique des mathématiques). Le questionnaire
comportait trois questions dont :

1. D’apres vous qu’est ce que la démocratie ?

2. Pouvez-vous donner deux exemples de la présence ou de
I’absence d’une démocratie ?

3. Pensez-vous qu’on puisse apprendre la démocratie dans un
cours de mathématiques ? Justifiez votre réponse.

L’analyse des réponses de ces sujets a la question 1 montre pour 40
d’entre eux que la démocratie est réductible au vote, aux partis politiques et
au pouvoir décisionnel de la majorité des citoyens.

La définition qui revient le plus souvent est « La démocratie est une
forme de parti politique servant a voter des lois, a représenter les citoyens.
Chacun a le droit a son opinion. Le dirigeant du parti n’a pas droit de ve-
to ». Pourtant souligne Robert (1999) : « La démocratie, dans un sens plus
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large, ce sont aussi des juges indépendants, des forces de police subordon-
nées, 1’égalité de tous devant la justice civile, la liberté des associations, des
partis et de la presse, des régles équitables pour la fiscalité, I’acces aux soins
et a ’éducation, des disponibilités qui empéchent la corruption, le respect
des individus et des minorités, de la vieillesse, de la jeunesse, de la féminiteé,
des différences culturelles, 1’existence de régles protectrice en faveur des sa-
lariés, etc.. ».

Quant aux exemples de la présence de la démocratie, la majorité des su-
jets, cite souvent les pays occidentaux comme lieux de démocratie (Canada,
USA, France, etc.) méme s’ils y percoivent des poches de dictature. En ce
qui concerne 1’absence de démocratie, I’exemple qui revient le plus souvent
c’est le manque de droit de parole en Irak, les pouvoirs tyranniques en Syrie,
a Cuba, en RDC, etc.

A la troisiéme question sur I’apprentissage de la démocratie dans un
cours de mathématiques, les statistiques sont citées a 1’occasion des élec-
tions par le calcul des pourcentages. Le droit de donner son opinion dans un
cours de mathématiques ou de donner le droit de vote pour choisir une acti-
vité mathématique. Certains sujets soulignent qu’on ne peut pas apprendre
la démocratie en mathématiques, car celles-ci concernent le raisonnement et
la logique, or la démocratie est sujette aux émotions et aux opinions sur les-
quelles sont fondées les interactions sociales et politiques.

L’APPORT DES MATHEMATIQUES A LA DEMOCRATIE

Les résultats de ce questionnaire nous conduisent a poser la question
suivante : En quoi la société a-t-elle intérét a former mathématiquement et
démocratiquement tous les individus qui la composent ? Cette perpétuelle
question a été pos¢ moult fois dans les milieux de I’éducation mathémati-
que. Duperret (2008) a tenté d’y répondre.

Une premiere réponse qu’il avance est que 1’apprentissage des mathéma-
tiques est une forme d’apprentissage de la démocratie, en mettant les éléves
en « activité mathématique ». Celle-ci commence en général par une recher-
che personnelle, défi entre le probléme et 1’¢léve, démarche intellectuelle in-
time qui développe et construit la pensée. Celle-ci continue dans une com-
munauté scientifique, la classe dans 1’enseignement, communauté qui per-
met successivement le débat en soumettant aux preuves et réfutations les di-
verses possibilités de solutions, puis I’assurance de la certitude partagée. On
retrouve dans cette démarche la longue histoire qui lie les mathématiques et
la démocratie depuis les grecs.

Une seconde réponse qu’il propose est liée a nature méme de 1’activité
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mathématique : résoudre des problémes, c’est-a-dire se mettre dans une
constante confrontation au non savoir. Et 1a se développe des comporte-
ments « experts », avec la recherche de la meilleure stratégie, du mode¢le le
plus pertinent, comportements tout a fait transférables a d’autres champs
d’action que les mathématiques.

Une troisiéme réponse, souvent cataloguée « mathématiques du ci-
toyen », est la formation a I’analyse et au traitement de I’information. Les
mathématiques vont développer des aptitudes a trier, ranger, transformer des
informations en s’appuyant sur de fréquents changements de registre : tex-
tes, tableaux, graphiques, résultats numérique, etc. On trouve ici le role so-
cial des mathématiques : la lecture, I’interprétation, 1’utilisation de dia-
grammes, tableaux, graphiques, leur analyse critique aident I’¢léve a mieux
comprendre les informations qu’il regoit, et en cela contribuent a son éduca-
tion civique et démocratique.

Orrill (2001) souligne que la méconnaissance compléte des mathémati-
ques, et en particulier du traitement de I’information, que les Etatsuniens
appellent « innumeracy » rend les citoyens infirmes a méme titre que
I’alphabétisme, I’illliteracy. Inversement, un apprentissage du calcul, de la
statistique et des probabilités constitue un bon atout pour se situer dans le
présent et saisir les enjeux de ’avenir.

Il faut souligner une mauvaise note dans la démocratisation de
I’enseignement, dans le sens qu’elle a remis en cause bon nombre de certi-
tudes, entre autres sur le statut des mathématiques, de leur enseignement et
du réle pervers de sélection qu’elles ont joué avec le latin et le grec.

DEBAT MATHEMATIQUE ET DEBAT DEMOCRATIQUE

Un enseignant des mathématiques qui n’est pas ouvert a la démocratie
pratique généralement le culte de la pensée unique. Il n’est pas ouvert a la
discussion donc n’est pas prét a ouvrir un débat dans sa classe.

Le débat bien mené dans une classe de mathématiques, a n’importe quel
niveau peut conduire les €éléves ou les étudiants a un raisonnement a 1’aide
de concepts et des processus mathématiques (MELS, 2003) et travailler la
notion d’implication qui est le pivot du raisonnement déductif et de la dé-
monstration (Scotti, 2001).

En partant d’une étude menée par Mounier (2005), je peux ressortir les
différences et les ressemblances entre les deux types de débat : le débat ma-
thématique en classe et le débat démocratique.

Les differences :

En mathématiques, il y a une seule réponse (une vérité). Pas en démo-
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cratie.

En mathématiques, ce n’est pas nécessairement la majorité qui a raison,
contrairement a ce qui se passe en démocratie : il existe en mathématiques
une solution validée par les experts qui reste vraie quelles que soient les re-
présentations de la majorité sur le sujet.

En démocratie, il s’agit de convaincre, en mathématiques, il s’agit de
prouver. En démocratie, on peut toujours discuter une décision, en mathé-
matiques, cela n’a plus de sens lorsque cela a été démontré.

En démocratie le débat porte sur des valeurs, par exemple, le débat sur le
droit ou non a I’avortement, euthanasie, pas en mathématiques.

Les ressemblances :

Chacun peut défendre son point de vue, chaque point de vue est pris en
compte. Les régles d’écoute et de prise de parole sont les mémes. Le débat
permet a se confronter a I’altérité et permet d’avancer vers une solution. En-
fin, il est dans les deux cas nécessaire d’argumenter.

11 faut souligner quelques régles particuliéres du débat en classe :

Celui qui parle le plus fort n’a pas nécessairement raison, celui qui a rai-
son n’est pas nécessairement le meilleur de la classe.

On a le droit de changer d’avis, écouter les autres peut aider a trouver la
solution. Se moquer de celui qui se trompe ne fait pas progresser le débat.
En mathématiques, il faut formuler les propositions de fagon précises, si on
veut pouvoir se comprendre, sinon on ne sait pas de quoi on parle. En ma-
thématiques (et ailleurs) une proposition et son contraire ne peuvent étre
toute les deux vraies.

Il existe plusieurs types de débat de la vie de classe dont le débat réglé.
Vincent (2005) souligne que « Contrairement aux temps d’échange ren-
contrés au cours des activités scolaires (en mathématiques, en frangais, en
sciences, etc.) qui s’appuient sur la confrontation des représentations, des
démarches et une justification cognitive (liée a une connaissance), les temps
de débat réglé se caractérisent par le fait qu’ils portent sur des questions re-
lationnelles,  sociales, morales, organisationnelles concernant
I’environnement proche et impliquant la plupart du temps, une prise de dé-
cision et une action collectives.

Il existe un certain nombre de conditions caractéristiques pour que le
débat réglé soit un débat démocratique :

- L’institutionnalisation et la ritualisation

Pour fonctionner démocratiquement les débats doivent étre institutionna-
lisé, ritualisés, c’est-a-dire respecter un certain nombre de procédures et de
regles claires concernant :
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L’horaire de débat : il est fixé dans I’emploie de temps et est respecté; le
lieu et la disposition spatiale : on ne débat pas assis les uns derriére les au-
tres; les modalités explicites de fonctionnement : choix des thémes, anima-
tion, prise de parole, suivi des décisions, etc.

- Des objectifs pour une parole « vraie »

1) Un objectif d’apprentissage des conditions et des enjeux du débat

démocratique.

C’est un temps de proposition et d’écoute, de négociation et de prises de
décisions concernant la vie de la classe ou de 1’établissement scolaire. C’est
un temps d’apprentissage des modalités de fonctionnement d’un débat dé-
mocratique.

2) Un objectif de formation du jugement

C’est un temps d’analyse et de confrontation de points de vue concer-
nant I’ensemble des sujets qui concernent directement les éleves (vie de la
classe) ou qui concernent les problématiques plus générales qu’elles soient
politiques, économiques ou sociales.

CONCLUSION

En guise de conclusion, je vais simplement souligner que 1’école doit
aujourd’hui instaurer, pour tous les éléves, un rapport plus démocratique
aux savoir et au rapport plus coopératif a la loi. Dans une perspective
d’instruction républicaine, comme en France ou de socialisation et de for-
mation du citoyen comme au Québec, 1’école devrait mettre ’emphase sur
les pratiques de la démocratie et faire en sorte que toutes les disciplines en-
seignées a 1’école contribuent a la socialisation démocratique dans une ap-
proche interdisciplinaire. Elle devrait favoriser les débats scientifiques, la li-
bre confrontation des opinions, le dialogue et les échanges.

De ce fait, les questions qui suivent semblent essentielles :

- Comment former les citoyens de demain pour favoriser 1’exercice
démocratique contre des formes de repli ou I’apparition de régimes
politiques plus totalitaires?

- Quels savoirs et compétences sont en jeu?

- Comment faciliter la compréhension du monde dans lequel on vit,
I’apprentissage a la prise de parole et I’expérience du vivre ensemble ?

- Comment faire des liens entre les compétences transversales et les
compétences disciplinaires en mathématiques autour de
I’apprentissage de la démocratie.
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Abstract

Despite current political endeavours, technology and mathematics are
still peripheral options for most females when they consider further study-
ing or career up growth in the fields related to mathematical science. Spe-
cifically, in mathematics education, technology mediated teaching is as-
sumed a means for development towards progressive policies for inclusion
in both metropolitan (e.g. NCTM in US, 2000), and peripheral localities
(e.g. DEPPS in Greece, 2003). Such curricula reforms have been largely
rooted in pedagogical agendas for quality/equity (mathematics) education
that aim to foster simultaneously self and society development in the realm
of a ‘new’ information age. The present paper discusses the potential for an
alternative theorising of female relation to school technoscience such as
technology and mathematics related literacies. Based on a preliminary
analysis of interview data the constructs of ‘cyborg’ and ‘subaltern’ are in-
troduced as ways of disrupting stereotypic readings of a partial relation to
technoscience as negative, passive or, even, dangerous’.

' The present paper is based on a chapter entitled ‘Disrupting Development as the Qual-
ity/Equity Discourse: Cyborgs and Subalterns in School Technoscience’ published in
Atweh, B., Graven, M., Secada, W., and Valero, P. (eds) Mapping Equity and Quality in
Mathematics Education. Dordrecht. Springer. (pp. 3-21).
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INTRODUCTION

Lakoff (1987) used the catch phrase ‘women, fire, and dangerous
things’ as a title of a book concerned with how human thinking is totally
immersed in metaphors and depended on their role to produce meaning in
everyday talk. His choice to place the word ‘women’ next to ‘fire’ and next
to ‘dangerous things’ intended to show the power of metaphor-use in lan-
guage-use. It, also, served to produce a certain ‘image’ of the possible
meanings concerning the category ‘woman’. First, a woman is a thing -not
really a person. In addition, a woman, like fire, is a dangerous thing. The
semantic categories of ‘mathematics’ and ‘technology’ along with those of
‘women’ and ‘fire’ in Lakoff’s choice of words seem to exemplify, when
placed together, a similar ‘dangerous’ liaison, for good reasons, as will be
shown in the sections below.

‘[M]athematics and technology are unfamiliar fields to women’ says
Anita, a primary school teacher in her late 30s, whilst Giorgos, a young en-
gineering student, argues that although some female students can cope well
with what is required to do with technology during coursework, they lack a
passion for it. Coping well with school subjects, including mathematics and
technology, creates emotional conflicts for Afrodite, an adolescent Greek
Gypsy girl, who senses that she will soon need to abandon school for an
early marriage —repeating her parents’ story. Education, and specifically
mathematics education, provides her with a promise of joining the desired
‘modern’ ways of imagining, organising and controlling her life. Simultane-
ously, this very desire soon becomes an unfulfilled promise, creating frus-
tration, pain and feelings of failure. Schooling turns out to be an (almost)
impossible path for Afrodite, who, despite being a successful learner, won-
ders what might be the real value of school for her. Schooling demands a
cultural border crossing, and a constant compromise amongst conflicting
‘values’ related either to community or school formalities. Afrodite be-
comes ‘voiceless’, ‘hopeless’ or a ‘subaltern’ in Spivak’s (1992b) words as
her struggle for recognition proves futile or un-ending.

Anita remembers being good at mathematics (geometry), when she
says: ‘I used to like mathematics and I was good at geometry. Yet, there is
this oxymoron [...]. And, indeed, everybody believed —towards the end of
secondary school- that I will become a scientist’. Contrary to her family’s
and companions’ belief in her capacities, chooses not to study mathematics
since she feels that ‘science’ is not really suitable for her as a woman. De-
spite her choice not to engage in what was perceived as natural for her, she
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recognises the fact that the ‘new’ generation has the potential to reverse
such stereotypes if, as she argues, access to both resources and expertise is
safeguarded. However, Giorgos, a young male who belongs to this ‘new’
generation, seems to espouse that women’s pursuit of science is not out of
pure interest or passion but of mere necessity to acquire the skills required
in modern society. He mentions: ‘/..] men are more into technology. They
like it. Whilst women —those who get involved- because not all of them are
involved, they do so, I believe, out of necessity. In other words, men have a
passion (for technology), they buy magazines about technology [...] whilst
women do not care much.’. Lack of passion and ‘pure interest’ show that
women’s relation to technology is weak, subordinated and marginal. As
such their pursuit of technology is taken as ‘different’ and becomes ‘other’.

Giorgos, like Anita, invests on hegemonic discourses which naturalise
young women as non-passionate, non-dedicated participants in techno-
scientific practices arguing that they ‘get involved [...] out of necessity’.
Taking into account the fact that the discourse of an intrinsic ‘passion for
science’ is predominant when scientific creativity and innovations are taken
into consideration (Turkle 2008), one easily concludes, as Anita does, that
‘women are not really made for the worlds of mathematics and technology’.
In contrast, the case of Afrodite shows that passionate desire alone does not
seem to safeguard a continuous participation to education (including
mathematics education). Afrodite lives at the borders of two competing dis-
courses; the one depicting school as ‘the beginning of a new life’ and the
other emphasizing that ‘it is a shame for a girl to attend school’. Schooling
represents the risky path towards a ‘new’, yet ‘uncertain’, life. In a similar
vein, Anita rejects ‘uncertainty’ and chooses a safer area for study and
work.

The narratives offered by Anita, Giorgos and Afrodite are inscribed
within discourses that carry a ‘negative’ sense of female experience with
technology, mathematics and education. Not only Giorgos, but also Anita
and Afrodite seem to be captured within gendered discourses espousing a
fixed view of women’s relation to technoscience. Their stories are not inter-
preted in a positive way, but instead perpetuate the projection of stereotypic
images. According to Michel Foucault (1972, p.49) discourses function con-
stitutively towards producing ‘truths’ which ‘systematically form the object
about which they speak’. This approach explains how hegemonic discourses
serve to reproduce women as having distinct ways of knowing (Belenky et
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al 1986) or that technoscience” is mainly a masculine route towards realis-
ing the rational, modern ‘self” and developing systemic societal change (EI-
lul 1964). Within this realm, school mathematics and technology are not
seen a ‘female’ choice since women deal with techno-mathematics in ‘dif-
ferent’ ways —ways that potentially can work towards ‘disrupting’ com-
monly held assumptions and expectations. Women’s relation to tech-
noscience can be seen ‘disruptive’ as they embrace technology and mathe-
matics without revealing a devoted passion. Instead, their engagement
seems to be a continuous struggle towards fitting technoscientific materiali-
ties in the multiplicities of their everyday working, studying and living. Yet,
women’s struggling to appropriate technoscientific knowledge is often read
as problematic. The issue of ‘woman as a problem’ has been discussed ex-
tensively in relation to technology (Wacjman 2007), but also in relation to
mathematics (Fenemma and Leder, 1990). And, its assumed ‘normality’ can
be oppressive as it does not allow ‘other’ subjectivities to emerge and does
not voice alternative positioning(s).

Following Michel Foucault and Judith Butler, here, I attempt to re-read
hegemonic discourses of female relation to techno-mathematics. Foucault
(1972, p.151) observes insightfully how discourse ‘obeys that which it
hides’ and becomes ‘the path from one contradiction to another’. He argues
that ‘7o analyse discourse is to hide and reveal contradictions, it is to show
the play that they set up within it; it is to manifest how it can express them,
embody them, or give them a temporary appearance’. Discourse as contra-
diction comes close to notions of ‘disruption’ and ‘trouble’ as promoted by
Butler (1990, 1997) arguing for the need to deconstruct what are often seen
as ‘normal’ or ‘natural’ assumptions on agency, subjectivity and identifica-
tion. Along these lines, the present paper aims to move beyond a negative
interpretation of women’s relation to technology and mathematics as pas-
sive, indifferent or marginal. It argues that female partial and at times mar-
ginal positionings could problematise technological determinism (Ellul
1964) and bring forward an alternative reading concerning our understand-
ing of technoscientific practices where the complex incompatibility of using

% According to wikipedia ‘Technoscience is a concept widely used in the interdisciplinary
community of science and technology studies to designate the technological and social
context of science. The notion indicates a common recognition that scientific knowledge is
not only socially coded and historically situated but sustained and made durable by mate-
rial (non-human) networks’ (http://en.wikipedia.org/wiki/Technoscience).
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technology and mathematics is not concealed but spoken out and negotiated.
It is suggested, here, that an alternative reading might be closely related to
disrupting assumed normalities of human-technoscience relation(s) by
means of disrupting ‘development’ as the quality/equity discourse in tech-
nology mediated mathematics education

Such an alternative approach to technoscience then becomes a danger-
ous gesture to development discource(s). Danger is encountered at several
levels. First, opting out technology and science is ‘dangerous’ for the ‘mod-
ern’ individual as it blocks the development of the rational subject and per-
petuates the ‘savage’ and emotional self. Second, this very fact becomes
dangerous as it holds up the development of modern systemic changes
where ‘self” and ‘society’ is interchangeably linked. Development here en-
tails both a quality direction (i.e. towards becoming the rational subject) and
an equity dimension (i.e. all subjects need to become rational or else techno-
mathematically literate). However, narratives concerning women’s relation
to school technoscience do not profess this very notion of development. In-
stead, they exemplify a ‘dangerous liaison’ as far as women instrumentally
make use of their right to opt out, to resist, or to become marginal actors.
The vision of an equitable future within mathematics education is, also,
critically dependent on the potential of reworking what it means to assume a
sense of ‘I’ — an agency that is subjectively negotiated. Specifically, women,
instead of committing themselves to the ‘risky’ path of a ‘passionate’ ex-
perience with formal education and ‘new’ technologies they turn towards a
‘modest’ relationship carefully negotiating boundaries. Donna Haraway
(1997, p.130), considers technoscience as the story of globalisation and ar-
gues for the significance of a ‘modest witness’ position as a space for femi-
nist work — a space where technoscientific knowledge is regarded as situ-
ated “deep and wide throughout the tissues of the planet, including the flesh
of our personal bodies”.

In this paper, I attempt to provide a type of bird-eye view over a very
complex area that, at present, pressurises teachers and students towards
adopting ‘new’ media, ‘new’ roles and ‘new’ identities. This intensity for
change is being discussed under the caveat of development by providing ac-
cess for all (i.e. equity) via technology-mediated mathematics education
curricula. However, what do we really mean by development? And how do
these relative links among school technoscience appropriation, develop-
ment, quality and equity affect the daily lives of women and men and espe-
cially of women and men who belong to marginalised, oppressed and voice-
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less groups? Taking into account the above, the following sections attempt
to re-read hegemonic discourses on ‘development’ as ‘quality’ and ‘equity’
in mathematics education with an eye to disrupt assumed positioning(s) —or,
in other words, to analyse how discourses can ‘hide and reveal contradic-
tion’ (Foucault 1972, p. 151).

DEVELOPMENT AS QUALITY: INTENSITY FOR

CHANGE

Whilst equity, as Secada (1992, 1995) claims has been marginally ex-
plored in the research field of mathematics education, quality has been well
emphasized. From the 1980s onwards, mathematics education research has
greatly invested on promoting innovative curricula design in order to pro-
mote quality teaching and learning. Main sources for theorizing quality have
been certain psychological perspectives based primarily on either construc-
tivist or socio-cultural approaches to learning. Curricula innovations in-
cluded the cognitively guided instructions for mathematics, contexts for au-
thentic learning, realistic mathematics education etc (Shoenfeld 1994;
Greeno 1998; Treffers 1987).

Issues of quality were mainly discussed in relation to the micro-context
of mathematics classrooms taking into account primarily didactic and peda-
gogical aspects. Emphasis on how children develop mathematical skills and
competences has led towards focusing on cognitive and meta-cognitive
strategies as they relate to social interactions (teacher intervention, group
work, classroom activity). Despite commonalities, constructivist and socio-
cultural perspectives could hardly agree on fundamental principles concern-
ing learner agency and knowledge status. On the one hand, a constructivist
perspective’ directs attention to the learner as an active autonomous subject
who potentially reflects on and negotiates ideas by means of experimenting
with suitable materials. Learning and knowledge development, thus, depend
mainly on explorative activity, reflection, and active engagement with task
parameters. A mainstream socio-cultural approach®, on the other hand, em-

3 The notion of ‘a constructivist perspective’ is used, here, in an excessive way, but one
needs to keep in mind that more than one constructivist perspectives have been formed
within the field of (mathematics) education, such as interactive, dialectic, radical, social etc
(Chronaki 1992; Chronaki 1997).

* In a similar vein, one needs to mention diversification across a variety of socio-cultural
perspectives ranging the emphasis from psychological to cultural, anthropological and criti-
cal approaches to learning and communicating (Kontopodis et al., under publication).
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phasizes semiotic mediation, tool-use, and collective engagement with pur-
posefully organized activity. The learner is conceived as a motivated subject
who needs to actively interact with more knowledgeable others and to pur-
posefully use tools that bridge the gap among past, present and future his-
torical practices, forming zones of proximal development (Wertsch 1991).

Stressing the urgency for quality at the micro-level is not isolated from
the macro-level reform agendas in mathematics education at national and in-
ternational levels (TIMMS 2007). Certain curricula politics (i.e. prescrip-
tions for content, skills and competences, assessment methods) act as ‘ideo-
logical state apparatus’ (Althusser 1971) that regulate behaviour at the mi-
cro-level of human interactions. In that way, reform implementation medi-
ates the macro-level societal structuring and creates micro-spaces (e.g. di-
dactic innovations) where self and society develop together. As such, the
stress for quality in mathematics education curricula cannot be considered
neutral. Mainstream constructivist and socio-cultural perspectives work syn-
ergistically towards this end and provide a language for re-producing and
legitimizing discourses of ‘quality’. Such discourses materialize by means
of curriculum reforms and innovations in schools and classrooms (i.e.
mathematical content and competences such as active learning, collabora-
tive work, technology-use etc) thus producing fixed identities of the ‘good’
learner and teacher. Walshaw (2001, p.96) highlights that the learner is seen
as constructing ‘...viable theories of the ways in which the world works’,
the teacher as facilitating and empowering learners to “...give voice to their
subjugated knowledge’ and that learner’s personalized and localized knowl-
edge °...generate not only visibility but also are said to offer agency in
terms of identity and position from which they might act for change’. How-
ever, she critiques the view that subject agency can be easily fixed through
suitable didactic interventions.

Within this realm, technology mediated mathematics learning enjoys a
prominent position within recent curricula reforms in mathematics educa-
tion. For example, there is evidence that certain digital tools suitable for dy-
namic geometry, computer algebra, data handling, statistics, programming
and modelling can be instrumentally utilised towards encouraging the de-
velopment of specific mathematical skills and competences such as visualis-
ing, representing and manipulating symbolic entities such as mathematical
ideas. At the same time, they foster certain ways of working such as col-
laboration, reflection, active experimentation etc (NCTM 2000; Hershko-
witz et al 2002; Ruthven et al. 2004). Technology-based mathematics edu-
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cation becomes a political arena for teachers, learners and curriculum de-
signers towards producing a particular collective identity change in the
name of the ‘new’ math teacher who safeguards ‘quality’ learning. Specifi-
cally, the ‘new’ maths teacher is required to be a flexible facilitator of
knowledge construction, as opposed to knowledge transmitter in the tradi-
tional paradigm (Chronaki 2000). Stressing the transformative role of ‘new’
technology is an old issue that reflects broader socio-economic politics in
the so-called ‘new’ information age (Castells 1996/2000). The sense of
‘new’ becomes a reference to the most glamorous recent past and implies
that ‘new’ equals ‘better’ and thus ‘new’ is associated with quality. The
‘new’ signifies ‘the cutting edge’, the avant-garde, the place for forward-
thinking people to perform (and become) designers, producers and practi-
tioners. Thus, discourses of ‘change’ tend to become avenues to ‘new’ and
relate to long-lasting modernist views of social progress and development as
smoothly delivered by technology (Lister et al. 2003).

Investment on such discourses emphasizes the revolutionary impact of
technology towards producing profound transformations of maths teachers’
everyday life in terms of evolving techniques, skills, relations, feelings,
communicative practices, and organisational structures. The transformative
impact of ‘new’ technologies has been mainly discussed as far as it concerns
epistemological, pedagogic and didactic potential for change through the
analysis of focused teaching experiments (Marrioti 2002). Despite the bene-
fits outlined in such exemplary cases, and the high investment on time and
economic resources, widespread technology integration in mathematics
classrooms remains a challenge (Ruthven et al. 2004). In addition, a number
of studies indicate how female teachers and students do not choose related
fields to study and work and rarely report long-lasting transformative ex-
periences (Wacjman 2007). In a similar vein, Anita, Afrodite and the female
engineers position themselves in discourses that inscribe them as ‘different’
when compared to men on the basis of lacking not only passion, but also the
flair for active engagement and the competence for deliberative decision
making. However, the discourse on ‘difference’ can easily slip into dis-
courses of ‘gender gap’ and ‘female danger’. Although, Anita, Giorgos and
Afrodite are different cases in terms of age, gender, race, and school role
(teacher, undergraduate student, and secondary school student), they all
seem to support the view that women’s liaison with mathematics and tech-
nology is not only uneasy, but it can be a marginalised or a ‘dangerous’ one.
How else, could one explain Anita’s choice to withdraw from a successful
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future in mathematics since she senses that aspects of her everyday life
might be in danger, and Afrodite’s conflicting experiences that lead her to
consider quitting school? But also, how could one predict where young fe-
male engineering students might end up in their careers since they, accord-
ing to Giorgos, lack a passion for technology and science?

In this realm, female teachers and students easily fall into the stereo-
typic image of resisting technology. An alternative reading is that some
teachers and students do not resist technology itself but the stressful re-
quirements for immediate ‘change’ towards a predefined quality agenda.
They realise technology as a risky terrain and they set boundaries on tech-
nology use. Illich (1972) has argued that good and evil are not attributes of
technology per se, but of technologies-in-use. For example, Anita realises
how incompatible is for her to invest on mathematics or technology as a ca-
reer pursuit. Similarly, female students reject a passionate relation to tech-
nology and concentrate, instead, on more pragmatic approach in specific lo-
calities. Whilst, males are believed to be passionately attracted by ‘new’
technology, as Giorgos, the young engineer states, their female counterparts,
although competent, do not perform a passionate desire.

Instead of pursuing uncritically a path towards identity ‘change’ our
data of women narratives urge us to consider the human-machine relation as
situated in everyday practices. This view agrees with feminist perspectives
on technoscience that alert for the importance to move away from a view of
‘change’ as development towards a full masculine self-realisation. Specifi-
cally, Haraway critiques a number of Marxist and psychoanalytic epistemo-
logical positions on feminism and turns to explore the complex production
of woman/difference/other in relation to technoscience. Striving for a move
away from dichotomies, dualisms or binaries situated in discourses that in-
dicate a ‘lack’ (e.g. lack of passion, interest, competence) and reproduce
gendered technological essentialism or technophobia, Donna Haraway in-
troduces the notion of ‘cyborg’ as a metaphor for a hybrid entity that blurs

> Cyborg, short for cybernetic organism, is a term coined by the research scientists Manfred
Clynes and Nathan Kline in the ‘60s as they tried to imagine the kind of augmented man
that would be necessary for extra-terrestrial exploration or space flight. It refers most par-
ticularly to an imagined and actual mix of machine and organism so as to constitute an in-
tegrated information circuit. [...] The first cyborg, from Clynes and Kline’s lab was a white
lab-rat with an osmotic pump implanted to allow the researchers to inject chemicals to con-
trol and observe aspects of the rat’s physiology. [...]. Donna Haraway has taken cyborg as a
metaphor to draw together an array of critical questions about human-machine relations
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the boundaries between organic and mechanic. The cyborg refers to the on-
tology of an enhanced command-control-communication-intelligence sys-
tem (c31) where human-machine organisms are integrated into a symbiosis
that transforms both (Haraway 2004, 2009).

The cyborg, short for cybernetic organism, is taken to be the image of
an ‘augmented human’ suitable for extra-terrestrial explorations, scientific
experiments and science fiction narratives. But, Donna Haraway uses the
term as a prime resource to imagine an alternative kind of material-semiotic
world, an alternative perspective of identity politics, and in consequence an
alternative optic of feminist technoscience. The notion of cyborg denotes
that dichotomies and dualisms such as nature/culture, woman/man,
body/mind can no longer be used to figure or create the other. She claims
that; ‘[...] Instead, the cyborg is resolutely committed to partiality, irony, in-
timacy, and perversity. It is oppositional, utopian, and completely without
innocence. Cyborgs are not reverent, they do not re-member the cosmos.
They are wary of holism, but needy of connection’ (Haraway 2000; Schnei-
der 2005, p.64).

This particular ‘cyborg’ point of view allows us to re-consider female
relation with technoscience by appreciating its intense partiality. In this
sense, Anita’s and female engineers’ experience as non-passionate, partial,
disloyal could be considered as a ‘cyborg’ position. They can be ‘aug-
mented’ human creatures as they appropriate, utilize and negotiate varied
uses and productions of technology in everyday lives. Through cyborg a
more nuanced and complex angle of vision is offered that sees the tech-
noscientific as a field for the contestation of meaning and the possibility of
remoulding and redirecting what looks repressive into something more sub-
versive and even democratic. While fully aware of the fact that the image of
the cyborg could be as much about global control and domination, or about
pre-emptive strikes and imperialism masked as deterrence or defence,
Haraway (1985) offers an alternative possibility; /4] cyborg world might
be about lived social and bodily realities in which people are not afraid of
their joint kinship with animals and machines, not afraid of permanently
partial identities and contradictory standpoints. The political struggle is to
see from both perspectives at once because each reveals both dominations

and varied embodied forms of technoscience as part of socialist feminism. Recently, the
cyborg had emerged as a figure in popular culture and especially in science fiction (Clynes
and Kline 1960; Haraway 1991).
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and possibilities unimaginable from the other vantage point’. (Schneider
2005, p.72). As such, the cyborg is not only an image or figure, an entity in
reality or imagination, but it is also a standpoint, a way of thinking and see-
ing.

Calling the late twentieth-century understanding of the relationship be-
tween organism and machine a ‘border war’, Donna Haraway (1997,
2006/2009) recommends instead a pleasure to be found in bringing about
the destabilization of these boundaries and an accompanying heightened
‘responsibility in their construction’. This means that intensity for ‘change’
via discourses of ‘quality’ cannot be taken for granted as if it constitutes a
‘normal’, ‘neutral’ or ‘static’ path for development. Discourses of quality as
identity change towards developing a ‘fixed’ list of goals promotes ‘fixed’
and ‘static’ identities and denies a ‘cyborg’ view on women’s experience
with technology. Specifically, it conceals the fact that ‘development’ hap-
pens in multiple, complex and hybrid ways where boundaries between hu-
mans and machines are disintegrated and destabilised. In the following sec-
tion, development as equity will be discussed as the urgency for all to
change with/in school maths.

DEVELOPMENT AS EQUITY: THE URGENCY FOR
ALL TO CHANGE

In the field of mathematics education, gender inequity has been, mainly,
explored in two interrelated dimensions using, at large, comparative analy-
sis; first in relation to boys’ and girls’ achievements in specific mathemati-
cal curriculum content areas, and second, in relation to male vs female par-
ticipation in areas of study and work that require mathematical knowledge
and competences. As far as achievement in particular curricular areas of
mathematics (geometry, algebra, problem solving) is concerned, the quanti-
tative data gathered during the last decade informs us that male-female dif-
ferences have started not only to disappear but even to reverse, since in
some countries (e.g. Iceland and Cuba) we, recently, witness some female
advantage (Xin Ma 2008 based on a meta-analysis of regional and interna-
tional studies on student assessment). A number of meta-analytic review
studies concerning the relative interdependence of variables such as gender,
class, achievement, attitudes, cognitive and meta-cognitive strategies seem
to agree that the gender gap has gradually been eliminated (Hanna 2003;
Xin Ma 2008). When the dimension of women’s career paths is considered,
recent research outcomes points out that although there is some considerable
increase in the presence of females in areas of study, research and work,
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their participation in scientific fields still remains unsatisfactory (Jutting et
al. 2006). For example, the American Mathematical Society (AMS) reports
a slight increase in the representation of women in academic editorials
boards. Specifically, they explain that between 1994 and 2003 women rep-
resentation rate has increased from 9% in 1994 to 16% in 2003.

The situation is far more devastating in countries of the so-called de-
veloping world, where women still have limited access to work and educa-
tion. Dunne and Sayed (2002), for example, explain that, in southern Afri-
can countries only 5% of all female students enrol in mathematics, comput-
ing and engineering. Frantzi (2008) investigating women who enrol in
mathematics related higher degrees in Greece observes that whilst before
the Second World War women mathematicians were a rare phenomenon and
mainly came from the middle or upper classes, during the period 1940—
1964, more women enrolled to study mathematics and they came mostly
from a lower middle class background. Gender inequity, thus, is not an iso-
lated phenomenon but rather greatly related to class, colonial, racial, and
cultural constraints experienced by the individual as s/he struggles for ac-
cess and participation in related practices.

One might observe that although there is noticeable increase in female
achievement and participation, the gap between males and females contin-
ues to create social inequity. Even though female students are as competent
as male and enjoy practicing technoscience, they continue not to choose the
subject as a main field for study or work. The narrative of Afrodite, a young
Gypsy Greek girl, as seen in the introductory vignette, indicates how both
gender and race discourses prevent not only her continuous participation in
schooling practices thus making her a case at risk, but also constitute her
‘voiceless’. Spivak uses the term ‘subaltern’® to talk about how certain co-
lonial and postcolonial discourses constitute not really the ‘voiceless sub-
ject’, but the subject who realises the impossibility of ‘voice’. In exemplary
cases of female struggles in imperial India she problematizes how the colo-
nial world has always been defined by the West. According to Spivak

Gramsci has originally coined the term ‘subaltern’ in order to address the economically
dispossessed, and today Ranajit Guha reappropriates Gramsci’s term in an effort to locate
and re-establish a voice or collective locus of agency in postcolonial India. In her essay
"Can the Subaltern Speak?", Spivak acknowledges the importance of understanding the
‘subaltern’ standpoint but also criticizes the efforts of certain subaltern studies emphasis
towards creating a ‘collective voice’ through westernised mediating practices.
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(1999, 1992) civilization, progress, and even self-identity itself always
eludes the subaltern. In other words, the West is defined by its differentia-
tion between the ‘present’, ‘past’ and ‘future’ as well as a sense of the other.
The colonial world has no such self-identity, at least as the Western viewer
perceives it. The cry in Afrodite’s diary-writing, perhaps, denotes exactly
this awareness of the impossibility to speak and become heard about non-
easily fixed, almost un-resolvable, issues.

Based on Spivak we realize how Afrodite becomes doubly the ‘other’
as a woman and as a gypsy woman and how she realizes her fragile and
fractured self as she attempts to cross cultural borders amongst home and
school. She struggles to live in-between two worlds that require her to con-
tinuously cope with conflicting choices and feels emotionally devastated as
her diary-writing reveals (Dafermos 2005, p. 257-259). Anzaldua (1987) ar-
gues that crossing ‘borders’ is not a simple but instead a process of learning
to accept transformations and learning to tolerate contradictions and ambi-
guities — a ‘mestiza’ rhetoric in her words. Mendick (2005) refers to Anelia,
a young Turkish Cypriot girl from a UK based immigrant family, who also
experiences the home/school divide. Anelia, as Afrodite, has a passion for
(mathematics) education, but she also perceives that making the choice to
study could be incompatible for her life because she holds that ‘mathemat-
ics’ is not suitable for a woman. Participation in formal educational prac-
tices means for Anelia, as well as for Afrodite, engaging in identity-work
that creates multiple contradictions in her life and leads her towards limiting
the study of science or considering quitting school (see the case of Afro-
dite). While both women cope well with formal educational activities -
including mathematics and technology- they risk being characterised as
‘savage’, primitive or other. Although this view is highly criticized by con-
temporary anthropological thinking for being an imposed ‘gaze’ at non-
Western cultures (Appadurai 1996; Harding 1998, 2008), such differentia-
tion serves to reinforce the epistemic chasm between savage and rational
mind by perpetuating knowledge hierarchies. In addition, this chasm shows,
as Spivak (1992b) argues, a concern for the processes whereby postcolonial
studies rehearse neo-colonial imperatives of political domination, economic
exploitation and cultural erasure —an issue referred to by Spivak as ‘epis-
temic violence’. It can be claimed that this is due to the fact that ‘develop-
ment’ for Afrodite and Anelia is counted on an imperialist conception of the
world and of technoscience. Spivak’s post-colonial critique addresses the
western, male, privileged, academic, institutionalized discourses which clas-
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sify the ‘other’ in the same measures used by colonial dominance that,
ironically, seek to dismantle.

Most Gypsy girls do not perform as individual ‘entrepreneurs of self’,
using Paul DuGay’s words, as their decisions in life are depended on ex-
tended family and community values, needs or habits (DuGay 1996). Living
between two cultures, Afrodite has to confront conflicting discourses about
either ‘attachement to community life’ or ‘pressure to lead a modern life’
(Chronaki 2009). For her, it is not an either/or situation but instead a desire
to be both and this very fact places her in a painful situation. Afrodite’s di-
lemma whether to quit school or not is connected with pathologising her as
incapable of making a sensible choice and as destined to remain subaltern.
How could we, then, reconsider ‘equity’ in view of Afrodite? This means
that gender equity cannot be simply viewed in terms of comparative studies
of male’s and females’ skills and attitudes rooted in quantitative analysis or
positivistic interpretations. Afrodite’s urgency to develop is also linked to
the urgency to move towards a certain quality of modern ‘life’ inscribed
through masculine and imperialist agendas of development. Her case, in
particular, urges us to consider this ‘move’ as an unfulfilled promise or as
potentially unending.

A major consequence of hegemonic discourses of equity is the constitu-
tion of subjects as marginalised, oppressed, or voiceless. In an almost pes-
simistic tone Spivak concludes that the ‘subaltern’ cannot speak in the con-
text of cultural imperialisms and moreover the ‘subaltern’ cannot be given a
voice via a mediator. She specifically suggests that any attempt from the
outside to grant subalterns a ‘collective voice’ is problematic as first, it as-
sumes cultural solidarity among members of a heterogeneous group of peo-
ple, and secondly it depends upon western intellectuals to ‘speak for’ their
condition. Spivak argues that through such a process the subalterns, in fact,
re-inscribe their marginalised and subordinate positions. Afrodite seems to
fall into this category. As a gypsy woman she is required to perform a ‘nor-
mal’ gendered positioning as constructed by her community. Taking into
account that ‘normal’ is a fictional category one can claim that there is no
normal way for any gender to act. Gayatri Chakravorty Spivak optimisti-
cally argues that although we cannot ‘give’ a voice, we can clear the space
for the subaltern to speak. She suggests that instead of urging for a ‘collec-
tive voice’ by means of the Western logos, it is preferable to focus on clear-
ing the subalterns’ path so that their voice can be heard. The subaltern, be it
a Gypsy adolescent girl or a Western woman who, though competent with
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computers and maths, chooses not to make them a priority in life, seems to
live at the margins of hegemonic discourses of ‘development’. Clearing the
path for them to be heard, in the context of this study, is closely related to
troubling and disrupting ‘development’ within hegemonic discourses by re-
vealing contradictions and taking seriously the contextual processes that
constitute marginalised and voiceless positioning(s). Growth, progress, de-
velopment all seem to safeguard quality. And access to quality for all is as-
sumed to be the measure for equity. Quality and equity, thus, become the
two opposite sides of the same coin called ‘development’.

CONCLUSIONARY REMARKS

Technoscientific practices, and school technoscience in particular, are
central to both self and society ‘development’. A recent anthropological
study shows how ‘namba tok’ (number talk or the use of statistics by colo-
nial officials) is coupled with ‘kaantri’ (country) creation in the conscious-
ness of the Nimakot people of central New Guinea who see their lives
changing from nomadic to settled inhabitancy (Wesch 2007). What we have
come to call ‘modern’ society has emerged through production and appro-
priation of a variety of ‘technologies’ including arithmetic, archiving and
spacing structural systems utilised to organise and control daily mind-body
practices. Dunne (2008), based on Foucault (1977/1980, 1991) discusses the
political role of mathematics and technology as core values of modernity
and explains how both are utilized to define and fulfil goals of ‘develop-
ment’. This happens simultaneously at two levels; first, they are used to
measure the achievement of certain predicted economic, social, and educa-
tional outcomes, through a broad application of statistics, and secondly, by
applying pressure, via local and national educational policies, mathematical
and technological literacy is promoted. An imperialist (and sometimes a
post-colonial) agenda of governmentality means that women’s access to and
participation in these subject areas are measured and evaluated against that
of men and western culture. In other words, the dominant discourse of de-
velopment serves to legitimise ‘women’ as ‘others’ (i.e. women, as primi-
tives, need to develop and progress).

From this point of view, technology-mediated mathematics education is
not merely a tool for better understanding mathematical concepts, but can be
seen as a tool for introducing learners to certain standards of ‘modern’ life —
and for some (including women) this can be a risky, unsafe and uncertain
terrain. Hegemonic discourses, based mainly on constructivist and sociocul-
tural agendas, tend to overemphasize the ‘active’, ‘rational’, ‘autonomous’
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learner who is able to instrumentally utilize any accessible technology and
make timely choices and decisions. However such a view eschews the ideo-
logical underpinnings of an oversimplified adherence to modernist and neo-
liberal ideologies. Valerie Walkerdine (1993) and Nikolas Rose (1999),
amongst others, explain that discourses related to an impetus to govern
modern life are based on the virtue of self-reliance (autonomy, self-
regulation, self-efficacy etc) and reflect mainstream and conservative psy-
chology or sociology. Rose (1999), in particular, supports that the burden
of ‘choice’ conceals the broader social context in which jobs for life have
disappeared leaving the fiction of life-long learning instead. Simultaneously,
inability to choose, to act or to make appropriate decisions signifies inability
to perform as an ‘autonomous subject’ which then results into lack of devel-
opment and leads to marginalisation. As explained above, self /society de-
velopment requires both a quality and equity dimension. Within the con-
fines of imperialist, colonial and patriarchal discourses, development is
taken to be equivalent to the construction of a fixed ‘rationality’ as the ulti-
mate goal for quality. Rational development is also taken to be at the heart
of technoscientific practices including mathematics and technology related
literacies. Therefore, quality in mathematics education curricula and prac-
tices is taken to be a cornerstone for safeguarding quality/equity and mini-
mising exclusion and marginalisation.

However, women often seem to either resist or embrace partially and
without passion certain technoscientific practices affecting their daily life or
work. Such a standpoint can be stereotypically interpreted as the ‘woman as
a problem’ situation —an interpretation rooted in hegemonic discourses of
quality/equity. As previously seen, on the one hand, some mainstream con-
structivist and mainstream socio-cultural perspectives strive to prescribe
quality in mathematics education, and on the other hand, certain mainstream
feminist perspectives focus on investigating gender inequity not only at the
level of achievement, competences and attitudes but also at the level of ac-
cess to and participation in mathematics and technology related fields.
While constructivist and socio-cultural theorists emphasize quality curric-
ula, feminists identify gender gaps. In simplified terms, it may seem that
one’s work serves (to sustain) the work of the other. In other words, when a
gender gap becomes identified, a quality curriculum will be there to fill the
gap. But life is not that easy.

In the realm of the present chapter, it has been argued that hegemonic
discourses of quality/equity as means for self/society development need to
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be approached through alternative perspectives that enable subjects to move
beyond a pressurising emphasis to a singular ‘perfectionist’ relation to tech-
noscience. Hegemonic discourses tend to read women as ‘others’ by their
being considered, perhaps unintentionally, as the passionless and subordi-
nate users of technoscience. By re-reading these stories we come to realise,
that involvement in mathematics and technology in school practices is nei-
ther simply a matter of access to equitable sharing of resources, knowledge
and support nor an issue of a particularly passionate interest and positive at-
titude towards the subject. Women and men seem to live in complex locali-
ties that require them to simultaneously appropriate not one but a number of
discourses that often become competing forces in both personal and school
lives. The notion of ‘cyborg’ induces a renewed vision of quality, as far as
the subject’s involvement in technoscience is concerned, emphasizing parti-
ality and hybridity. Women as ‘cyborgs’ can be fragile and fractured amal-
gams of a human-machine organism and can claim for themselves the right
to ‘error’, to express ‘failure’, to demand ‘connectivity’ and to feel confi-
dent with ‘partiality’. According to Donna Haraway (2006/2009), it is not
the ‘machine’ that women reject but the insecurity that comes as a result of
communication breakdown. In other words, it is the fact that they do not
seem to have control over the fluid relation which develops between hu-
mans and machines that requires a ‘holistic’ instead of a ‘connectivist’ rela-
tion to technology. The cyborg, thus, has the potential to become a way of
thinking and re-working subjectivity as situated, hybrid and partial.

In addition, the notion of ‘subaltern’, as argued by Gayatri Chakravorty
Spivak, offers an alternative optic on issues of difference or otherness as
they affect marginalised, oppressed and voiceless subjectivities. She claims
that by having limited access to cultural imperialism and by being con-
structed as ‘different’ or ‘other’, the subaltern can signify the ‘proletarian’
whose voice can not be heard as it is structurally deleted from the capitalist
bourgeois narrative. Furthermore, she objects to the view that since the sub-
altern cannot speak, an advocate is required to speak for her, arguing: ‘Who
the hell wants to protect subalternity? Only extremely reactionary, dubious
anthropologistic museumizers. No activist wants to keep the subaltern in the
space of difference [..] You don't give the subaltern voice. You work for the
bloody subaltern, you work against subalternity’ (Spivak 1992, p.46). The
burden created by the organisation of ‘collective’ or ‘mediated’ voices for
subalterns constitutes, according to Spivak, a rehearsal of a political domi-
nation of ‘voice’ via neo-colonial exploitation that ultimately exacerbates
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‘epistemic violence’. Instead, she voices the need to seriously consider
clearing the way for the subaltern to speak.

As it has already been shown, clearing the way is a process of disrupt-
ing the hegemonic discourses of development that either implicitly or ex-
plicitly nurture subalternity. While Haraway promotes a notion of the cy-
borg that opens up subjectivity to embrace situatedness, hybridity and parti-
ality, Spivak enters the complexities of marginalised and voiceless subjec-
tivity by encountering the subaltern’s voice. The impossible task of being
heard signifies the impossibility of realising self as part of society or else
the impossibility of belonging. Spivak doesn’t hesitate to criticise the post-
colonial practices that assume a ‘voice’ can be given via the mediation of an
advocate and passionately argues that the subaltern do not need to be given
a ‘voice’ but instead we need to clear the way for them to walk and be
heard. This very simple, but important gesture means that the responsibility
of their having a ‘voice’ is simultaneously our responsibility of listening to
their voices — a deeply dialogical gesture. As a final word, I would like to
argue for the need to consider involvement in school technoscience as a
risky gendered situation where subjects negotiate their positions by taking
the boundaries and affordances of their localities into account. A situated
notion of agency with/in technoscientific practices rejects the utopian and
imperialist politics of ‘holism’, ‘advocacy’, ‘perfectionism’ and, instead,
pursues ‘connectivism’ and ‘partiality’. For this reason, a turn towards post-
structural and postcolonial theorising of female experiences with school
technoscience may prove most valuable.
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The development of technology and computers led to an outbreak of
gathering information data and fed the need of the evaluation and use of the
gathered data. Information as a property product and as a means of policy
making replaced in a great degree the material products leading to a new
form of concentrating power.

Statistics today, in the era of information outbreak can be generally
defined as the
“Science that is concerned with the gathering, evaluation and processing of

2

information”.

The demand by the society for qualitatively controlled information
absolved from “noises” which intentionally or without purpose are
included, is especially obvious in a returning, from time to time discussion,
about the control of the public measurements related to the Mass Media
audience, political parties and persons, educational parameters, economical
and social indexes and factors, etc.

The aims of the school curriculum in Primary and Secondary education
are accordingly significant in relation to the teaching hours referred to them
in the curriculum and are especially referred in the pupils’ accomplishment
of the process and the meaning of organizing and conducting “researches”
as well as the analysis of their data. Although the above are important for
the making of a critically thinking civilian who can evaluate the information
received, something that nowadays has a central role in education, it is
limited by the curriculum in the least teaching hours (4 and 8) without
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offering accordingly the necessary training to teachers’-trainers of Primary
and Secondary education.

The small access of Statisticians in the educational planning and the
confusion of researchers who use data and handle statistical methods, that
they are Statisticians, and the limited use of official statistical sources in the
educational process, have caused the stereotype that Statistics is only using
statistical packages, tabling results and presenting data using graphs. So, it
happens often, that the necessary requirements for the application of
statistical techniques and methods are not kept or improper methods are
used.

Statistics is not a total of rules and recipes for the analysis of data. It is
not exhausted in the use of complicated computerized programs and nice
graphs. It requires a good knowledge of the observed phenomenon, the
organization of observation, good knowledge of gathered data, and
description and examination of hypotheses for the parameters of the
analyzed phenomenon.

In the level of Higher Education Statistics is taught as an obligatory
subject in all university departments with a main goal the comprehension of
students’ for the use of statistical techniques orientated to the specific field
of knowledge. Although students of so-called “theoretical” departments
consider that they do not have a good relation with numbers, mathematics,
statistics and computers, the need of experimental research leads them to the
need of understanding and using not only of simple descriptive methods, but
especially advanced statistical techniques which demand mainly
“mathematical thought”, that is the ability of constructing, using and
explaining abstract models from daily examples.

In this paper we will refer more extensively in the problems of using
statistical techniques in the political sciences which is connected to
democracy.

Prior to electoral processes the civilians are bombarded with information,
graphs, tables and findings of opinion polls which are referred in indexes,
figures such as the expected share of parties participating in elections, the
publicity of persons, evaluative classification of issues and politicians. After
the elections the results are explained and analyzed with the use of advanced
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statistical techniques aiming to support the pre-electoral statements and
attitudes of political parties.

By following and commenting the phases of observation of electoral
behavior we will refer to some problems.

1. Electoral behavior

The methods of prediction and observation of electoral (and widely the
political) behavior of the electorate have a long history of application and
use in the countries of Western Europe and the U.S.A. and they decisively
depend on the specification of each country (political history, electoral
system, electoral framework, etc.), we can be divided in two sub-categories:
Opinion Polls and PANEL researches.

In the first category, Opinion Polls, there is an effort to get results by the
study of a sample of the electorate about behavior and the opinion of the
total of voters often with repetitive polls on the same or similar sample. As
it is in every opinion poll, the initial problem is the selection of the sample,
which should be representative (of the population) so that the drawn results
could be generalized by the use of the proper statistical techniques. At the
same time, the tool that is used for the measurement of behavior is very
important, that is the questionnaire and the method by which the
measurements are conducted (by telephone, mail, and interview).

In the formation of the sample some demographical factors (such as sex,
age, social and financial status), which influence electoral behavior, should
also be considered as well as the previous electoral behavior of the
electorate (results of previous elections, behavior of the sample in previous
elections, etc).

In other countries the structure of areas with homogeneous social
characteristics helps in the formation of the sample using geographical
criteria, (blocks are usually chosen first with an attention to population
quota of the specific area and the number of households of these blocks),
though later on there is an effort to weight the sample according to the
general demographic characteristics based on already known population
parameters (e.g. sex, age).

In Greece the formation of mixed areas of residence (which are not
defined by specific social groups), except for some exceptions, makes us to
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see skeptically geographical methods of selecting the sample, and we rather
pay more attention to criteria of electoral behavior for the selection of the
sample.

Of course, when the electoral behavior of the electorate is homogenous,
(they all behave in almost the same way), whether we follow a geographical
selection of sample or not, the result of the poll will be the same.
Accordingly, our results cannot be especially analytical because there is no
identification of the electorate with the resident-voters of the area.

The formation of the -electoral registration leads to essential
differentiation between voters and residents. It has been estimated that 50%
of the residents (of the urban area of Thessaloniki) vote in their residence-
voting area. In theoretical level political and (as an effect electoral) behavior
is formed in four levels (central political stage, work, neighborhood and
family). The inability of observing the two “medium” levels, because of the
above, leads to results with a specific significance from the central political
stage underestimating the local features.

As far as the method of research is concerned, due to the general
behavior of the Greeks in opinion polls, interview (using a structured
questionnaire) is considered a better method in comparison to others
methods (internet, phone, by mail, etc.).

While publishing the results, many analyzers and journalists do not
understand that the values that are counted for the figures (usually
percentages or flows) are not accurate values but estimations. They do not
understand that a confidence interval means that the real size (e.g. the
percentage of a political party) is found with exactly the same probability
between the upper and lower limit, considering that it is found nearer to the
center of the confidence interval. Yet, the possibilities of getting results
about subpopulations of the electorate are limited as they depend on the
design of the sample.

All political parties are interested in the analysis of behavior of
subpopulations of people. However, if the sample can be designed so that to
represent the general population, this does not mean that each part of it
represents the subpopulation from which it happened to come from. The
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supporters of some party found in the sample are not a representative sample
of the total supporters of the party, and the youth between 18 — 25 found in
the sample are not necessarily a representative sample of all the youth, etc.
The use of methods of analyzing two-way tables (such as correspondance
analysis) can also lead to errors and misunderstandings.

Naturally, the study of behavior should cover a time period prior to the
elections in order to examine the differentiation during the pre-electoral
period so that the percentage of the indecisive voters -the distribution of
which is important for the final results of the elections - to be reduced. So
this observation is done through a series of polls (using the same or similar
samples) that observe specifically the flows of voting intention from party to
party (expressing negative attitude as “party’’) and not the exact estimated
percentages of voting intention.

The PANEL method (with replacement) gives the possibility of
observing a “representative” sample of the population, but its success is
doubtful in Greece due to problems of pre-selecting the sample (PANEL)
and because of its relatively high costs. This method is applied for the
monitoring of television viewing in Greece.

Sampling, choice of sample

The selection of the size of sample in a poll is one of the most important
and because of its costs (which depends on the selected sample) and because
of the demanded accuracy of the results.

The formation of sample in all cases should be based on criteria of
previous electoral behavior in specific areas based on the analysis, with
advanced statistical techniques, of the results of the previous electoral data,
(in the level of voting areas), so that the "representation” of each sample
from the analysis and not from the random sampling in geographical levels
and avoiding of testing.

In each sample region, the selection of sample should be done randomly
securing dispersion in time and region. The analysis should be based in the
estimation of the flows from state to state. Flow is the central size of
political changes, according to the (international) relevant bibliography, and
the specific sizes with the analysis of comparative data of the sample
without the influence of weightings, which alter the first characteristics.
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It is known that the size of the selected sample affects the basic results
(e.g. for the percentages of the political parties we calculate 95% confidence
interval with 2-4 percentage units of width). This means that with a
probability of 95% the estimated parameters (e.g. percentages) will be
within the limits of the confidence interval. If these values move off the
limits of the confidence interval, irrelevant to the numerical difference, they
are proved as wrong.

Questionnaire, a tool of measurement

Questionnaires are often designed as simple lists of questions to be
answered and not as cohesive total-tools. Especially when a multivariate
analysis technique is going to be used (such as e.g. FACTOR or
DISCRIMINANT) for the drawing of results, the above can lead in many
misunderstandings and problems. Especially because in the teaching of
methods we do not pay a special attention to the pre-requirements and their
limits, but we pay attention mainly to the use of the technique.

Exit Polls

Exit Polls were organized in the western European countries and in
North America mainly in order to keep the interest of audience for the
commented viewing of the elections results. As the sequence of the
announcement of results does not represent the final result, due to some
reasons for each country, the initial picture that is given from the official
results is not offered for estimations, and the gap in timing that intervenes
creates confusion in the flow of information. At the same time the unclear
picture shown by the first results can lead to wrong estimations and
disappointments to voters.

The need for a presentation of elaborated, trust-worthy and commented
information brought in the previous elections in Greece the method of exit
poll which is successfully used for the prediction of the final results
especially in western European countries. This method consists of the
selection of a “representative” sample on the elections day and of the
results about the final outcome by the sample. At this point we should
distinguish the method of exit poll from the methods of predictions based on
real results from the ballot box.
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As it becomes obvious, the exit poll carries all the characteristics of an
opinion research with the decisive “advantage” that the percentage of
indecisive voters is dramatically reduced (actually it is limited to those
refusing expression of opinion). Here as well the sample has to be formed
using the criteria of electoral behavior rather geographical ones. Also we
should rather observe the voters’ flows than the absolute percentages.

Furthermore we face some difficulties such as: a part of the sample does
not have a registered electoral behavior (new voters) and the questionnaire
must be especially simple, clear and small since it should be completed by
the person asked — if this is possible — in the absence of the interviewer.

In its first application in Greece this method had to face the special
phenomenon of “non-resident” voters, i.e. a part of the electorate voting in
their place of residence and not in the place of registration as voters. This
fact created some difficulties in the prediction of flows of voters because of
the increasing of that part of the sample, which did not have a previous
recorded behavior. It is estimated that an important part of the “no-resident”
voters voted differently in their place of residence than it would vote in the
place of registration.

Exit polls give at the same time valuable data for the extract of a complete
picture especially about the flows between political attitudes of elections
that cannot be imprinted on the election results.

Political Party Parliamentary | Parliamentary
Elections Elections
2009 2012
Void 2,6 2.4
PASOK (Panhellenic Socialist Party) 43.9 13,2
ND (New Democracy) right wing party 33,5 18,9
KKE (Communist Party of Greece) 7,5 8,5
LAOS (Orthodox rally) right wing party 5,6 2,9
SYRIZA (Radical Left Party) 4,6 16,8
DHMAR (Democratic Left) * 6,1
ANEL (Independent Greeks) right wing party | * 10,6
LS-XA (Golden down) ultra-right wing party | 0,3 7,0
DHMSY (Democratic Alliance) liberals * 2,6
Liberals * 3.9
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| Other | 4.6 19,5

Table 1. Results of Parliamentary Elections in 2009 and 2012

The comparative observation of results of the two recent parliamentary
elections (table 1) it is not enough to estimate these flows. For example,
observing that the sum of percentages of ND, ANEL and DHMSY in the
Parliamentary elections in 2012 equals to the percentage of ND in the
previous elections we can assume that 30% of the ND 2009 voters have
chosen ANEL, as it was already estimated by polls prior to the 2012
elections.

This result is contradicting the percentage of flow about 15% estimated
by exit polls.

In previous parliamentary elections exit polls were based on selections of
giant samples (10000-30000) citizens and the conducting of preliminary
opinion polls of a wide range for the estimation of random local
differentiation. To what extend the selection of different giant samples is
generally approved and useful for the aim of fast information is still for
discussion. (The question of “why should we pay some hundreds thousands
Euros to have the result 3-4 hours earlier” makes sense), though it cannot
certainly give, because of the geographical dispersion, the slight differences
of “local vote” i.e. the specific flows in each voting region, that remain to
be estimated with other methods by the final results, but, due to the design
of the sample, gives the general characteristics of flows, that is an estimation
of the average. In the election of 2009 and 2012 there was one exit poll
(10000 sample) conducted by a consortium of 5 companies.

2009 2012
PASOK 41,0 - 44,0 % 13,4
ND 343-373% 19,7
KKE 7,3-83% 8,8
LAOS 5,0-6,0% 3,1
SYRIZA 39-49% 16,4
ANEL 10,5
DHMAR 6,0
LS-XA 6,8
DHMSY
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| GREENS [2,0-3,0% | 3,1 |
Table 2. Results of exit polls for Parliamentary Elections 2009 and 2012

The estimation of the average gives accurately the general characteristics
of election results in central figures but it is not easy to give the exact result,
as it is shown from the following comparative table for exit polls for 1996
elections (table 3).

Estimations from Exit Polls

Organization/company conducted the poll
Parties PRC | OPINION | ALCO | KAPA EURIN | A.U.TH electoral
BVA RESEARCH | COM RESULT
PA.SOK. | 42,1 | 42 41,7 41,8 41,7 41,64 41,51
N.D. 38,9 | 38 38,5 38,9 38,8 38,32 38,16
POL.AN. [ 33 |3 3.3 3.3 32 3,11 2,94
KK.E. [49 |55 4,9 5,2 54 4,80 5,60
SYN 45 145 4,9 4,6 4,7 5,50 5,10
DILKKI. |40 |4 3,9 4,1 3,9 4,61 4,43
OTHER |24 |3 2,8 2,1 2,3 2,03 2,84

Table 3. Exit Polls 1996 (Greece)

The estimation of results for the country was conducted by the author
(A.U.TH) in a representative sample (of 1161 citizens of the area A’ in
Thessaloniki), with a confidence interval +/ 2,5 for the two first parties and
+/_ 1,5 for the rest and around the above central values, though other
estimations were giving an interval from +/ 1 to +/- 0,5 around the central

values.

Especially for the A’ voting area of Thessaloniki, in a different sample of
1464 citizens a poll was also conducted by the author in order to estimate
the regional features which gave the following results (table 4):

Parties CENTRAL LIMITS ELECTION
VALUE RESULT
PA.SOK. | 40,65 2.5 38,95
N.D. 35,40 2.5 36,60
POLAN. | 2,39 £1.0 2,65
KKE. |5,74 +12 6,28
SYN 6,47 +13 6,16
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DLKKI. [ 449 1.1 5,67
OTHER | 4,75 1.1 3,75

Table 4 Estimated share and election results (A’ Thessaloniki)

As it was mentioned above, the central finding of exit polls are the table

of flows between attitudes in consecutive elections especially concerning
the total of the Country.
The table of flows computed for each voting area gives results about the
structure of the supporters of the political parties, considering the local
features, and the general table of flows gives results about the flows
throughout the country. These figures (percentages of flows from attitude to
attitude) are also estimated central values and for this reason they do not
have an accurate numerical significance.

Nevertheless, it is generally an arbitrary result that the way voters behave
in the total of the country they also behave in each voting area. In order to
estimate whether these two “pictures” are identical, (i.e. whether the flows
in each voting region are similar to the general flows for the country),
electoral results should be used, in order to get estimations of the marginal
flows in voting geographical units.

In order to realize the above, it is enough to consider the table of relative
shares of the political parties in the larger voting areas (regions). (Table 5).
In this table the relative share is given for each political party according to
its power in the previous elections.

Especially for ANEL and DHMSY the relative share is computed
considering the share of ND in 2009. From this table it is obvious that the
flows from attitude to attitude are not similar in all voting regions, as the
relevant share of each political party is not uniform. We see, for instance,
that the relative share for ANEL is much higher than the average in Attica-
(the area around Athens) and for DHMSY higher than the average in the
region of Creta.
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Parties

REGIONS ND ANEL | DHMSY | PASOK KKE

EASTERN MAC-THRACE 0.58 0.23 0.13 0.35 1.19
ATTICA 0.47 0.40 0.07 0.25 0.92
NORTH AEGEAN 0.55 0.27 0.04 0.31 1.11
WESTERN GREECE 0.57 0.23 0.05 0.30 1.18
WESTERN MACEDONIA 0.55 0.22 0.03 0.33 1.28
EPIRUS 0.58 0.18 0.06 0.33 1.08
THESSALY 0.55 0.22 0.04 0.31 1.07
IONIAN ISLES 0.53 0.21 0.04 0.28 1.02
CENTRAL MACEDONIA 0.52 0.28 0.04 0.34 1.05
CRETE 0.35 0.38 0.35 0.30 1.21
SOUTH AEGEAN 0.50 0.44 0.05 0.29 1.26
PELOPONNESUS 0.62 0.17 0.03 0.33 1.12
CONT. GREECE 0.47 0.31 0.07 0.27 1.13
TOTAL 0.52 0.29 0.07 0.30 1.04

Table 5. Table of relative shares of political parties in the larger voting regions

Parties
REGIONS SYRIZA | DHMAR | LAOS | LS-XA | OIKOL | ALLO
EASTERN MAC-THRACE 3.08 1.24 0.50 1.08 1.25 3.59
ATTICA 3.07 0.90 0.40 1.10 0.83 2.25
NORTH AEGEAN 2.76 1.30 0.56 1.16 1.39 2.98
WESTERN GREECE 4.97 1.55 0.59 2.03 1.43 6.55
WESTERN MACEDONIA 3.64 1.57 0.60 1.54 1.38 3.58
EPIRUS 3.45 1.02 0.59 1.39 1.21 5.35
THESSALY 3.58 1.52 0.55 1.25 1.26 3.46
IONIAN ISLES 3.77 1.06 0.51 1.82 1.30 5.09
CENTRAL MACEDONIA 3.14 1.49 0.48 1.07 1.09 2.51
CRETE 3.65 1.83 0.68 1.37 1.55 4.70
SOUTH AEGEAN 3.54 1.84 0.50 1.46 1.50 3.78
PELOPONNESUS 3.46 1.27 0.48 1.82 1.21 3.88
CONT. GREECE 4.45 1.47 0.52 1.39 1.18 2.87
TOTAL 3.36 1.22 0.48 1.24 1.07 3.03

Table 5 (cont.). Table of relative shares of political parties in the larger voting regions
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The following tables represent the flows from the conducted exit poll.
The flow in each cell on the table represents the percentage of voters of the
political party, which corresponds with the line on the table the party voted

corresponding on the column of the table.

An additional indication about the difference of flows comes out from
the comparative observation of the tables of flows which were estimated for
the country and the A’ region of Thessaloniki by VTR-algorithm' (Tables 6

& 7).
PASOK | ND KKE LAOS SYR OIK OTHER | VOID NEW
PASOK 33.04% 1.06% 2.33% 0.78% 1.44% 3.14% 3.50% 1.89% 9.52%
ND 3.41% | 48.70% | 0.72% 5.49% 0.72% 3.77% 4.00% 0.94% 9.96%
KKE 4.94% 1.63% | 65.95% | 4.31% 2.87% 3.14% 4.00% 1.89% 7.36%
LAOS 1.97% 2.35% 0.18% | 23.14% | 1.44% 1.50% 0.94% 3.90%
SYRIZA | 19.55% | 7.16% 16.67% | 6.27% | 69.38% | 15.72% | 10.50% | 18.87% | 16.02%
OIK 3.09% 1.25% 0.72% 1.57% 2.39% | 28.30% | 2.50% 4.72% 1.30%
DHMAR | 8.59% 1.44% 2.33% 1.96% 9.81% 8.81% 2.00% 2.83% 6.49%
ANEL 7.99% | 15.71% | 2.51% | 22.75% | 2.63% 6.29% | 11.50% | 9.43% | 10.39%
DHMSY 1.36% 3.51% 0.72% 1.18% 0.72% 3.14% 0.50% 0.94% 1.30%
LS-XA 4.78% 8.31% 1.61% | 24.71% | 0.72% 1.89% | 17.00% | 9.43% | 12.99%
LIBER 3.17% 4.23% 1.61% 3.14% 2.15% | 11.95% | 7.50% 7.55% 3.17%
Table 6. Flows for the country from columns (B09) to lines (B12)
ND PASOK ND PASOK

PASOK 3.03% 26.96% 2.80% | 27.36%

ND 44.80% 1.31% 48.55% 2.39%

KKE 0.45% 2.56% 0.88% 2.87%

LAOS 8.55% 0.92% 6.28% 0.54%

SYRIZA 3.84% 18.42% 3.80% 17.53%

DHMAR 4.04% 8.95% 2.20% 7.64%

ANEL 8.33% 13.09% 6.30% 12.28%

filel 5.67% 10.87% 4.05% 9.91%

LS-XA 7.95% 0.33% 9.52% 1.19%

absent 7.67% 6.12% 11.53% 9.21%

Table 7. Flows for the A’ region of Thessaloniki and Country from the columns (B09)
to lines (B12)

' A method for the estimation of voter transition rates, Andreadis, loannis and
Chadjipadelis, Theodore, Journal of Elections, Public Opinion and Parties, 2009, 19(2):203-

218
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The picture of flows that comes out for the A’ region of Thessaloniki is
slightly different from the picture of the total country. The tables of flow are
useful because they can give the profile of each attitude.

Polls prior to Elections

Opinion polls nowadays tend to cover the observed lack of
communication between political parties and social groups. In this way they
replace the traditional form of political action through organizations and
activists which were the “sensual nerves” of political parties in the society
and were malfunctioning, transforming this interactive communication into
“expression” of opinion from “representative samples” towards the political
parties which, however, have already taken care of addressing to the
civilians, mainly through declarations in the press and the mass media well
in advance. Of course this fact is somehow dangerous for the functioning of
the representative social structures, but this is not a responsibility of exit
polls. Furthermore, they offer the possibility of examining hypotheses
about the political phenomena. It is a fact that 50-60% of the studies
published in scientific journals, in North America, Britain and Germany,
contains diagrams, equations and tables. The according percentage for the
South European countries and those of South America is about 30%, (c.
Riba, European Journal of Political Research Vol. 29 June 1996, pp. 477 —
508).

Opinion polls, particularly prior to elections, should be used mainly
towards two directions. In the first direction that of the percentage of
citizens who do not answer (about intention of attitude) the differences
between “intentions of flow” estimated in the tables of flow in opinion
polls and the “movement” recorded in exit polls should be examined. At
the same time, in pre-electoral polls, depending on the sample used, there is
— to a smaller or larger degree- a problem of denial of answer (completing
the questionnaire), which explains the underestimation or overestimation
from attitude to attitude. The percentage of denial of answer, usually reaches
15% —20% and this is not counted in the analysis of the poll. This means
that in order to complete 1000 questionnaires about 1200 citizens must be
contacted out of whom the 200 do not accept to take part in the research,
though the results usually announced concern the 1000 (completed
questionnaires).
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The main problem of the distribution of “undecided” voters, which
leads to the inability of referring to the total of the electorate, gives a value
to polls concerning the monitoring of attitudes and intentions of the time
they are conducted and not a value of “prediction” of the elections result.

In the second direction, the pre-election period between the time of
voting and conducting the poll, a time of political activation and
intervention of political parties explains any distance between the poll
results and the election results. In this respect, analyzing the differences of
polls before and after elections can lead to the analysis of influence of the
pre-elections period in the formation of the result.

It is rather arbitrary to assume that polls conducted 15-20 days before the
elections can possibly reach in figures the elections final result, since in this
case, what happened between the two measures (before and after) would not
have any influence, a result that is arbitrary and wrong at any sense.

Pre-election polls should answer central, mainly qualitative, questions.
The published pre-election polls (table 8) did not all record in the same
degree the apparent qualitative trend of SYRIZA growth.

Depending on the size of the sample and the percentage of answers “/
did not decide, I do not answer” the limits of confidence interval for central
values are (+/- 2) to (+/-3) around them. So, estimated values of 5% power
give estimations from 2% to 8%.

Naturally, the course of pre-election period will probably lead to the
rearrangement of trends of the electorate. At any rate, the choices of a short
pre-election period and the transfer of political activation, almost
exclusively in the main political stage, can influence decisively the elections
result leading a part of the electorate to different choices.

From the comparative observation of the election results (table 1) and
the distance of tables of flows derived from exit polls or VTR we can realize
the limits of polarization which is described in the differences of the two
first columns and the two first lines of the tables of flows.

The following is a comparative table of polls during the pre-elections
period for the country.
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Organization/company conducted the poll |
Parties RASS MRB | KAPPA VPRC PULSE ALCO | MARC
PA.SO.K. 13,2 12,7 14,2 14,5 12 13,8 17,8
N.D. 18,6 20,5 19,0 22 17,5 18,5 22,3
KKE 6,7 7,9 7,9 11,5 8,5 7,0 9,7
LAOS 2,4 2,5 3,0 3,5 2,5 3,0 3,9
SYRIZA 8,0 8,6 6,8 13,0 9 7,9 9,8
OIKOL 2.9 2.9 2.7 2,5 3 2,5 3,1
DHMAR 6,5 7,0 4,0 10,0 7 6,6 8,6
ANEL 7,3 7,1 5,7 9,0 8 8,3 9,9
LS-XA 3,3 3,9 3,9 5,0 4,5 3,9 5,7
DHMSY 2,5 2.4 2.8 1,5 2.5 23 3.0
ALLO 5,7 4,1 4,4 6,5 6 7,1 6,2
NA 22,7 194 | 257 (24) 19,5 19,4

Table 8. Pre-elections polls for parliamentary elections (2012) (country).

It is rather common sense to repeat that polls have a value for the
political phenomena which they seem to describe, (either as a chronically
comparative presentation, or as an observation of their specific
features), and that the figures they gave are estimations. In any case,
findings of polls should be used having in mind the requirements without
trying to exceed the limits of their measurements.

Some final comments

Estimating and using transition probabilities is essential, especially in
political and social sciences. Predicting the behaviour of a structure (i.e an
educational system, the World Wide Web, a traffic network, an academic
organisation) by using stochastic processes and operational research
methods gives the opportunity to evaluate the effectiveness of the structure
and to control its future evolution.

All of us (statisticians and researchers) try to understand and explain the
world using theories and data. Statistics is just one among several methods
dealing with the above issue. As statisticians, we use data to estimate and
predict, and we assign probabilities to express a complex non-deterministic
world.

In any case before reaching a conclusion you need a reasonable
explanation for every model or outcome in the frame of the original
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problem. As Kruskal (1979)” said,

“A scientist confronted with empirical observations goes from them to
some sort of inference, decision, action, or conclusion. The end point of
this process may be the confirmation or denial of some complicated
theory, it may be a decision about the next experiment to carry out. An
end point is typically accompanied by a statement, or at least by a
feeling, of how sure the scientist is of his new ground. These inferential
leaps are, of course, never made only in the light of the immediate
observations. There is always a body of background knowledge and
intuition, in part explicit and in part tacit.” (Kruskal, 1979, p. 84).

We need to use “statistics” and “probability” to understand and describe
the “real world”. All of us agree that, statistics is not a set of rules and
recipes for the analysis of data. It is not reduced to the use of complicated
computer programs and nice graphs. It requires a good knowledge of the
observed phenomenon, the planning of observation, good knowledge of the
data gathered, and description and examination of the hypotheses about the
parameters of the analysed phenomenon.

Generally we design courses that encourage students to think creatively
and imaginatively about his or her scientific research problems and the role
of modern theories of statistical data analysis and modelling, versus courses
that usually describe the mathematical solutions of various routine statistical
analysis problems without much proof, and are based on probability models
for observed data whose validity is not usually checked.

But should we make (or try to make) a “statistician” out of a researcher?
Or should we make researchers understand that they need a statistician as a
helper, a colleague or even as a leader? Potential information can only be
useful if it is generated. One reason why some Japanese industries achieve
high levels of productivity is that employees are provided with statistical
tools for generating, analysing, and acting on their own information. We
should educate the statisticians in a more practical sense:

“The brilliant minds of mathematical statistics would do well to leave
the construction of abstract admissible decision functions, cease to ride

? Kruskal, W. H. (1979). Comments on Dr Braham’s article. Journal of the American
Statistical Association, 74, 84-86.
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martingales into the teeth of zero-one laws and join the few of us who
are attempting to stem the tide of confusion.” (Hunter, 1981, p. 113)°

Hunter (1981) also criticised statistics education in Mathematics
departments saying:

"The statisticians’ training, narrow and technical, is the orderly climb
up a staircase of mathematical problems that each have only one right
answer. Later steps rest on earlier ones. Progress is always up.
Teachers watch the climbing techniques of the fledgling statisticians,
and help them master the steps, one at a time. Statisticians’ work, for
which this training is supposed to equip them, is the disorderly climbing
of rugged hills, outdoors, in fair weather and foul. The path is anything
but clear. A promising path can get lost in tangled undergrowth or a
patch of dense forest. Or else: a path branches in several directions and
there is not enough time or money to explore all of them to determine
which is the best to follow.” (Hunter, 1981, pp. 113-114)

Statistical literacy and thinking is another issue. It concerns the general
public in order to understand and criticise what is written in the press, what
is seen on TV, what is presented by the authorities. We should educate the
general public in order to become critical citizens. But this is the story of
statistical education in compulsory education.

Let me tell you some conclusions I have drawn:

e Learn as much as you reasonably can about the general subject matter
field and the specific environment in which the data were collected;

e As part of this effort, statisticians need to probe, be curious, and ask
good “non-statistical” questions;

e Correlation measured from an observational study does not imply
causation; Confusing correlation and causation is particularly
troublesome in the social sciences;

e The real problem is often different from the one initially posed;

e An empirical approach is sometimes better than a theoretical one;

e Scientific logic is our business. Statisticians can often be most helpful

*Hunter, W.G. (1981). Six statistical tales. The Statistician, 30, 107-117.
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by getting perspective on all aspects of a particular problem and then
contributing ideas related to scientific method (Hooke, 1980)*;
e Try to understand what is really going on;
e Valuable data are sometimes non-numerical;
¢ Scientific inference is broader than statistical inference.
And finally, let me tell you an old story about the practising statistician
by Salsburg (1973)°. David Salsburg asked himself the question, what is it
really like to be a practising statistician. Below we reproduce his answer:

“The statistician is first called into consultation during the design of a
scientific experiment. At this point, the texts tell us the statistician is supposed
to estimate minimal sample sizes and prepare a BIBD that produces all kind of
clever contrasts for testing.

1 do not do this. Instead, I spend my time asking stupid questions. I know that
when the experiment is finished I will have to analyse the data. I must protect
myself from impending chaos. With such a fear behind me, I ask such questions
as whether it is possible to observe something every 15 minutes or whether this
thing they have given a name can, in fact, be observed at all.

1 ask them what can be wrong. Frequently, I am the only one at the conference
with a non-deterministic outlook. The others conceive only three or four clear-
cut outcomes. I think about the in-between outcomes, the two correlated
variables that happen to go different ways, the test tube someone is bound to
drop, the patient who revives from death’s door on placebo.

1 know that when it is all over with, the man who must make some kind of
decision about the results will ask me to compare two means or to show him a
linear regression. I try to make sure that the design will produce two
comparable means regardless of how many test tubes are dropped and that,
somewhere, there will be a somewhat controllable variable manipulating a
somewhat responsible variable.

The bulk of my time, however, is spend in trying to make sense out of data...
When [ see data it is frequently because the results have not made sense to the
client... 1 feel very uneasy with a client who nods blandly and takes back my
numbers for his report. 1 feel better if he argues with me. After all, I do not
know an isatine derivative from an isonitroso-acetlyamine, but I hope to God
he does...

1 suspect that at least 50 per cent of all the data accumulated today never gets
more than a cursory look, and I doubt if 5 per cent of it gets examined

* Hooke, R. (1980). Getting people to use statistics properly. The American Statistician, 34,
39-42.

> Salsburg, D. S. (1973). Sufficiency and the waste of information. American Statistician,
27, 152-154.
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effectively. All that money, all that anguish, all that pain will have gone for
nothing and even be spent again and again in unknowing duplication unless
these floods of data are converted to usable information. This is, par
excellence, the place for the well-trained statistician...” (Salsburg, 1973, p.
152).
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We introduce Inconceivable Magnitude Estimation problems as a
subgroup of Fermi problems. The problems we use in our study require
counting the amount of people in different situations. Based on the
experience of a classroom activity carried out with 15-year-old students, we
describe the process they followed to solve the problems, and discuss in
which ways these problems provide kwnoledge to critically analyze the
information that appears in the media.

INTRODUCTION

“Democracy in its purest or most ideal form would be a society in which
all adult citizens have an equal say in the decisions that affect their lives (p.
168)” (Diamond & Plattner, 2006). In order to achieve their own opinion to
make decisions, citizens might need to understand their environment and be
able to interpret a huge range of information. Compulsory Secondary School
(in Spain, the schooling between 12 and 16 years of age) could be a good
period in which to introduce realistic context activities to make sense of the
real world and use mathematics critically. We suggest Inconceivable
Magnitude Estimation Problems (IMEP) as a means for improving critical
thinking in secondary classrooms. IMEP present the student with a situation
that requires to estimate the value of a considerably large real magnitude,
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well outside the range of their normal daily experience. These problems can
be considered a subgroup of Fermi problems, and allow for different
approaches to solving them.

In this article, we present a class experience introducing some IEMP to
show the improvement of critical thinking in 15-year-old students. The aim
of this experience is for the students to estimate the number of people in a
demonstration by themselves and, thus, be able to judge the information
given in the press.

According to Van Den Heuvel-Panhuizen (2005), presenting a real
context for problems can make them more accessible and suggest different
strategies to students. Problems which involve a realistic context help to
begin teaching mathematics within the realm of the concrete and then move
on to the more abstract. Chapman (2006) observes that many teachers
present problems that are related to daily life in a closed way which does not
allow for a proper discussion of the situations that the problems may
present. According to Winter (1994), solving problems with a real context
includes the mathematization of a non-mathematical situation, which
involves the construction of a mathematical model, the calculation of the
solution, and transferring the result back to the real situation.

Fermi problems are problems which, although being possibly difficult to
solve, can actually be solved by being broken down into smaller parts that
can be dealt with separately. They are named after the physicist Enrico
Fermi (1901-1954), who often used such problems in his lectures. Arlebick
(2009) defines Fermi problems as “open, non-standard problems requiring
the students to make assumptions about the problem situation and estimate
relevant quantities before engaging in, often, simple calculations (p. 331).”
Carlson (1997) describes the process of solving a Fermi problem as "the
method of obtaining a quick approximation to a seemingly difficult
mathematical process by using a series of educated guesses and rounded
calculations" (p. 308) and asserts that they possess a clear potential to
motivate students.

INCONCEIVABLE MAGNITUDE ESTIMATION PROBLEMS

Our class experience focuses on problems based on magnitudes that we
can not perceptually estimate without some training, as well as magnitudes
which we can imagine, but for which it is difficult to interpret their value. If
we think of magnitudes with which we are familiar and to which we have
given meaning (the size of a table, the time that passes during a film, or the
number of people in a classroom), we can metaphorically assert that they are
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familiar and conceivable. Some examples of magnitudes which are
inconceivable in this sense are the number of medical doctors in a state, the
number of cars that pass by a certain point in a city, or the number of
persons in a demonstration. Taking these ideas as a starting point, we define
an inconceivable magnitude as a physical or abstract magnitude which is
beyond our ability to interpret and for which we have not created any
meaning. It must be emphasized that, according to this definition, the
determination of whether a magnitude is conceivable or inconceivable
varies from person to person, depending on their knowledge, abilities or
experiences. Once we attempt to determine the value associated with an
inconceivable magnitude, we must by definition work with approximate
values. The most natural way of obtaining values for inconceivable
magnitudes is to come to an estimation through reasoning. Our aim is that,
as they solve these problems, the students see the necessity of focusing on
the essential components of the given situation and create a meaning for it.

THE CLASS EXPERIENCE

This activity was carried out with 21 students in Secondary School,
lasting several sessions. Firstly, they were invited to answer the following
question: How many people would there be room for in the high school
playground if a concert was being held there? Students were encouraged to
make an individual resolution proposal. After that, the students were
distributed into workgroups to elaborate a team resolution proposal. The
next step was to carry out their proposals.

Three different resolution strategies were detected to estimate this
quantity. The first one is the use of the idea of “density”, by calculating the
playground area and checking, by actually doing it, how many students can
fit in a square meter. The second one is the use of the idea of “a reference
point”, by calculating the playground area and dividing it by the area
occupied by one person. The third strategy is the model of “grid
distribution”, which consists of estimating how many people fit in a
rectangular grid by multiplying the number of persons that fit on each side.

The results obtained by the students for a rectangular playground are
shown in Table 1:

Strategy Area of Playground | Result
Group 1 Reference point 353 m2 1179
Group 2 Density 348 m2 2175
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Group 3 Grid distribution — 2132
Group 4 Density 360 m2 2160
Group 5 Density 365 m2 1462
Group 6 Density 275 m2 1651

Table 1: Results for the number of people that fit in the playground
The next step was the discussion of these results in order to reach an
agreement on the density of teenagers in a concert, which was 5 persons per
square meter. Thus, the estimation of people that can fit in the playground
was of 1.750 persons. This activity was useful to notice that, although this
number might not be exact, it gives a reasonable value for this magnitude.

In a second activity, the students were asked to answer the following
questions: How many people can there be (standing up) in the Palau Sant
Jordi (Barcelona, Spain) to attend a concert? How many people can there
be in the city council square of Sabadell (Barcelona, Spain) to attend a
demonstration? How many people can there be in Placa Catalunya
(Barcelona, Spain) to attend a demonstration? How many trees are there in
Central Park (New York, USA)?

These questions presented the students with some added difficulties. In
Palau St. Jordi, people can sit down in some areas, Plaga Catalunya and the
city council square do not have a rectangular shape and their area cannot be
measured directly. The density of trees in Central Park should be estimated.
Since students observed that they cannot make their own measurements
directly to solve these problems, after a brainstorming, they suggested using
Google Maps as a tool to obtain these measurements.

In the particular case of Palau Sant Jordi, the students got estimations
between 15.000 and 24.000 persons. After that, they looked for a real value
on the Internet. Some students found that the maximum capacity is 17.960
persons, but they also found that PSOE (a left wing political party)
announced that more than 30.000 people attended a political meeting there
in 2.008'. From their own results and their own mathematical productions,
the students were able to decide on the reliability of some statements made
by the press, using their critical thinking to accept or refuse them.

The last activity was focused on a real case. On July 11th, 2011, there
was a very crowded demonstration in Barcelona. People concentrated in
Placa Catalunya and Passeig de Gracia. The day after that, different media

] http://www.elmundo.es/elmundo/2008/03/06/cleccionesgenerales/1204831825.html
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sources provided different numbers of demonstrators. The organizers of the
demonstration claimed that there were 1.500.0000 people, the local police
declared that there were 1.100.000 people, and an independent company”
estimated 62.000 people, by means of their own recounting methods.

This information was provided to the students and the question they had
to solve was: which of these numbers is the most reliable? The students
were encouraged to use the knowledge acquired in the former activities to
answer this question. In summary, they used two main strategies. The first
one consisted of estimating the area occupied by assistants and use the
density to obtain an estimated number. The second strategy was to calculate
the area needed to fit 1.500.000 people and try to imagine how long a street
like Passeig de Gracia should be. Due to the difficulty of the situation
(people were moving, streets around the initial meeting point were occupied,
street furniture) the students obtained a wide range of values (300.000 to
600.000 people). However, they were able to refuse all the figures given by
the different statements.

CONCLUSION

In this article, we introduce Inconceivable Magnitude Estimation
Problems as realistic context problems that can be solved through the use of
partial estimates made by the students. We have seen that students produced
many different strategies that would result in successful solutions to these
problems. By using IMEP, teachers have access to open problems which can
be discussed in an open manner due to the existence of different approaches
to their solutions and connections with real life (Chapman, 2006). At the
same time, the students suggested to use an open acces tool like Google
Maps to carry out their work when they needed it. These kind of proposals
allow them to integrate school mathematics with real life tools to improve
their skills for understanding their enviroment.

In addition, by means of these activities, students can produce their own
knowledge to improve their critical thinking and become citizens with their
own criteria.

2 www.lynce.es
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Abstract. Recent results in neuroscience and communication bring to the
fore the role of multimodal resources in cognitive and communicative
processes. On the other hand, Bruner highlights the different role of
narrative and logical thinking in human understanding. In this background,
the background, we investigate the teaching and learning processes when
children are introduced to the mathematical meanings by the use of
narrative context and multimodality. In this paper, we focus on a
narratively-based problem-solving activity in the first year of primary
school. In particular, we analyse the teacher-students multimodal
interaction and discuss the potential and limits of what we call the
“semiotic game” between teacher and students. The importance of the
teacher being conscious of the multimodal aspects of teaching and learning
mathematics comes to the fore.

Introduction and background

The dynamics that occur in the mathematics classroom are a theme of great
interest in mathematics education. In particular, means for promoting
participation and inclusion are worth considering and discussing. In this
perspective, in our research we focus on two specific issues, i.e. the role of
narration and the use of multimodality, which are basic components for
promoting interest and participation in mathematical problem-solving.

Our research hypotheses are grounded on Bruner’s ideas on the role of
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narrative thinking in human cognition (1986), and the multimodal
perspective in mathematics education (Arzarello et al., 2009).

With respect to the complex relationship between thinking and speaking,
Bruner (1986) identifies two different cognitive styles: narrative thinking
and logical (or paradigmatic) thinking. Narrative thinking focuses on
intentions and actions, and is strongly anchored to experience in context, as
the subjects perceive them. It constitutes the ordinary way through which
human beings make sense to their experiences and to the world. In fact, we
show an attitude to organize experience by giving it the form of the
narratives we use in telling about it. In contrast, logical thinking is based on
cause-effect reasoning and is guided by principles of coherence and non-
contradiction, in consonance with the typical character of mathematical
argumentations and proofs. Though irreducible, since based on different
principles and procedures, narrative and logical thinking are
complementary, rather than juxtaposed modes of thought. Indeed, Bruner
claims that the human condition can only be understood by focussing on
how human beings create their “possible worlds”, through the inclusion of
both kinds of thinking (ibid.). This claim is very relevant for mathematics
educators, who face the double challenge of introducing students to
deductive ways of arguing, and of including all them in such a process
(lower achievers not being excluded). In our view, the route leading to
theoretical thinking in mathematics, which makes intense use of logical-
scientific thinking, starts and deeply intertwines with the use of the narrative
dimension. It is our conviction that this intertwining can be a fruitful
premise for an inclusive teaching of mathematics at all levels.

In view of realising a synergy between narrative and logical thinking in
mathematics activities, we think that it is fundamental to go beyond purely
linguistic plane, and to include gestures and extra-linguistic modes of
communication. This claim is in line with recent results in psychology and
cognitive science about the role of the body in communication and in
cognition. In particular, our research is informed by the so-called embodied
cognition perspective, which assigns the body a crucial role in the
constitution of mathematical ideas (Lakoff, & Nuifiez, 2000), and by the
results on the role of gestures in communicating and thinking (McNeill,
1992, 2005; Goldin-Meadow, 2003).

The perspective of embodiment, criticizing the platonic idealism and the
Cartesian mind-body dualism, advocates that mathematical ideas are
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founded on our bodily experiences and develop through metaphorical
mechanisms. Many limits have been recognized in this theory, in particular
concerning the lack of social, historical, and cultural dimensions in the
formation of mathematical concepts (e.g. Radford et al., 2005). However, it
has the great merit of having focused the attention on the role of the body in
knowledge formation. In accordance with historical-cultural perspectives,
we assume that the embodied nature of thinking has to be related with the
historically constituted cultural systems. In short, the two aspects (i.e.
embodied and individual on the one side, and historic-cultural and social on
the other) must be considered together.

Furthermore, recent results on multimodality in neuroscience and
communication give us new suggestions when analysing classroom
dynamics. Gallese and Lakoff (2005) use the notion of “multimodality” to
highlight the role of the brain’s sensory-motor system in conceptual
knowledge. Their claim is in particular based on the recent discovery of
multimodal mirror neurons, which fire both when the subject performs an
action and when observes it, as well as when imagines it. This model entails
that there is not any central “brain engine” responsible to sense making,
controlling the different brain areas devoted to different sensorial modalities
(what would occur if the brain behaved in a modular manner). Instead, there
are multiple modalities that work together in an integrated way, up to
overlap with each other, like vision, touch, hearing, but also motor control
and planning. On the other hand, in the field of communication design the
term “multimodality” is used to refer to the multiple modes we have to
communicate and express meanings to our interlocutors: e.g. words, sounds,
figures, etc.

If we look at the mathematics teaching-learning processes in the multimodal
perspective, we must enlarge the focus of attention and consider variables
that are usually neglected, especially those of extra-linguistic or extra-
symbolic origins. We mainly refer to gestures, gazes, and inscriptions
(drawings and sketches). Keeping in mind the theory-practice dialectics
(Bazzini, 2007) this approach suggests that classroom mathematical
activities are planned and managed in order to foster the students’
multimodal participation to mathematical activities. An increasing
participation will be obtained if children are left free to express their
thinking through their body and non verbal languages, like gestures. It is of
course important that the teacher fosters students’ participation in suitable
activities and manages the interactions in order to support the students to
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evolve from their personal meanings to the scientific ones (Vygotsky 1978).

These hypotheses are at the base of our on-going research study aiming at 1)
introducing children to the mathematical meanings by the use of narrative
context and multimodality, and ii) studying the teaching and learning
processes therein.

In this paper, we focus on the role of multimodal resources in a narratively-
based problem-solving activity in primary school. In particular, we highlight
the role of the teacher in the outlined background.

Teaching experiment

We present and analyse a problem solving activity carried out in a class of 6
y.o. pupils (firts grade of primary school). The teacher is a member of our
research group and shares the theoretical background of the study. In view
of pointing out the dynamics of interaction, the research methodology
includes audio and videotaped recordings, beyond the collection of written
productions by the students; the analysis of the processes is mainly based on
the semiotic productions of students and teachers in a multimodal
perspective (Arzarello et al., 2009).

The activity is based on a story on the adventures of Iride, a fancy character
that accompanies the children in their mathematics lesson. It is also linked
to previous events lived by the children, i.e. the growth of small tomato
plants in the school garden. The story is delivered to children by the teacher.
Here the text:

Iride likes our idea of having a vegatable garden. She plants tomato plants
like we did and observes their growth. Close to a small tomato plant, she put
a “Lego” tower (tower composed of small cubes). As soon as the plant
grows, she adds cubes. From the beginning of the month, Iride has added 18
cubes. Today the plant is like a 26-cube tower. How long was the plant at the
beginnin of the month?

This is a subtraction problem where the initial data is unknown. For
children, it is the first time they face problems of this type.. Under these
conditions, the pupils cannot transform the initial data, as usual in
previously encountered problems. Furthermore, the problem requires a
temporal inversion in order to be fully understood. So, the problem could be
difficult for the children. The teacher decides to organize the work in groups
of four, under her presence. Children are around a table, where paper,
coloured pencils and little cubes are at their disposal to solve the problem.
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We focus on a medium level group, being Marco E., Zoe, Matteo, and
Alessandro its members.

The children are soon engaged in the narrative side of the story, and Matteo
provides immediately a hypothesis: “In my view the plant is high like this”,
while showing the hight by means of his hands, one over the other (Fig. 1).

Figure 1. Matteo shows with gestures the initial height of the plant.

The child appears not to consider the information about measure provided
by the story; he probably refers to experience and real data, i.e. the hight of
the tomato plants which are actually present in the garden of the school. All
the children declare to agree with Matteo, even if they are not able to justify
their hypothesis, and the solution process seems blocked up. However, the
teacher decides to profit from Matteo’s proposal and makes an intervention
in order to highlight an important mathematical feature, i.e. the initial non
nul hight of the plant. After the experiment, the teacher disclosed to us the
purpose of her intervention: she feared that the childen did not consider that
the initial height of the plant could be different from zero, and wanted to
make it clear for them. It is intersting to observe that the teacher’s
intervention is made by words accompanied by a gesture:

Teacher: When we located them in the garden, the plants were high more than
zero (gesture shown in Fig 2).

Figure 2. The teacher’s gesture, reproducing Matteo’s previous gesture.

In so doing, she reproduces the same gesture as Matteo, and accompanies it
with suitable speech in order to help children in their progress. This
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phenomenon is quite frequent also in previously observed teaching
experiments:we have called it the “semiotic gam” (Arzarello et al., 2009).
The semiotic game is a didactic phenomenon that can be grasped only if we
consider the teaching-learning processes in a multimodal perspective. In
fact, it typically involves embodied resources, such as gestures, and speech.
A semiotic game may occur when the teacher interacts with the students, for
example in classroom discussions or during the groups’ work. In a semiotic
game, the teacher tunes with the students’ semiotic resources (e.g. words
and gestures), and uses them to make the mathematical knowledge evolve
towards scientifically shared meanings. More specifically, the teacher uses
one kind of sign to tune with the students’ discourse (usually gestures), and
another one to support the evolution of meanings (usually language). For
instance, the teacher repeats a gesture that one student has just done, and
accompanies it with appropriate linguistic expressions and explanations.
The semiotic game can develop if the students produce something
meaningful with respect to the problem at hand, using appropriate signs
(words, gestures, drawings, etc.). The teacher can seize these moments to
enact her/his semiotic game. Even a vague gesture can really indicate the
level of comprehension by the student, who has not yet found the words to
express it. In a Vygotskian perspective, the gesture can witness that the
student is in the Zone of Proximal Development for a certain concept
(Vygosky, 1978). As a consequence, the teacher has the chance to intervene
properly, . and encourage the student to develop his/her intuition.

Coming back to the Iride’s problem, the children meet a strong difficulty
caused by the linguistic ambiguity between the two sentences: “the plant
grows of 26 cubes” and “the plant grows up to 26 cubes”. Some children
even say: “the plant grows 26 cubes”, and do not clarify further what they
exactly mean. In oder to face this point, the teacher proposes to simulate the
plant’s growing with the Lego blocks. By building the Lego model, she
persuades the children that the numer 26 refers to the final height of the
plant (and not to its growth). However, there is still no agreement about the
initial hight of the plant: Alessandro is still convinced that the initial height
is zero. Hence, the teacher guides the children in checking the proposal of
Alessandro, by building a tower: 18 cubes are used (and added to zero) and
eventually all children agree that, in this last case, the plant’s height would
be of 18 cubes and not 26.

This episode shows that the previous semiotic game performed by the
teacher was not grasped by all children. This sort of “failure” of the semiotic
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game can be framed in a wider perspective that consider the teaching-
learning processes as complex phenomenon, not reducible to simple cause-
effect schemas. On the contrary, it is interesting to notice that the teacher
does not continue in the same line (i.e. with another semiotic game, or
recalling the previous one), but changes the strategy to tackle the problem.
In fact, the teacher resorts to the Logo tower, in order to support the children
in getting a visual image of the situation. She lifts the tower of 18 cubes up
from the table (Fig. 3) asking: “What do the 18 cubes represent?”. In this
way, she guides the children to realize that the 18 cubes have to be put on a
pre-existing tower, which measured the initial height of the plant. Then, she
points to the space at the top of the tower, to stimulate the children to
visualize the cubes that are needed to pass from 18 to 26 (Fig. 4).

Figure 3. The teacher lifts the tower Figure 4. The teacher points to the

up to 18 cubes. space above the tower.
Alessandro, who is attentive to the teacher’s gesture, asks: “How many
cubes did we add to reach 267"

The children add cubes to the tower up to 26, while Alessandro looks at
them and checks the counting in his mind. At the end he claims: “8!”. Then
the teacher focuses the attention on what the numbers 18, 26 and 8 do
represent with respect to the height of the plant.

Concluding remarks

The analysis of the teaching experiment gives evidence of what we called
the multimodal nature of the processes of teaching and learning. In order to
face the problem, the children and the teacher used words, embodied signs
(gestures), and tools (the Lego blocks) in synergic ways, confirming our
hypothesis that learning occurs in a multimodal way. This synergy was
exploited in particular by the teacher, especially when students met
difficulties in modeling the situation, as in the case we have just described.

The narrative dimension was important for getting the students involved in
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the problem-solving activity, and enhancing participation in the
mathematical work. However, differently from other cases we have
previously analysed (Bazzini, Sabena & Villa, 2009), it did not provide an
essential support for the solution of the problem. Probably, the reference to
the actual experience of the tomato plants in the garden of the school
prevented the children to suitably imagine Iride’s situation and activate
narrative thinking to deal with it.

From a methodological point of view, it is worth noticing the synergy
between teacher and researchers in analysing classroom episodes. It resulted
very fruitful for both the teacher and the researchers: on the one hand, such
an opportunity allowed the researchers a deeper insight and a more
comprehensive analysis of the experiment. On the other hand, discussing the
analysis of her own teaching activity, the teacher gained a great
consciousness of many phenomena that did happen in her interaction with
the pupils, but that she could not notice in the flow of the activity. For
instance, the teacher herself highlighted the missed opportunities. As a
result, the analysis methodology allowed the teacher to become more
conscious of her own actions during her interactions with the children. With
a changed perspective, the teacher acquires new possibilities of intervention
by means of the semiotic game, to guide the students in their construction
of mathematical meanings.

Finally, an important result concerns the possibility of widening the
teacher’s perspective to the multimodal aspects of the classroom processes
by means of an attentive analysis of the classroom processes. To so so, the
teacher has to learn how fo look at the processes according to a multimodal
perspective, therefore considering not only words and mathematical
symbols but also other kinds of signs, such as gestures, gazes, and so on.
Furthermore she has also to be sensitive to the relationships existing
between the signs involved in the activity. We are aware that acquiring such
abilities may be a long and hard process. However, we are convinced that
their impact on the educational practice may significantly improve school
mathematics. This will be our concern in future research, and our challenge
as well.
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Résumé : La récente modification du curriculum en mathématiques au
Québec s’inscrit dans une réforme majeure pour I’école primaire et
secondaire, touchant simultanément a I’ensemble des programmes d’études
ainsi qu’a [Dorganisation scolaire. Dans cette communication, nous
présentons 1’analyse que nous avons réalisée du processus de conception, de
mise en ceuvre et de régulation de cette réforme curriculaire en
mathématiques, telle qu’elle a été pensée et vécue par les acteurs qui ont
participé a son élaboration. Il en ressort une vision organique, systémique,
participative, ouverte et méme aporétique du design curriculaire. Cette
analyse nous permet non seulement de mieux comprendre le sens que prend
la démocratisation de I’enseignement des mathématiques dans ce processus
de réforme curriculaire ainsi que dans le curriculum qui en résulte, mais
¢galement d’apprécier de facon positive les nombreuses protestations
soulevées par cette réforme.

Introduction

Divers efforts ont été entrepris a travers le monde pour s’émanciper du
modele « top down » de conception curriculaire, démocratiser ce design,
accorder plus de place et de responsabilités a ceux qui ont en charge la mise
en ceuvre de ces curricula (voir notamment Abrantes, 2004; Fiorentini,
2011). Cette réflexion sur le degré d’ouverture du design curriculaire nous
semble centrale au regard des questions portant sur “I’enseignement des
mathématiques et la démocratie”.
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La réflexion que nous proposons ici trouve son ancrage chez Rousseau.

Dans son célebre ouvrage sur le Contrat social, il se donne comme ambition de
« chercher si, dans 'ordre civil, il peut y avoir quelque regle
d’administration l1égitime et sire, en prenant les hommes tels qu’ils
sont, et les lois telles qu’elles peuvent étre ... [tentant] d’allier
toujours, dans cette recherche, ce que le droit permet avec ce que
I’intérét prescrit, afin que la justice et 1’utilité ne se trouvent point
divisées. » (Livre I, Préambule).

Pour Rousseau, une telle régle suppose 1’existence d’un « pacte social » au
service de I'intérét général, et dont le fondement est la souveraineté du peuple,
qui elle-méme n’est possible que si chacun accepte de renoncer a sa “liberté de
nature” au profit de la “liberté civile” que lui assurerait la société. Un tel pacte
s’offre comme une des bases de la démocratie. Etudier les évolutions
curriculaires en mathématiques dans une perspective de contrat social suppose
des lors de se livrer a une enquéte qui aille au-dela des textes et argumentations
officiels pour reconstruire des dynamiques complexes auxquelles contribuent,
de fagon plus ou moins visible, une diversité¢ d’acteurs et de communautés.
Notre analyse de la réforme curriculaire récente en enseignement des
mathématiques au Québec est une tentative en ce sens.

Les objectifs poursuivis par notre étude visent : d’une part, a retracer, au
plan structurel, le processus de conception de la réforme du curriculum
d’études en mathématiques, la maniére dont a été pensée sa mise en ceuvre
et son accompagnement, ainsi que sa régulation et, d’autre part, a cerner
comment celui-ci a été vécu par quelques-uns des acteurs impliqués.

1. Quelques repéres méthodologiques

L’analyse s’appuie sur un ensemble de données touchant a différents
aspects du processus (conception, mise en ceuvre, accompagnement,
régulation). Une étude documentaire nous a permis de retracer le processus au
fil du temps et ses éléments clés (Carpentier, 2010 ; Comité conseil sur les
programmes d’études, 2007 ; Commission des programmes d’études, 1998-a,b,
1999, 2002, 2005-a, 2005-b, Inschauspé, 2007 ; Gosselin et Lessard, 2007 ;
MEQ, 1996, 1997, MELS, 2008, 2010). Par ailleurs, des entrevues
individuelles menées avec des enseignants ayant participé a la conception du
programme de mathématiques au secondaire, nous ont permis de cerner ce
processus de I’intérieur, du point de vue des acteurs y ayant participé.

Dans un second temps, cette analyse a servi de base a une réflexion
autour du contrat social, sous le théme de la « réussite pour tous » en
mathématiques : une démocratisation de la réussite qui constitue la visée
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principale de cette réforme mais dont, nous allons le voir, la signification
demeure ouverte.

2. Quelques balises pour situer cette réforme curriculaire.

Le Québec a connu deux réformes majeures de son systeme éducatif, la
premicre dans les années 60. Au fondement de cette réforme se trouvait
I’idée d’une école accessible a tous. La seconde s’est mise en route suite a
de nombreux constats « d’inégalités » dont cette I’école se faisait le lieu,
sinon 1’outil : décrochage, filieres élitistes, etc. (Robert et Tondreau, 1997).
Démarrant dés 1995, avec Les « Etats Généraux de I'Education », par une
vaste consultation populaire sous le théme de « I’égalité des chances » et
« de la réussite pour tous », elle donnera lieu a une ambitieuse réforme du
systéme éducatif. Tous les programmes allaient étre modifiés du primaire au
secondaire, et ce dans tous les domaines. Nous rappelons ici quelques-unes
des étapes importantes de ce processus:

e Mise en place, a la suite du rapport final de la Commission des Etats
Généraux sur I’Education (1996), d’un groupe de travail sur la
réforme du curriculum (Réaffirmer 1’école, 1997);

e Création dés 1997 par la ministre de I’Education, dans la foulée de la
recommandation de ces deux groupes, de la commission des
programmes d’études qui jouera un réle important dans le processus
de design curriculaire;

e Conception des programmes prise en charge, dans chacune des
disciplines, par un comité de rédaction. Cette conception, dans le cas
des mathématiques, sera appuyée par de multiples consultations
aupres d’autres enseignants, mais aussi de didacticiens, et autres
intervenants.

La mise en ceuvre de ces programmes en mathématiques s’étalera de 1999,
pour le programme du primaire, a 2008, pour le programme du second cycle du
secondaire, programme présentant, pour les deux derniéres années de ce second
cycle, un parcours de différenciation avec 3 séquences possibles (Culture
technique société; Technico sciences; sciences naturelles).

Ce processus de design curriculaire, on 1’entrevoit dans ce qui précede, est
donc extrémement complexe, puisqu’il renvoie a de multiples acteurs, a
plusieurs ordres d’enseignement, a une réforme des programmes qui touche
simultanément plusieurs disciplines, a une vision transversale de 1’ensemble
des programmes (ce que I’on appellera le « programme des programmes »), a
une coordination a de multiples niveaux. C’est ce dont nous essaierons de
rendre compte afin de comprendre les assises des évolutions curriculaires
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actuelles en mathématiques et de dégager, dans ces nouvelles manicres de
penser le design curriculaire, des indicateurs de changement de « contrat
social ».

3. Quelques éléments mis en évidence par ’analyse
Succinctement, 1’analyse montre que le processus examiné s’installe sur une
longue durée (1995-2008) avec des chevauchements entre les différents
moments de conception, de mise en oeuvre, voire de régulation, et ce dans
un esprit de continuité. Une vision systémique et organique s’impose tout au
long du processus (qui échappe aux seules mathématiques) permettant
d’assurer une certaine cohérence a I’ensemble de cette réforme. Cette
cohérence suit le fi/ directeur de la « réussite pour tous », mais de maniere
non normative: une cohérence, continuité, qui semble porter sur /’esprit des
grandes orientations émergeant des premiers cycles de consultation-
synthése. On aura ainsi a coeur d’assurer I’implication de multiples acteurs
(d’horizons et milieux différents) dans une logique participative plutdt que
simplement consultative: tous étant appelés a contribuer aux différents
moments du processus a la formulation de ce que cette réussite peut
signifier. Un réle important est joué par les enseignants (on parle de leur
expertise comme professionnels de terrain), en particulier dans I’écriture du
programme de mathématiques, le texte étant par ailleurs soumis a de
nombreux autres enseignants et conseillers pédagogiques au cours du
processus de construction, mais aussi dans une consultation plus large au
regard de sa faisabilité.

On note aussi la présence d’un processus d’accompagnement important,
avec beaucoup de moyens, et concu de maniére a ce que les enseignants et
les conseillers pédagogiques (aussi les directions d’école) s approprient le
curriculum mis par écrit, le réinventent, poursuivant jusque dans
I’implantation ce qu’on pourrait qualifier de modele hybride (Carpentier,
2010) entre I’approche « top down » (ou un quelconque comité déciderait et
imposerait « sa » réforme) et « bottom up » (dans laquelle les changements,
venus des pratiques elles-mémes, seraient inscrits dans les programmes).
Cette ouverture par 1’appropriation de ce programme et de ses fondements
s’inscrit dans I’ensemble d’une démarche ou la recherche d’un consensus ne
s’est jamais présenté comme un idéal a atteindre.

Le curriculum ainsi construit se présente comme un objet frontiére (Star
et Griesemer, 1989), agissant comme interface entre différentes
communautés, leur permettant de s’articuler, de se coordonner, sans
pourtant faire consensus. L’objet frontiére a cette particularité d’appartenir
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(mais pas en propre) a chacun des groupes a travers lesquels il est transigé
en méme temps qu’il est un point d’intersection de ces différentes pratiques
(Bowker and Star 1999): compréhensible par chacun sans devoir étre
entierement compris et accepté par tous, objet de médiation et de
négociation des intentions, des visées, ou des visions qui se rencontrent
alors que différentes communautés 1’utilisent (Corcoran 1992; Fujimura
1988). C’est ce role que semble bien jouer le programme de mathématiques
en construction, dans le cas du processus de design curriculaire analysé. Le
curriculum traverse en effet, tout au long du processus, les fronticres de
différentes communautés : enseignants des comités restreints de rédaction et
des comités ¢élargis, didacticiens des mathématiques et formateurs
universitaires réunis lors des consultations, intervenants autres, membres de
la Commission des programmes d’études. Il révele, ce faisant, différentes
maniéres de voir ce curriculum, d’en parler, d’interpréter son contenu, d’en
faire sens.

4. Quelques éléments de discussion en termes de contrat social

Le changement dans les orientations de 1’école québécoise d’une
politique « d’accessibilité » a une mission de « réussite pour tous » n’est pas
seulement énoncée tout au long du processus que nous avons étudié: il est
vécu par les acteurs. Ainsi, cette démocratisation ne concerne pas que les
¢léves mais aussi les enseignants, et tous les acteurs impliqués. En effet, on
va voir cette image de I’enseignant (du conseiller pédagogique, du directeur)
expert mise a contribution dans le design du curriculum en mathématiques
comme texte (Pinar, Reynolds, Slattery et Taubman, 1995), mais aussi dans
la classe, ce que Aoki (1993) appelle le « curriculum vécu » (c’est ce que
révele ’analyse de sa mise en ceuvre).

Le projet de réforme de I’enseignement que nous avons examiné se
révele en fait bien plus qu’un simple effort de refonte du curriculum en
mathématiques. Il s’agit d’un projet de société qui, au delda méme du
programme, s’inscrit dans une entreprise collective de signification a propos
« d’une école de la réussite ». Cette visée, clairement énoncée dés le début
de ce grand mouvement comme étant 'un de ses fondements, n’est pas
traitée autour d’une définition imposée. Elle sera au contraire construite et
reconstruite au fur et & mesure que le processus progresse. Le processus est
ainsi ouvert au débat, mettant & contribution différents acteurs (différentes
visions, expériences, horizons), se donnant les moyens de faire signifier
I’idée de réussite en mathématiques. Il ne s’agit donc pas du terme d’un
« contrat social » établi, auquel tous sont appelés a souscrire, un contrat dont
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la signature marque le moment d’une adhésion. C’est au contraire I’écriture
elle-méme qui devient la marque d’une contribution, d’une convocation,
d’une construction de la société.

La métaphore de 1’écriture, qui nous conduit sur les traces de Derrida
(e.g. 1967), évoque ainsi le devoir d’écriture face aux différences, et
I’aménagement d’un espace de liberté (une logique de réappropriation par
les personnes ressources, les enseignants en mathématiques) et I’importance
accordée au temps de ’action. On retrouve dans cette vision ce que nous
avons appelé ailleurs le curriculum comme « prétexte » (plutdét que comme
« texte »): 1’occasion d’une rencontre avec I’autre (Maheux et al., sous
presse).
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Abstract. In this contribution we will present a teaching experiment that is
part of an ongoing research project based on a series of classroom activi-
ties in upper elementary school, using suitable artifacts and interactive
teaching methods. The focus is on fostering a mindful approach toward
mathematical modelling and problem solving, as well as a problem-posing
attitude. In particular this teaching experiment wanted to investigate the po-
tential that the combination of these processes have for identifying and
stimulating critical thinking in mathematics.

An important aim for compulsory education should be to teach students
to interpret critically the reality they live in and understand its codes and
messages so as not to be excluded or misled (Bonotto, 2007). We argue for
modelling as a means of recognizing the potential of mathematics as a criti-
cal tool to interpret and understand reality, the communities children live in,
and society in general.

The term mathematical modelling is not only used to refer to a process
whereby a situation has to be problematized and understood, translated into
mathematics, worked out mathematically, translated back into the original
(real-world) situation, evaluated and communicated. Besides this type of
modelling, which requires that the student has already at his disposal at least
some mathematical models and tools to mathematize, there is another kind
of modelling, called ‘emergent modeling’ (Gravemeijer, 2007). Its focus is
on long-term learning processes, in which a model develops from an infor-
mal, situated model (“a model of”), into a generalizable mathematical struc-
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ture (“a model for”). In this contribution the focus will be more addressed to
the second aspect of mathematical modelling.

As regard the problem posing process it represents one of the forms of
authentic mathematical inquiry and of creative activity that can operate
within tasks involving to-be-structured rich situations (Freudenthal, 1991),
including situations involving real-life artifacts and human interactions
(English, 2009).

Problem posing has been defined by researchers from different perspec-
tives (see Silver & Cai, 1996). In this paper we consider mathematical prob-
lem posing as “the process by which, on the basis of mathematical experi-
ence, students construct personal interpretations of concrete situations and
formulate them as meaningful mathematical problems” (Stoyanova & Eller-
ton, 1996). It, therefore, becomes an opportunity for interpretation and criti-
cal analysis of reality since: i) they have to discern significant data from
immaterial data; ii) they must discover the relations between the data; iii)
they must decide whether the information in their possession is sufficient to
solve the problem; and iv) to investigate if numerical data involved is nu-
merically and/or contextually coherent. These activities, quite absent from
today’s Italian school context, are typical also of the modelling process and
can help students to prepare to cope with natural situations they will have to
face out of school, for examples in the work situations.

We deem that at school it is important to use different types of school
activities in order to promote the different potentials of students and to pro-
mote greater mental flexibility. So problem posing is just one of the possible
ways to achieve these broader goals. Furthermore, in accord with other re-
searchers, we maintain that less structured and open-ended tasks could fos-
ter more flexible and critiquing thinking.

In this contribution we will present a teaching experiment that is part of an
ongoing research project based on a series of classroom activities in upper ele-
mentary school, using suitable artifacts and interactive teaching methods, in or-
der to create a substantially modified teaching/learning environment.

The focus is on fostering a mindful approach toward realistic mathe-
matical modelling and problem solving, as well as a problem-posing attitude
(Bonotto, 2009). In particular this study wanted to investigate the potential
that the combination of these processes have for identifying and stimulating
critical thinking in mathematics.

About artifacts
Although mathematics learning and practice in and out of school differ
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in significant ways (Resnick, 1987, Lave, 1988), we deem that those condi-
tions that often make extra-school learning more effective (Nunes et al.,
1993) can and must be re-created, at least partially, in classroom activities.
That can be implemented in a classroom, for example, by encouraging the
children to analyze some ‘mathematical facts’ that are embedded in oppor-
tune ‘cultural artifacts’ (Saxe, 1991). We are talking here of materials, real
or reproduced, that have relevance for the children and that are meaningful
because they are part of the children’s real life experience and refer to con-
crete situations.'

In this way we offer the opportunity of making connections between the
mathematics incorporated in real-life situations and school mathematics, by
presenting mathematics as a means of interpreting and understanding reality
and by increasing the opportunities of observing mathematics outside the
school context. The usefulness and pervasive character of mathematics are
merely two of its many facets and cannot by themselves capture its very
special character, relevance, and cultural value. Nonetheless, these two ele-
ments can be usefully exploited from a teaching point of view, by enabling
students to become involved with mathematics, to break down their concep-
tions of a remote body of knowledge and to develop a positive attitude to-
wards school mathematics.

The use of suitable artifacts can allow the teacher to propose many ques-
tions, remarks, socially and scientifically interesting inquiries. These arti-
facts contain different codes, percentages, numerical expressions, and dif-
ferent quantities with their related units of measure, and hence are con-
nected with other mathematical concepts and also other disciplines (chemis-
try, biology, geography, astronomy, economy, etc.).

Furthermore by asking children 1) to select other artifacts from their
everyday life, ii) to identify the embedded mathematical facts, iii) to look
for analogies and differences (e.g. different number representations), iv) to
generate problems (e.g. discover relationships between quantities), the chil-
dren should be encouraged to recognize a great variety of situations as
mathematical situations, or more precisely mathematizable situations
(Bonotto, 2007).

A “re-mathematization” process is thereby favoured, wherein students
are invited to unpack from artifacts the mathematics that has been “hidden”

! for example menu of restaurants and pizzerias, advertising leaflets containing discount
coupons for supermarkets and stores, weekly TV guide, and so on (see e.g. Bonotto, 2005,
2006 and 2009).
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in them. In this way students should have the opportunity to think critically
about world issue and their environment through mathematics.

Artifacts are important components of mathematical learning but do not di-
rectly determine ways of reasoning (Schliemann, 2002). The mathematical
goals emerge for children not only in relation to artifacts but even in relation to
structure of activity, social interaction and children’s prior understanding.
Therefore assume a particular importance the role of the teaching/learning envi-
ronment designed and implemented in the classroom. In our studies it is charac-
terized by the application of a variety of complementary, integrated and interac-
tive instructional techniques (involving children’s own written descriptions of
the methods they use, in pair work, whole-class discussion, ...).

The study

This exploratory study involved four fifth-grade classes (10-11 years
old) from two primary schools: two classes of a school of Padua (one con-
sisting of 14 students and the other of 16) and two classes of a school of the
province of Vicenza (composed respectively of 20 and 21 pupils).

The artifact utilized was the page of a brochure explaining the special
rates for groups visiting an Italian amusement park and wishing to benefit
from different services. This artifact was chosen since it was found that all
students were already familiar with such artifacts and had experience at an
amusement park. This page is full of information, including prices (some
expressed by decimal numbers), percentages, and constraints on eligibility
for the various offers.

The study was structured in three phases: 1) the presentation of the arti-
fact used; ii) a problem posing activity; iii) a problem solving activity (in a
couple or in groups of three students) combined with a collective discussion.

Data from the teaching experiment include the students’ written work,
fields’ notes of classroom observations and audio recordings of the collec-
tive discussions.

All the problems created by the students were analyzed with respect to
their quantity and quality.

Some results and discussion

Despite the richness of variables and linguistic limits of the artifact (on
the one hand it was particularly attractive inasmuch as it referred to an
amusement park known to the children, while on the other hand it was
Talso very dense with information) the majority of the pupils nevertheless
succeeded in understanding it and in carrying out both the problem posing
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and the problem solving activities. Moreover, the brochure’s complexity
favored the development of interesting discussions stimulating the students
to ask themselves questions and to formulate hypotheses.

The problem solving phase combined with group discussions allowed
students to reflect on different types of problems and explore new possibili-
ties (e.g. by reflecting that math problems do not always require a numerical
answer or one solution, and that there are problems which are not solvable).

Furthermore the results suggest that asking students to analyze the prob-
lems they have created facilitated their critical thinking because students
were more free to discuss the validity of the problem, to consider different
assumptions and to decide whether a problem had been solved or not. The
results of this teaching experiment, as in other we conducted, show that,
contrary to the practice of traditional word problem solving,” children do not
ignore the relevant and plausible aspects of reality, nor did they exclude
real-world knowledge from their observation and reasoning. They con-
fronted with this kind of activity also show flexibility in their reasoning
processes by exploring, comparing, and selecting among different strategies.
These strategies are often sensitive to the context and number quantities in-
volved, and closer to the procedures emerging from out-of-school mathe-
matics practice; so mathematical reasoning needed in extra-scholastic con-
texts, for example in work places, is favoured.

Finally by presenting the students activities that are meaningful because
they involve the use of material familiar to them, increased their motivation
to learn even among the less able ones. For this reason, even children with
learning difficulties related chiefly to linguistic problems (for example im-
migrant children) are helped.
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Summary. The aim of the trial path described in this article is to highlight the pos-
sibility to develop intuition, analysis and synthesis abilities, which are typical of
the logical - deductive mathematical thought, in primary school children (2"
class), through a significant approach to musical education, meant as systematic
analysis of the sound parameters, which characterize and qualify its language.

The Vygotskijan theoretical framework, which leads and interprets the didactic en-
gineering proposed in class, emphasizes how the Mathematics - Music pair has
promoted the changeover among different semiotic registers (Duval 2002), re-
ferred to Natural, iconographic, musical, geometric and pre - algebraic Language.
The didactic strategy, masterfully lead in class by the teacher through a polyphony
of voices (Bartolini Bussi et al, 1995) and a democratic climate (Skovsmose & Va-
lero, 2002), has fostered the acquisition of good skills of analysis and production
of argumentations, typical of the musical and mathematical thought.
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1. Musical and mathematical education: perceptive and objectification as-
pects

The process leading to musical education and knowledge is not nearly simple
and consists of different elements, apparently far from each other. First, it is appro-
priate to highlight the existence of a primitive component in music listening, which
connects sensations and emotional reactions to specific timbre and tonal ranges.
However, the inborn component does not provide an exhaustive explanation of the
multidimensional responses provided, nor can explain the cultural differences
among them. Therefore, the majority of our responses to music seems to be learnt,
so linked to our experiential background, as well as product of the socio - cultural
context in which the listener is integrated and that determines his emotional reac-
tion (Sloboda, 1983).

1.1 Ratio and delectatio

Hence, music - as art and science at once- shows a prominently irrational soul
off, which is fruit of intuition, unlikely classifiable or expressible through specific
algorithms, carrying out processes of analysis and synthesis, which characterize the
production and comprehension of music production and listening. In agreement
with Zotto, it is possible to affirm that, in its "linguistic" articulation, Music has got
a logical structure, referable to axiomatic, grammatical and algorithmic elements,
which can be assimilated (considering the appropriate exceptions) to the logical -
deductive ones of the mathematical thought. Ratio and delectatio, in this sense,
qualify the musical universe and, in their dialectical point of contact, contribute to
create new synaptic circuits with relevant implications. Therefore, mathematical
and musical languages qualify each other, finding an important point of contact in
their "communicative" structure and in the cognitive processes of coding and de-
coding, which make them readable and reproducible at the same time.

As far as it was said, it seems evident that the concept of musical learning is
conceived as a creative and collective experience, which involves what is or can be
inherent in Music: gesture, movement, dance, verbal articulation, vocality, instru-
mentation, dramatization and performance (Piazza, 1979). These elements structure
the musical language, providing meaning and structure, and allow its rationaliza-
tion through notation, as essential form of memorization and communication. In
this perspective, the choice of the Orfian methodology, that we adopted in the trial
path definition, arises from the need to promote a global education path, which en-
tirely involves the pupil on emotional, cognitive and physical level. (Piazza,1979)

The Orff - Schulwerk can be considered as a general pedagogic criterion ap-
plied to basic musical education, which gets the child to know Music, making him
familiarizing with elementary sound structures presented to him as accessible and
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concrete, and which embodies a simple educative idea: Music is learnt by making it
and not by abstracting it, putting it into the concrete need to live it, investing in all
the fields, from the tightly physiological and psychological to the emotional one,
connected with the need for music for the pleasure of doing it (Piazza, 1979).

Thus, it is a valid pedagogic tool, fit for promoting an approach that favours
creativity, through processes ranging from play to free exploration, structured im-
provisation and composition, in a continue democratic dialectics between pupil and
teacher.

In this theoretical - practical frame, the original contribution of the most recent
researches about Music cognitive psychology can be found: E. Gordon's Music
Learning Theory (1971), which allows a significant reading key of musical alpha-
betization processes.

In the centre of this process of authentic education, the child is placed as active
and motivated subject, who can express his own personal nature, in agreement with
himself and the excellence that qualifies the human being as such, resorting to dif-
ferent semiotic registers.

1.2 Objectification and generalization

There are different analytical theories, which have highlighted the importance
of musical education for the child education - and not only for this - considering its
different aspects, from the neurological, to the more tightly educative area. Among
these theories, the one considered to deserve special attention is that of the Multiple
Intelligences of H. Gardner, in which the presence of a musical intelligence is un-
derlined. This intelligence expresses itself as ability not only in composing and
executing, but also in listening and distinguishing musical pieces, with reference to
pitch, rhythm and timbre.

According to the author, the development of every intelligence comes to life
from symbolization processes, strongly determined from the cultural context and,
therefore, from educative stimulations, which the person is exposed to. Hence, one
goes from simpler symbolization channels to gradually more complex forms. This
idea of "generalization" is at the basis of Radford's Objectification Theory (2000)
and represents the central fulcrum of the trial process, oriented to the promotion of
an evident maturing, that actualizes itself in the changeover from a generalization
level to the following. By means of this new "lens", one proceeds to the analysis of
mathematical learning didactic problems, which are specifically referred to intui-
tion, analysis and synthesis abilities, typical of the logical - deductive thought
(cognitive conflicts and spontaneous and scientific learning models).

In agreement with Radford (2000), the mathematical objects we presented to
the children in the musical and the strictly mathematical spheres have been consid-
ered as symbols of cultural units emerging from a system of customs linked to
mathematical activities, which have been realized in class, in different semiotic
contexts interacting with each other (Cortesi, 2010). In this perspective, the reflec-
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tion activity proposed in class during the trial has involved a consciousness raising
of the mathematical object by the pupil, through a process of actual involvement,
which needs to work very hard in mathematical and musical activities, not to "build
the object", which is already in the culture, but "to give it a sense". Radford defines
this active and dynamic process with the term "objectification", underlining how
learning corresponds to objectifying the well-known reality (Radford, 2004).

The creation of this kind of appropriate learning condition, where all the stu-
dents develop the ability to solve and understand increasingly challenging prob-
lems, was, according to us, an important opportunity, in which knowledge (music
and mathematics knowledge) can be developed and evaluated critically (Jaworski,
2003).

Moreover, the democratic laboratorial setting used in mathematics class prac-
tices designated the possibility to consolidate democratic social relationships
(Skovsmose & Valero, 2002), that are strongly encouraged at primary schools. Ac-
cording to the Bartolini Bussi research (1995), we tried to organize the mathemat-
ics class as micro-society, in which democratic relationships among their members
can be established during their communication/discussion.

In particular, among the social interaction modalities in the mathematics labo-
ratory, we have specifically considered the mathematical discussion, mediated by
the teacher. It is defined as "polyphony of voices on a mathematical object (a con-
cept, a problem, a procedure, a structure, an idea or a behaviour regarding
mathematics), which is one of the reasons of the teaching - learning activity" (Bar-
tolini Bussi, al., 1995). This is a key idea, reasserted also in the information about
the laboratory for primary school.

2. The trial path

The entire trial path has been structured in agreement with the above men-
tioned framework and oriented to refine the didactic tools, so that they make the
educational intervention incisive on the basis of the valorisation of the person and
in respect of the personal excellence, which is a human feature (Garcia Hoz, 1981).

In this sense, thanks to its epistemological nature, the Mathematics — Music
pair has been useful to broaden pupils’ knowledge horizons, in a sort of new cul-
ture of the change, that, equipped with suitable scientific tools, has revealed step by
step its complexity in a social and democratic sharing vision. (Skovsmose, & Va-
lero, 2002)

As said before, the trial path’s basic idea was to promote, in a laboratorial set-
ting, an efficient musical training, able to direct the learner for a knowledge “re-
building” (Freudenthal, 1991) on more complex cognitive levels, which allow a
conscious learning also in other disciplinary areas, particularly Mathematics.

Essential condition for this to happen is (Freudenthal, 1991) that Mathematics
has to be seen in every phase as an activity in which everyone is protagonist and
where knowledge is the product of personal achievements, that have to put them-
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selves in line (Guidoni, 1985) with the natural learning process, which is active in
everyone since the first years of life and which goes hand in hand with language
acquisition.

For this purpose, we mostly pointed out the elaboration processes of musical
and mathematical language coding and decoding, mainly through practical activi-
ties, proposed in recreational form, in respect of times and learning modalities,
typical of this development stage.

In agreement with Quartuccio (2009), we wondered about the proposed path's
generalization levels and we are conscious that the examined trial group cannot al-
low immediate generalization inferences concerning the results obtained on larger
samples, though it is considered a significant subset of primary school students (2"
class), as heterogeneous in socio - cultural class context, start cognitive level of the
involved persons and teachers' educative styles. However, starting from pre-
existing studies on the same topic, the trial path can promote new reflection ideas,
that could generate an innovation atmosphere in the panorama of basic musical and
mathematical didactics in primary school. These, read in parallel to the experimen-
tally obtained results, can foster the formulation of new research questions and hy-
pothesis.

2.1 Research experimental hypothesis

In the planning stage the relation between the proposed training and the kind of
expected behaviour (or the response) has been highlighted more than once. This
has lead to the definition of a research hypothesis, which has been modified and re-
fined in progress.

H1, "IF there are correlations between the competences acquired through the
structural - rhythmical musical education and those of intuition, analysis and syn-
thesis, typical of the relational mathematical thought THEN appropriate labora-
torial interdisciplinary learning situations between Mathematics and Music can fa-
cilitate and improve some processes of basic mathematical logical - deductive
learning in primary school children".

In order to falsify the start hypothesis, we have used tests elaborated according
to Ragusa's work (2004). These tests have been administered to three trial groups
and three control groups, before and after the training (Levorato, 2002).

The proposed items allowed to check pupils' ability to make structural - rhyth-
mic transpositions and to detect the relation among different elements, (through the
continuation or the completion of repeating forms); rhythmic and logical abilities
to work with numbers; the ability of repeating a structure in cyclic form and there-
fore to reproduce a rhythm both from a graphic and a numeric point of view. At the
end of each exercise we asked the pupils to motivate their answer, in order to trace
and reconstruct the logical paths which lead to the solution (exact or not) of the
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proposed problem-situations, by means of the detection of the suitable semantic in-
dicators.

2.2 Trial plan
The trial plan is presented hereafter in schematic form, in order to make its

reading more immediate and as synthesis of a path, developed during more than 6
months (from October 2010 to the end of April 2011):

TRIAL GROUP CONTROL GROUP
Pre-test Pre-test
Implicative Analysis <> Implicative Analysis

J

Activities and
evaluations
Qualitative and quan-
titative Analysis

Post-test < > Post-test

Implicative Analysis Implicative Analysis

Scheme 1. Trial plan

The trial groups have been chosen inside three different socio - cultural Sicilian
realities, coherently with the aims definition. In order to remove the doubt that pos-
sible improvements acquired with the trial are connected to the natural maturing
occurred from the pre- to the post-test and not to the proposed educative interven-
tion's efficiency, a methodological precaution has been taken, that is, we referred to
control groups equivalent in composition, teacher, socio - cultural level and veri-
fied competences.

The choice of the control groups has been made rigorously, in order to work
with groups that were actually superimposable. The didactic problem's complexity
required the recourse to different qualitative and quantitative analysis tools
(through the resort to inferential statistics with the use of the software C.H.I.C.)
(Gras, et al, 2008) to foster an as objective as possible observation of the examined
phenomena and an adequate measurement of them®. Therefore, we chose to video-
tape the whole didactic action and plan an a priori analysis of the expected behav-
iours (Brousseau, 1997), which proved to be particularly significant in the last part
of the activity that concerned the definition and the carrying out of two a-didactic

> We will show the result during the conference’s talk.
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situations, created ad hoc, in agreement with Brousseau's TDS framework (Brous-
seau, 1997).

For the sake of brevity, hereafter we present a table which summarizes the pro-
ject's stages, and a brief contextualized description of the proposed activities,
summarized next to the presented stage. We point out that the operative path pro-
posed in class to primary school pupils has been referred to the theoreti-
cal/experimental frame of the Orfian Movement and in particular to the educational
paths proposed in the studies of Bonfanti and Re (2009), Paduano (1998), Piazza
(1979) , Spaccazocchi and Perini (2003), Dani and Di Natale (2011). We decided
to divide the trial stage into three cycles structured on the basis of ascending skills
and abilities:

Preliminary Survey Pre-test Prerequisites evaluation through a set of three games

First cycle

Noise or not?

Princess Scacciachiasso’®

Different cries

Let's play on it — We are like...

Let's draw the cries

Let's play on it — In un coppo

Verbal rhythmic articulation

Let's stress us!

Let's play and sing on it — Tick & Tock
cond cycle

Watch the ear!

A sounds seesaw

Let's play and sing on it — Ala Mala

The dancing bears

Let's give a timbre to the sounds

Let's play and sing on it — Clap your hands, beat your chest,

LRVYVVYVVVVYVYY

|

Trial stage: didactic
situations

The body that plays
One timbre, one guarantee
ird cycle
Music dictation
Tell me your form and I'll tell you who you are
Let's play on it — The canon
-didactic situation (Brousseau, 1997)
Tale in music
The MusiMatheMagic World
Final stage Post-test: Meta-cognitive reflection

YVV&VYVVVVY

f

YV » VYV

Tab.1 Trial path synthesis

In brief, the path's first stage has been divided into two essential moments:

3 Scacciachiasso means "noise-banishing".
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1. The distribution of a pre-test, appropriately structured in 6 classes, 3 of them ex-
perimental and 3 of control, with consequent data-gathering and analysis by means
of the software of inferential statistics C.H.I.C. (Gras, Spagnolo et al, 2008).

2. The evaluation of prerequisites in the trial contexts to outline an exhaustive pic-
ture of the start situation.

3. Conclusions and open-ended problems

From the obtained data that we will deeply show during the conference’s
talk, it has been possible to gather that the experimental training administration
produced positive effects, which characterize a mature relational thought, that ma-
terializes in a good argumentative ability, manifested also in the analysis of the re-
lated semantic indicators presented in the protocols. The improvement of the
abilities of analysis, synthesis, transposition, discrimination and classification is
evident in the ability to consciously use different semiotic registers and in the
good use of the technical language referred to the two considered disciplines. In
addition, the path  hasintroduced trial groupsto the use ofan
increasingly articulated ~ symbology , whose  application has  been developed
according to increasing complexity levels: we have changed over from the use
of symbols referred to one-to-one relations, still closely tied to the embodied level
(Lakoff and Nunez, 2000), to the use of symbols, that entail a cognitive breaking
from the embodied level to the disembodied one. Such changeover can be seen also
through a comparison between the ongoing proposed evaluation reports and the
research protocols. It is believed that the path has produced also significant
effects in the socialization context and in that of the relationship between peers
and with the teacher, made evidentby arelaxed cooperative atmosphere
and the active participation of the whole class to the proposed
activities (Skovsmose & Valero, 2002). Finally, in  the perspective of the
improvement of the experience which has been already carried out,it is
important to highlight the existence of some open-ended issues, that can serve as a
basis for the hypothesis formulation for any subsequent research. Among these, we
wonder about the possibility of planning new musical paths, which facilitate the
acquisition of additional abilities in the musical and logical-mathematical
area, according to a perspective of growth and deep cognitive reorganization, and
also considering the possibility of extending the research to a significant population
sample, that could validate the initial hypothesis.
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This contribution analyses the Italian context with regard to the impend-
ing introduction of CLIL (Content and Language Integrated Learning)
methodology in classrooms in Italy. Up to now, as far as the CLIL teaching
of mathematics using CLIL is concerned, only a few studies have been re-
ported upon. As a consequence, it is difficult both to identify the necessary
competences for mathematics CLIL teachers, and to state how these compe-
tences can be attained. The framework of reference for our remarks on the
use of CLIL for mathematics teaching is in part based on some theoretical
guidelines developed within two European projects devoted to CLIL. Se-
lected quotations from answers to a questionnaire distributed to a selection
of secondary school Mathematics teachers are used to support our research
hypotheses.

Introduction

Promoting the learning of languages is increasingly one of the main
educational objectives of the European Union. Documents and consequent
actions carried out by both the European Commission' and individual coun-

! http://ec.europa.eu/education/policies/2010/doc/jir_council_it.pdf
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tries emphasize the importance of making students more competent in for-
eign languages. In Europe, many issues related to language teaching and
learning are inspired by the Common European Framework of Reference
(CEFR)?, with as a principal idea the development of language competences
in meaningful contexts, which in themselves constitute learning goals. In
other words, the perspective adopted in CEFR is consistent with teach-
ing/learning situations which integrate ‘language’ and ‘content’ in a syner-
gic way.

In Italy, only in recent years, has adequate attention been paid to the is-
sues mentioned in the paragraph above. One of the main initiatives is the in-
troduction of CLIL (Content and Language Integrated Learning) methodol-
ogy in a large number of schools recommended in recent upper secondary
school reform proposals

CLIL is a teaching/learning methodology which aims at helping students
to develop both ‘language’ skills and ‘content’ awareness at the same time.

It encompasses many different forms of learning context in which a lan-
guage carries a special role alongside the learning of any specific subject
or content. It refers to any dual-focused educational context in which an
additional language, thus not usually the first language of the learners in-
volved, is used as a medium in the teaching and learning of non-language
content. (Langé, 2002, p. 11).

Generally speaking, as far as many scientific subjects are concerned, lit-
tle academic literature on this topic is available. As far as combined CLIL
and mathematics teaching is concerned, apart from a few papers (e.g. Hof-
mannova & al., 2004), certain studies about particular teaching contexts are
available, such as Bilingual Schools (e.g. Barton & Neville-Barton, 2003;
Barwell, 2002; Clarkson, 1992) and Multicultural Classrooms (e.g. Barton
& al. 2007; Setati. & Adler, 2001). In these contexts pupils can actually be
taught in a second language, but the exact educational aim might vary and
sometimes might not fully embrace CLIL methodology.

CLIL areas of education and competence

If sufficient theoretical references are not abundant, what training
frameworks for training CLIL mathematics teachers? It is possible to iden-
tify and utilize the theoretical framework developed within the CLIL across

? http://www.coe.int/T/DG4/Linguistic/ CADRE_EN.asp
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context project3 as a useful tool to come up to some answers to this question.
In fact, a main project output consists of the identification, definition and
description of the following ‘areas of education and competence’ which are
considered necessary for CLIL teachers to be aware of, and this applies to
most subject (mathematics included).

Learners’ Needs

Planning

Multimodal Teaching and Learning
Interaction

Subject Literacy
Evaluation/Assessment
Cooperation and Reflection
Context and Culture

Focusing on ‘areas of education and competence’ may represent an ef-
fective methodological tool to highlight issues which arise when designing
CLIL teachers training courses, but it is possible an adaptation for different
types of schools might need to be made.

The Italian context

Up to now, in Italy, very few CLIL programs are publicly reported,
mostly on school websites and/or internal reports. The very large majority
of these programs are carried out sporadically, they are not part of a struc-
tured educational plan. Sometimes, CLIL based activities are an optional,
additional educational opportunities. The choice of both the (second) lan-
guage of instruction and the content subject mostly depends on incidental
factors, such as the presence of mother tongue teachers who volunteer to
teach their subject in their first language (L1), which is a second language
(L2) for the students.

CLIL methodology is still very rarely used to teach mathematics, and
due to the specificity of the subject, it is used by those mathematics teachers
who happen to be fluent in an L2 (a second language also for students), ei-
ther because it is their mother tongue or they learnt it for some other reason
(e.g. studies or stays abroad). No reports are available about foreign lan-

3 CLIL Across Contexts: A scaffolding framework for CLIL teachers education is a three-
year (2006-2009) SOCRATES-COMENIUS 2.1 project, EC co-funded. The first author
was a partner in the project. [http://clil.uni.lu]
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guage teachers who can also teach mathematics, without the support of ad-
ditional subject teachers in the classroom. In fact, this situation is rare be-
cause the Italian teacher training system does not encourage to qualify for
teaching both a foreign language and a scientific subject. The newness of
the official, sudden introduction of CLIL in the Italian school system from
2012, without previous systematic piloting and, above all, teacher training in
this methodology, has required investigations into maths teachers’ current
views on CLIL methodology in order plan training program.

The Italian mathematics teachers’ perspective

To collect teachers’ views, a questionnaire was introduced’ not only to
mathematics teachers, but also to foreign language teachers in lower and
upper secondary schools in Italy.

The main aim of the questionnaire was to collect information about the
respondents’ opinions about future teaching of mathematics in a foreign
language. Since in this paper we are interested in the CLIL methodology
‘applied’ to teaching/ learning Mathematics, we take into account, in the fol-
lowing sections, answers given by only Maths teachers. The questionnaire
comprises24 questions and was answered by 126 mathematics teachers.

The questions were grouped as follows:
e About you
e Prior experiences
e Present opinions
e FExpectations
e Professional development

The eight areas of competence for CLIL teachers, introduced in the first
part of this paper, are interestingly, implicitly or explicitly, also referred to
by the Italian mathematics teachers, whose answers to the questionnaire
were analysed.

In this section our perspective on the areas of education and competence
for mathematics CLIL teachers in Italy is presented. Our opinions are sup-

* The questionnaire is part of the activities in the Making Mathematics Teachers Mobile,
SOCRATES-COMENIUS 2.1 project (2006-2009), EC co-funded and coordinated by the
first author. [http://mta.dm.unipi.it]
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ported by a few quotations from teachers’ answers to some of the question-
naire items in sections Present opinions, Expectations and Professional de-
velopment.’

While, as expected, Learner Needs, Interaction and Subject Literacy are
the competences most referred to by the respondents, it is surprising that
Evaluation / Assessment is not such an area of great concern for them. On
the contrary, the reported poor co-operation of mathematics and foreign lan-
guage teachers and the lack of prior CLIL teaching programs are perhaps
the main reasons why Planning, Multimodal Teaching and Learning, Coop-
eration and Reflection, Context and Culture are rated as less of a priority.

Apart from a positive comment from one teacher “CLIL teaching is
challenging for pupils”, Learner Needs are in the main identified by re-
spondents who do not see learning mathematics is a foreign language as of
great value: “it would be confusing for many students” and “learning re-
quires concentration and more concentration will be devoted to understand
the language and not mathematics” are different approaches to what the re-
spondents most serious concern : “Teaching maths is difficult even in the
native Italian language...” This last comment reveals a well-known con-
ceals issues regarding effectiveness of their teaching and could also be in-
terpreted as reluctance to embrace any methodological change..

More honestly, one respondent stated that Learners Needs are totally con-
nected to the skills needed by CLIL teachers: “the ability to communicate
by means of terms understandable by pupils ™.

This skill is, clearly, also connected to another area of education and
competence: Interaction. As far as Interaction is concerned, teaching
mathematics in a foreign language could possibly support mathematics
learning as “Teachers and students need to take greater care in the use of
the language, also including a more rigorous and synthetic use of the
mathematical language” and “Teachers develop a deeper concern about the
difficulty of mathematics and then about its teaching”. But it is also cited as
a potential obstacle: “The language could represent a barrier despite the
universal symbolism of mathematics”.

As far as the skills needed, Interaction in a CLIL classroom requires a
great ability to use standard mathematical terminology, but it also requires

> Further details on the questionnaire structure and analysis are available on the relevant
webpage of the Making Mathematics Teachers Mobile project: http://mta.dm.unipi.it
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non-formal language knowledge, which allows teachers to interact in a more
relaxed way during classroom activities (e.g. providing additional explana-
tions and examples).

Subject Literacy is, certainly, the CLIL competence area of biggest in-
terest for mathematics teachers, as their comments clearly show. The impor-
tance of knowing a foreign language and using it to teach mathematics
could even make teachers reflect on “what teaching mathematics means”.
In particular, the language knowledge “increases ability to teach and ex-
plain, using simple but rigorous words thanks to the particularly limited and
specific mathematics vocabulary”. Subject literacy is also important to
make it possible to teach mathematics in a foreign language, thanks to “its
rules that one can understand also without speaking” and “the specificity of
its language, and the use of symbols”. CLIL teaching methodology is also
considered as a possible support for mathematics learning as it represents “a
proof of the universality of mathematics and its independence from the lan-
guage” and requires “‘greater reflection on the concepts to be taught”. As to
the skillsets needed, teachers said that Subject Literacy includes both “good
knowledge of the to-be-taught topic” and “the mastery of the language at
least at scientific level”.

Conclusions

Since CLIL teaching is a methodology which has been sporadically in-
cluded in a few pedagogical program in Italy only in the last few years, we
are still far away from a situation where teachers are ready to use it, and its
implementation can reach the objectives established by the CLIL methodol-
ogy as it has been defined.

As the difficulty of mathematics learning is acknowledged worldwide, it
is possible to expect that concerns and incentives of maths teachers are pos-
sibly greater than those of other subject teachers. In CLIL classrooms,
teachers need to be able to find a good balance between the different lan-
guages, and the pertinent codes: the mother tongue, the foreign language,
the mathematics language and, sometimes, the ‘language’ of the ICT tool
(such as a computer algebra system or a dynamic geometry software).

However, teachers should be aware that using the CLIL methodology in-
volves a long term learning process. As far as the Assessment is concerned,
they need to be a better way of assessing both their own and the learners’
level of language competence, and the learners’ knowledge of the subject
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specific content. Teachers also need to be able to identify possible conflicts
between the mathematical language and the language of instruction, to dis-
tinguish learners’ difficulties related to the mathematical content as opposed
to language difficulties in their own right. Furthermore, CLIL teachers also
need to appreciate learners’ ability to look for and make use of communica-
tion strategies in solving problems and reporting solutions.

The issues commented on above are not exhaustive and further research
into the relationship between CLIL and mathematics need to be carried out
before any formal combined teacher training programme is introduced, set
up, and run successfully.
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Abstract:

The acquisition of algebraic fluency takes years, and many learners find
algebra to be insurmountably difficult — or not worth the effort. However
many of the most interesting, useful and empowering mathematical ideas
have traditionally been introduced via algebra. This practice acts as a de facto
barrier to many people’s opportunities to learn the ‘big ideas’ of mathemat-
ics, and creates a fundamentality anti-democratic elitist mystique around
these ideas. If we are serious about making mathematics accessible to critical
thought in a democratic society, we must develop alternative ‘ways in’ to the
big ideas that can supplement and/or precede the learning of algebra. The au-
thor has been successful in introducing mathematical functions to younger
learners, aged 11-14 years (including resistant, dyslexic, gifted, and now
visually impaired learners) via gesture and movement, vocal sounds and nar-
rative. This paper describes a multi-year project in innovative, embodied,
non-algebraic approaches to functions and examines implications for acces-
sibility and democratic participation.
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Algebra as gatekeeper

The role of algebra as a ‘gatekeeper subject’ has been noted by many re-
searchers, particularly in the United States (Rech & Harrington, 2000; Moses
& Cobb, 2001). Algebra also functions in a more subtle way in blocking
many people from grasping the ‘big ideas’ of mathematics, ideas which un-
derlie the design of many of the institutions of our mathematized society.

I will present a snapshot of a research program aimed at developing other
‘ways in’ to the big ideas of mathematics: performative and embodied peda-
gogies that might function prior to and alongside algebra to allow broader ac-
cess to the meanings of mathematical ideas.

Offering access to ‘big mathematical ideas’ without relying on alge-
braic fluency

The abstract, technical nature of algebra and the need to master its com-
plicated algorithmic rules can be discouraging for students. The acquisition
of algebraic fluency takes years, and many learners find algebra to be insur-
mountably difficult — or sometimes not worth the effort.

There is often a period of several years (typically the early years of sec-
ondary school) during which students are primarily learning the sow fo of al-
gebra. During this time, other big ideas in mathematics are deferred until stu-
dents have sufficient algebraic competency.

Unfortunately, huge numbers of students become alienated and disen-
franchised through this process. The practice of holding off conceptual teach-
ing until algebra is learned acts as a de facto barrier to many people’s oppor-
tunities to learn the big ideas of mathematics, and creates a fundamentality
anti-democratic elitist mystique around these ideas (Stinson 2004). If we are
serious about making mathematics accessible to critical thought in a democ-
ratic society, promoting reflective or critical competency in mathematics
(Skovsmose 1994), we must develop alternative approaches that can supple-
ment and/or precede the learning of algebra.

Mathematical ideas are accessible through a variety of possible ap-
proaches, and mathematical meaning-making and pattern-noticing are ini-
tially more easily accessed through embodied, performative, narrative means
than via algebra (Gerofsky, 2009 ; Swanson, 2009; Gadanidis & Borba,
2008). Embodied, performative and narrative modes of knowing and learn-

HMS i JME, Volume 4. 2012



Democratizing ‘big ideas’ of mathematics through multimodality:
Using gesture, movement,
sound and narrative as non-algebraic modalities for learning about functions147

ing are not structured to defer meaning as algebra does, and by working in
these modes, learners may have a better sense of following the thread of an
argument or grasping a pattern without getting lost in labyrinthine, de-
signified processes.

The Graphs & Gestures project: Methodology

Since 2006, I have engaged in a research project aimed at theorizing, de-
veloping and testing multimodal, non-algebraic pedagogical approaches to
big mathematical ideas about functions, including performative approaches to
‘reading a graph with the body’ and vocalizations.

This research is based in methodologies involving the qualitative, natural-
istic study of learners in small group and classroom settings (Denzin & Lin-
coln, 2005; Patton, 2002), grounded in the research literature on multisen-
sory, multimodal mathematics learning (for example, Arzarello & Edwards,
2005; Arzarello & Robutti, 2008; Fernandes & Healy, 2010; Nemirovsky &
Ferrara, 2009; Radford, 2009; Roth, 2010) and methods from performance
ethnography (Conquergood, 1998, 2002; Conrad, 2004; Denzin, 2006). A re-
cursive, emergent model is used to inform the design cycle involving both
pedagogy and new technologies (Smith & Maclean, 2006).

Graphs & Gestures project: Findings and future directions

In the pilot study, students aged 13 and 16 from three different schools
were asked to gesture the shapes of the graphs of functions in front of a video
camera. A week later, students were interviewed while watching their videos.
Teachers were elicited for holistic assessments of participant students’ atti-
tudes and abilities as demonstrated in mathematics class.

Three gesture types were identified, and these correlated strongly with
three distinct learner approaches, as identified by learners in their interviews
and by teachers’ holistic comments (Gerofsky, 2008; Gerofsky, Savage &
Maclean, 2009):

i. “Seeing the graph”: Gestures with the x-axis placed high against the
body, with eye tracking and no acceleration, little or no engagement of the
spine, gestured distally (at arm’s length), using only the finger, wrist and
forearm.

ii. “Being the graph”: Gestures with the x-axis place low against the
body, with no eye tracking, marked acceleration, a high degree of engage-
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ment of the spine, gestured proximally (close-in), using full arms and the
whole body.

iii. “Not knowing what was salient in the graph”: Hesitance and tenta-
tiveness in commencing any kind of gesture; large parts of the graph not ges-
tured at all; reliance on a verbalized approximating metaphor (i.e.: “it looks
kind of like a W”) as a way to gesture the shape of the graph.

Further theorizing work using sources in gesture theory showed a correla-
tion between (ii) and CVP (character viewpoint), and between (i) and OVP
(observer viewpoint) (Gerofsky, 2010 a&b).

Based on these findings, the author and collaborator Kathryn Ricketts de-
signed teaching experiments that aimed at introducing advanced mathemati-
cal ideas about functions to younger students via engaged, whole-body
movement much like the gestural movements described in (ii) — “being the
graph”. The idea was a fundamentally democratic one: that performative,
embodied modes of engagement with mathematical ideas at an early age
might make a robust understanding of those ideas available for all learners,
rather than only for an elite.

An experiment with vocal sounds to represent mathematically salient fea-
tures of functions (roots, extrema, slope) turned out to be one of the most
memorable and effective ways for students to interpret functions, as evi-
denced by the students’ own comments and by their performance on a group
think-aloud post-test.

In general, post-tests (even when conducted a full year after instruction)
showed that most students were able to recall, interpret and reconstruct
knowledge of advanced mathematical ideas by using gesture and sound as
cognitive resources. Students learned about big mathematical ideas through
performative, non-algebraic means and used embodied means to make sense
of what they had learned long afterwards. Over 80% of students in the ‘aver-
age’, gifted and dyslexic groups showed consistent progress in understanding
of the big mathematical ideas introduced.

The Graphs & Gestures project will move to the development of further
multisensory pedagogies using sonification and whole-body movement,
working with both visually impaired and sighted students and a computer in-
terface based on Kinect movement-sensing technology. The aim is to extend
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multimodal, multisensory mathematics pedagogy in ways that might benefit
both special needs students and, ultimately, all students.
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INTRODUCTION

One of the questions to discuss in this CIEAEM conference concerns
whether school mathematics contributes to critical thinking and decision-
making in the society. It is stated that many topics are taught across the
world without taking into account socio-cultural contexts (Bishop, 2009).
However, students are expected to link mathematical knowledge to their
everyday lives, in a world which becomes more complex and more
demanding. Do mathematics curricula broaden their goals to include
concepts and processes that will maximize all students’ opportunities for
success in society?

We have decided to address these questions analyzing the introduction
of a topic which appears in the secondary curricula of many countries and
which played a key role in the development of mathematics: the concept of
real number. The learning of this concept becomes one of the first
encounters of the students with an abstract mathematical concept with no
immediate everyday applications. However, the construction of many other
concepts (mainly those of the Calculus) depends strongly on many of the
properties of real numbers. We are mainly interested in analyzing whether
the teaching of this key notion tries to develop critical thinking in the
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students, providing the students with adequate bridges between intuition and
rigor, and with useful ways of reasoning that may become important in
subsequent stages of the learning of Calculus.

In analyzing the introduction of real numbers in two different countries
(Brazil and Canada), we also aim at addressing Bishop’s (2009) statement,
in the sense that many notions are taught in the world in very similar ways.
In this sense, our research tries to overcome national boundaries, to see
whether socio-cultural contexts are taken into account, and to start some
reflection about the teaching of this notion and the possible consequences of
this teaching.

Our previous research (Gonzalez-Martin, Giraldo & Souto, 2011,
submitted) already showed a lack of results on the teaching and learning of
real numbers. Most of the available research focuses the learning of this
notion, generally following cognitive approaches to identify the main
difficulties to learn and to understand this notion (see, for instance, Bergg¢,
2004; Dias, 2002; Fischbein, Jehiam & Cohen, 1995; Margolinas, 1988;
Robinet, 1986; Schwarzenberger & Tall, 1978; Sirotic & Zazkis, 2007). For
this reason, we are interested in analyzing how the teaching of this notion is
developed (analyzing whether this teaching tries to develop some critical
thinking and to take into account socio-cultural differences), and whether
this teaching takes into account the difficulties already identified by
research.

THEORETICAL FRAMEWORK

As we are interested in analyzing the teaching of real numbers, we
believed that it was necessary to consider a theoretical framework which
takes into account institutional issues. In our case, interested in analyzing
the choices made by secondary curricula to introduce real numbers, and the
possible consequences for students’ understanding of this notion, we
decided to follow Chevallard’s (1999) anthropological theory of didactics
(ATD).

This theory offers specific tools to analyze the introduction of a
mathematical notion made by an institution in terms of didactic
organizations, and also to analyze the tasks demanding the use of this notion
and the types of knowledge which are into play in the completion of these
tasks. This analysis allows not only to identify the knowledge, and its
structure, which is actually being mobilized in the teaching of one notion,
but also to make predictions about the understanding that students might
build.
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METHODOLOGY

Given the lack of research results concerning the teaching of real
numbers, we decided to only consider, at this stage of our research, one of
the main actors of the process of teaching: the textbook (Love & Pimm,
1996).

For our analyses, we chose a sample of 14 secondary textbooks
approved by the Ministry of Education of Brazil (see Gonzalez-Martin,
Giraldo & Souto, 2011, submitted). In Canada, we are currently developing
our analyses and we have analyzed 2 secondary textbooks approved by the
Ministry of Education of Québec. We intend to analyze more textbooks in
Québec, but for this presentation we will compare the tendencies found in
the sample from Brazil with the sample from Canada. These two countries
have been chosen mainly by opportunistic reasons; however, being in the
same continent, they have very different socio-cultural characteristics,
although the list of mathematical concepts to be taught in compulsory
education is similar in both countries.

We constructed an analysis grid taking into account three main
dimensions:

e The organization of the contents introduced to teach real numbers.

e The tasks offered to the students, and the methods to solve them.

e The semiotic activities develop by the textbooks to improve
understanding.

In this presentation, we will only study the two first ones, which are
directly linked to the use of Chevallard’s (1999) approach. Regarding these
two dimensions, our analysis grid included mainly the following items:

Types of definitions.

Statement of properties.

Use of these properties.

Use of examples.

Tasks privileged to teach real numbers.

Techniques used to solve these tasks.

Knowledge required to justify these techniques (technology, in
Chevallard’s terms), and whether this knowledge is explicit or
explicit.

The analysis of these elements (in particular the last two ones) allowed
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us to make a critique about the type of thinking which is developed in these
approaches. The use of our grid also allowed us to establish a portrait of the
textbooks of our sample, the way in which they introduce real numbers (in
particular, the development of critical thinking and whether socio-cultural
elements are taken into account) and to identify some tendencies.

DATA ANALYSIS
Our data analysis allows us to see strong tendencies in the two samples
of textbooks, both in Brazil and in Canada. These are:

e The existence of real numbers (and of irrational numbers) is usually
taken for granted, but no motivation for the need of these numbers is
generally given.

e The decimal expansions of many numbers (like m) are taken for
granted, so there is not a real discussion about whether these
numbers are irrational of not.

e Many properties are stated and followed by a number of examples.
Usually, there is not any form of reasoning or argumentation to
discuss why these properties are true. This organization might lead
students to believe that to prove a statement, a number of examples
suffices.

e The majority of tasks are articulated around the application of
properties (whose validity has not been previously discussed). In this
sense, it seems that teaching is focused on the learning of properties
(without justification) and on the identification of cases to apply
these properties.

Our presentation will discuss these elements more in depth, comparing
the sets of textbooks from Brazil and from Canada. This discussion will be
followed by the statement of some possible consequences of this
presentation to students’ understanding. We will finish with a general
discussion about the teaching of key mathematical notions in many
countries and about whether this teaching considers the contexts in which
students are embedded and whether this presentation leads to critical
thinking and to the development of decision-making skills. Does the
teaching of real numbers maximize students’ opportunities for success in
society?
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Abstract. The paper focuses on problems understanding geometrical
concepts of area and perimeter, which are very common in Czech schools,
and tries to pinpoint the sources of these problems. The findings from the
below described experiment indicate the effects of scheme-oriented teaching
on understanding the aforementioned concepts.

Present state

2D and 3D geometry in Czech primary school curricula are regarded as
one of the four areas of mathematics education. The geometrical subject
matter is based on two pillars. The first one is learning 2D and 3D geometri-
cal figures. Discovery of relationships between attributes of the different
figures, which belongs to the second and third levels of understanding geo-
metrical objects according to Van Hiele (1986), is not stressed. And it does
not differ in the school practice where mainly the knowledge of terminology
is stressed.

The second pillar of primary school geometry is the area of measure,
namely the length of line segment, perimeter and area of a figure. The prob-
lem is that curricular documents and traditionally structured textbooks pay
no attention to propaedeutic of these concepts. Usually these concepts are
introduced in connection to formulas, both in textbooks and school practice.
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For example in the nowadays most widely-used Czech textbook of mathe-
matics with many frames headed “Remember!” and with various visually
emphasised formulas we can find instructions accompanying the problems
aimed at computation of area or perimeter such as: “First write down the
formula, and then substitute into it.”

This is undoubtedly one of the sources of common primary school pu-
pils’ misconceptions regarding measure. This unfortunately affects their
achievement in higher grades. To illustrate this point, let us present here
some sample pupil solutions to a problem from TIMSS survey for 8" grade
pupils, i.e. aged 14-15. The problem is the following:

There is a shaded triangle inside a square in the picture. —=——2°m-—==2cm=i
What is the area of the shaded triangle?

This problem can be solved quite simply in several
ways without having to use any formula. However,
Czech 8" graders’ achievement in this problem was
strongly below average both in comparison to the results
from other countries and within the Czech Republic. Fig. 1
The following four solutions illustrate the situation.
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Solution 4

Another obstacle to good understanding of the concept of area and pe-
rimeter is language. This phenomenon is described for example by Hansen
(2006). He speaks of the word “face” which is an everyday English word
and also a geometrical term. The meaning of this word in everyday language
is completely different than in geometry. Similarly the Czech word “obsah”
refers to “content” — content of a pocket, content of a bottle, content of a
book in everyday language and to the geometrical term “area”. Moreover,
we do not use the word “obsah” in everyday language to refer to area and
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use the word “plocha” (surface) or “vyméra” (expanse). Also the word “ob-
vod” (perimeter) is used in everyday language but has a different meaning
than in geometry — circuit or waist length.

Another phenomenon that is the source of misconceptions is the rela-
tionship between area and perimeter. The concepts are introduced at the
same time and initially for square. Pupils often solve problems in which the
perimeter is given and the task is to calculate the area and vice versa. This
means that pupils are consistently taught that a change in the area results in
a change in perimeter and vice versa. Pupils then transfer this relation ana-
logically to rectangles etc., and later also to the relation between surface and
volume in 3D. Problems that thwart the idea of such relationship between
area and perimeter in irregular polygons are very rare.

The notion of measure is also present when working with units of meas-
urement and conversion. As pupils often have no idea about or understand-
ing of prefixes mili-, kilo-, centi-, ..., they usually try to learn by heart when
to multiply and when to divide and by which power of ten. Obviously they
often make mistakes and the topic is perceived as difficult and tedious both
by pupils and teachers.

Experiment

The experiment was carried out by the second author of this paper. She
is a 4™ grade teacher at primary school. She tries to conceive her mathemat-
ics teaching as action research in the sense described in (Janik, 2004). She
reflects on her teaching carefully, has her lessons videotaped, collects other
materials that are subject first to individual and later also collective reflec-
tion on classroom interaction, which is carried out with her colleagues.
Some of the recordings and written materials are also subject to reflection
lead by the supervisor. She keeps incorporating experiments into her teach-
ing that focus on some previously selected phenomenon. If necessary these
experiments are appended by clinical experiments. She tries to be construc-
tivist, which means for example that every pupil is given the chance to ex-
press their opinion and choose their solving procedure. Ideas and sugges-
tions are discussed by the whole class and assessed by the pupils. Thus the
pupils learn to listen and interpret their classmates’ ideas. Pupils learn to co-
operate in groups where they help each other and learn to realize their con-
tribution to collective work. The atmosphere in the classroom can be de-
scribed as favourable and very democratic.
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The second author studies efficacy of her approach to teaching mathe-
matics, she adopts the tools for getting to know her pupils and for improve-
ment of her own teaching and gains very valuable material for her planned
Phd thesis.

The experiment was held in the 4™ grade on the 16™ December 2011.
There were 14 pupils, 4 girls and 10 boys. The second author has been
teaching this class since the summer term of the 2™ grade. The pupils have
been taught maths from the textbooks by Hejny et al. (2007-2011) since the
1** grade. These textbooks differ radically from all other textbooks on the
Czech market, not only by their content elaborated for scheme-oriented edu-
cation, but also by the demands on implementation.

The goal of the experiment was to map the level of pupils’ understand-
ing of the concepts of area and perimeter and the connection between area
and perimeter.

The tool of the experiment was the following problem. .5

Fill in the missing lengths of sides. You know that the pe- -
rimeter of the rectangle is 64. Find the perimeter and area
of each of the rectangles. 11

This assignment was accompanied by the picture (Fig.
2). The problem was handed out to the pupils on worksheets
and analysed verbally. The pupils’ written production was
analysed in several perspectives: the solving strategies used, organization of
data on the worksheet, presentation of results, tools of computation, under-
standing the concepts of area and perimeter, geometrical terminology used
and idiosyncrasies. After the first analysis, some of the pupils were invited
to an interview in which they were asked to explain things that were un-
clear. Unfortunately, this interview took place two weeks later and some of
the children were not able to recall many things.

Fig. 2

Discussion

This was the pupils’ first encounter with a problem of this type. Never
before had they come across a mere draft of the situation that was not accu-
rate and could not be measured using a ruler. Up to this stage the pupils only
had been looking for the area of a grid-figure or of a figure in which they
could measure whatever they needed. They had not yet worked with length
given by a number without any unit. On the other hand they had often met
problems of the type: How many rectangles are there in the figure?
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The concepts of area and perimeter are in the aforementioned textbooks
carefully prepared in several learning environments (Wittmann, 1984), e.g.
Paper folding, Tessellation, Wooden sticks and Grid paper. When trying to
determine the length of the unknown side two pupils tried to measure it us-
ing a ruler. They stated that the length was 0.5 mm (Fig. 3) and replaced all
the other given measures by lengths measured using the ruler in millimetres.
When trying to tell the area of the rectangle, they used a square grid (Fig. 4).
This means that their notion of rectangle and its perimeter is good but is still
bound to concrete objects. According to Hejny (2011) it is on the level of
isolated models, which is the first stage of the cognitive process. All the
other pupils were able to work with the draft and numbers that do not corre-
spond to real measures. According to Hejny’s Theory of generic models it
can be assumed that these pupils had already undergone abstractive lift and
their understanding is on the level of generic models.

Another interesting phenomenon is the appearance of yet untaught
mathematical knowledge. Namely decimal numbers 0.5 and 5.5 (Fig. 3, 5),
which had not yet been introduced in mathematics lessons. And the algo-
rithm of written multiplication. Computation of the area of the two rectan-
gles required multiplication of 11x15 and 17%15, i.e. of two two-digit num-
bers, which was also new to the pupils. We came across three good methods
of calculating the product of two two-digit numbers: 1) repeated addition,
2) Indian multiplication using a table, 3) common algorithm of written mul-
tiplication.

15
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Fig. 3 Fig. 4 Fig. 5
It is also noteworthy that none of the pupils used any formula.

We are convinced that this variety of pupils’ approaches to a brand new
problem and their effort to solve new things signal that the teacher’s con-
structivist approach to teaching bears fruit. Hejny (2006) carried out an ex-
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tensive research in this area and, briefly said, assessed the teachers’ teaching
styles according to the variety of pupils’ solutions.

When solving the given problem, the pupils must carry out six opera-
tions - they must compute the length of the side with the question mark, pe-
rimeters of two and areas of three rectangles. This means they are asked to
handle a large quantity of data. The majority of the pupils tried to organize
the chaotic jumble of calculations using colours. The calculation and the
corresponding geometrical figure were marked by the same colour. This
phenomenon does not belong to the area of geometry and measurements but
is still worth our attention as it also confirms the successful constructivist
work in the class.

Other interesting phenomena discovered in the analyses will be pre-
sented in our oral presentation.
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Abstract In this study, we investigate the role of non-verbal
communication, in the sense of eye movements, when the students think
about mathematics. Twenty Grade 3 students were verbally presented with
three simple addition or subtraction problems, expressed in different levels
of information load. The findings of this study suggest that most of the eye
movements were towards the right (up or down) direction, suggesting left
hemisphere activity. Moreover, the information load appeared to affect the
students’ reasoning time in ways that cannot be sufficiently explained only
by the mathematical content of the task. Pedagogical implications are
discussed.

Neuroscience, mathematics and eye movement

The importance of left hemisphere in logico-mathematical reasoning and
problem-solving has been acknowledged within cognitive psychology
(Bear, Connors & Paradiso, 2007). Furthermore, left hemisphere activity has
been linked with time perception, language-related functions (including
speech, reading, writing), logical reasoning, processing of acoustic stimuli,
and abstract information and others (Gazzaniga, Ivry & Mangun, 2009).
Moreover, in Greece, the current Unified Interdisciplinary Curriculum
Framework —according to which the curriculum of each school course is
designed— describes the purpose of school mathematics with cognitive
functions that have been linked with left hemisphere activity, thus,
indirectly adopting the aforementioned findings from cognitive psychology.
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Though non-verbal communication is considered to be primarily
controlled by the right hemisphere (Joseph, 2011), eye movements have
been linked with both left and right hemisphere brain activity (Garrett,
2008; Smith & Kosslyn, 2007). Argyle (1998) notes that in a question and
answer situation, the respondent —during the process of thinking about the
answer— usually avoids eye-contact with the questioner, whereas the
respondents’ looking up and right may indicate intense or deep thinking.
Moreover, the respondent usually looks straight to the eyes of the
questioner, when reaching to a conclusion and uttering the response (ibid).

Within this framework, we argue that the study of eye movement during
the students’ dealing with mathematical tasks may help in gaining deeper
understanding of the students’ thinking, as it may reveal aspects of the brain
activity, including the cerebral lateralisation of the student (Gluck, Mercado
& Myers, 2007). Such knowledge is especially useful for an effective
teaching process (Stamatis, 2011), as it allows the teachers to utilise non-
verbal communication in the synchronous assessment of their teaching, thus
enabling them to offer an appropriately differentiated pedagogy in terms of,
for example, task presentation, allowed response time etc. Hence, we posit
that the teachers’ awareness of the links between eye movement (and non-
verbal communication in general) and mathematical thinking by allowing
such a student-differentiated pedagogy substantially contributes towards a
pedagogy that enables the ‘democratic access’ to mathematical ideas by the
learners.

Consequently, in this study, we investigate the role of eye movement
when students think about mathematical tasks.

Methods and procedures

For the purposes of this study, we drew upon the methodology
suggested by Babad (2005). For each participant a three-phase process was
followed: listening, reasoning and response. In the first phase, listening, the
participants listened to one of the researcher’s uttering a task. Each task was
uttered in a clear steady voice, medium speed and good enunciation, with
the purpose to investigate the students’ reasoning and responses when a task
is spoken only once. We focussed on the students’ responses when the task
is uttered only once, because, on the one hand, we were interested in the
students’ reasoning unaffected by cognitive process that may be related to
the repetition of the utterance of a task and, on the other hand, this
information is crucial for this study since we focus concentrate on
identifying ways that may help the teacher to appropriately differentiate
their pedagogy. The second phase, reasoning, refers to the participants’
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thinking about the answer of the task, while the third phase, response,
consists of the participants’ uttering the response.

During these phases, the other two members of the research team were
keeping notes regarding respectively two different aspects of the whole
process: time information and eye movement information. One member
collected time information, in terms of reasoning time (referring to the time
that each participant spent to think about the answer), as well as response
time (referring to the time that the participants spent to utter the answer).
The third researcher focussed on the direction of the participants’ eye
movements differentiating amongst right, left, up, down and their
combinations. Note that eye movement information was recorded in all
three phases of each task. Furthermore, both time and eye movement
information was noted in a log especially designed for the purposes of this
study.

The presented mathematics tasks varied in their complexity, referring to
the amount of information provided in the expression of each task. For each
of the mathematical contents that we considered, three types of tasks were
constructed: symbolic task (employing mathematical symbolic language),
natural language task (employing natural language expressing the same
information as the symbolic task) and information overloaded task (an
expression employing natural language and more information than the
information required for dealing with the task). Following this rationale and
the fact that our interest lies in Grade 3 primary school students (8-9 years
old), we focus on simple addition and subtraction problems. In this paper,
we consider the following three tasks that the students were asked to
verbally answer: 1) “How much is twelve plus nine?” (‘12+9’ task; symbolic
task), i1) “George had twenty five stickers. He gave to Helen twelve stickers.
How many stickers does he have?” (‘stickers’ task; natural language task),
and iii) “Ann is a Grade 3 student. She likes painting, while listening to soft
music. She uses twenty four markers of a variety of colours. Her father gave
her a box containing twelve markers. How many markers does Anna have in
order to paint more colourful pictures, while listening to soft music?”
(‘markers’ task; information overloaded task).

Moreover, we gathered information regarding the participants’
handedness, since it is linked with cerebral lateralisation (Haken, 2008).
Furthermore, we looked into their mathematics attainment (as identified by
the teacher) and perceived attainment (as identified by the participants), as
well as their affective disposition towards mathematics as factors that may
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affect the participant’s performance. Finally, care was taken so that there is
no gender bias in our sample.

Preliminary results

In this paper, we consider twenty Grade 3 (8-9 years old) students
(N=20). The analysis of the data was quantitative. Though both descriptive
and inferential statistical analyses were conducted, in this paper we discuss
only descriptive statistical analyses (outlined in Table 1). Our study will be
completed with the investigation of a wider sample with a greater variety of
tasks (including inferential statistics) that we hope to present in the
CIEAEM's 64™ conference in July.

Eye Movements ‘
S-A'luU D L R |U-D[L-R|U-R|U-L |D-R|D-L
LI°[100%0% 0% 0% 0% [0% 0% 0% 0% 0% (0%
REPR5% [10%(15% (0% |15 [20% 30% 45% [30% 30% [5%
100

LI o, 5% (0% |0% [0% [0% |0% [10%|5% |0% |0%
10

RE |35% 35%|5% (45 [10%]40%|60%|45%65%|25%

L1 199 oo 125%10% [10%|5% [5% [10%|5% |20%0%

%
RE[35% |20 |45%)|15% |45% [35%|35% 50%|40%|60%|35%
. Straight-Ahead, Up, Down, Left, Right, Up-Down, Left-
Right, Up-Right, Down-Right, Down-Left

*: LIstening Phase, REasoning Phase

Table 1: The participant eye movements during ‘listening’ and ‘reasoning’.

‘12+9°

‘stickers’

‘markers’

Tasks

Regarding the listening phase of the ‘12+9’ task, all the participants
were looking straight at the questioner’s eyes. During the reasoning phase,
most of the participants (62%) looked right. The mean reasoning time for
this task was 16 seconds, while the response time was only 1 second.
Furthermore, in the response phase, all the participants were looking straight
at the questioner’s eyes, while uttering the response. It should be stressed
that the same response time and pattern of behaviour was noticed in all three
tasks.

Considering the ‘stickers’ task, the vast majority of the students (90%)
were looking straight ahead during the listening phase, while during the

CIEAEM 64- Proceedings



166 Anastasios Kodakos, Panagiotis Stamatis & Andreas Moutsios-Rentzos

reasoning phase there was low eye movement spread with the majority
(57%) of the students looking right (up or down). Moreover, the mean
reasoning time was 46 seconds.

In the listening phase of the ‘markers’ task, the direction of the eye
movements was predominantly straight ahead (60%), while the participants’
gaze moved towards other directions (mostly down-right). During the
reasoning phase there was a higher distribution in the direction of the eye
movements, most of which were right (23%) or down-right (42%).

Notwithstanding the limitations of the sample of this study and the
limited variety of the presented tasks, we argue that are clear discernible
trends in these preliminary findings. First, during the listening phase, the
participants, in their effort to understand better the task, they concentrate
their gaze on the questioner. That is, they gather their attention to the
questioner, as he is the one providing the data of the task. In cases with
information overload (such as in the ‘markers’ task), as the data increase,
the students turn their gaze to various directions, which may be interpreted
as an effort to process the information (data and questions), in line with the
listening process.

Regarding the reasoning phase, it appears that the higher the information
load that the task contained the greater variety of eye movements was noted.
Notably, most of these movements were right (up or down). Bearing in
mind that the vast majority of the participants are right-handed (95%), these
findings are in line with existing studies linking the left hemisphere activity
with right body activity (Glannon, 2011). Moreover, the higher distribution
of the eye movements identified in the information overloaded task (the
‘markers’ task) corroborates with the findings of studies that link the
complexity of the information provided in a task with the activity of both
hemispheres (Haken, 2008).

Considering information load and reasoning time, it seems that the
complexity of the task affects the students’ reasoning time in ways that
cannot be sufficiently justified only by the mathematical content of the
tasks. Simple computations —such as 12+9, 25-12 and 24+12— for Grade 3
high-attaining students (90% of the participants were characterised this way
by their teacher), seem to require the students allocating notably different
amounts of time (respectively 16, 46 and 57 seconds), in order to perform
them.

Furthermore, there are clear pedagogical implications of these results, as
the students provided an answer in less than a minute, which asks for the
teachers’ patience to allow for the students to deal with the task (especially
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in more information overloaded tasks). Importantly, the eye movements
towards the right direction suggest the students’ reasoning about the task,
which may help the teacher in deciding whether or not the student should be
allowed a few more seconds to answer.

Consequently, we posit that the preliminary findings presented in this
paper highlight the importance of non-verbal communication and especially
eye movement in teaching mathematics, as it may provide crucial
information regarding the students’ thinking processes while listening to or
dealing with a task.
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Abstract

Our presentation starts from the construction of “campanine”, that
makes recourse to a rule derived from the Euler-Bernoulli equation. Two
reflections ensue, one about the centrality of mathematical model in the
globalized society, the second one about the risk of “depriving the democ-
ratic process of substance and meaning”, a loss derived by an uncritical
dependence on these models. In the following part, the Leonardo’s ‘folio
84 is at the center. It contains the material version of the Euler-Bernoulli
formal model. The comparison between these material and the formal mod-
els, has the didactical aim of constructing a critical attitude about modeling.
The conclusion is that, in the present globalized society, a particular evolu-
tion of the meaning of the term “democracy” realizes itself in a cooperative
working into the articulate structure that forms the mathematical model. In
the last part of our presentation, we reflect about the Leonardo’s restless-
ness as regards geometry, a restlessness characterized by the absolute dy-
namism of the line of his drawings, that was defined “interior geometry”. A
restless attitude as to mathematical models could be fundamental to form a
critical living.

Résumé
Notre présentation debute par la construction des “campanine”, qui fait
appel a une regle dérivée par [’équation de Euler-Bernoulli. De cela deux
réflexions jaillissent : une sur la centralité du model mathématique dans la
societé globalisée, [’autre sur le risque de «priver le proces démocratique
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de substance et de signification», une perte derivée d’'une dépendance non
critique de ces modeles. Ensuite, le « folio 84 » de Leonardo devient le cen-
tre de la présentation. Il renferme la version matérielle du model formel de
Euler-Bernoulli. La comparaison entre ces deux modeles, matériel et for-
mel, a ’objectif didactique de construire une attitude critique a I’égard de
la modélisation. Notre conclusion est que, dans la présente société globali-
see, la déemocratie se réalise dans une ceuvre coopérative dans la structure
articulée qui forme le model mathématique. Dans la derniere part de notre
preésentation nous réfléchissons sur la «irrequietudine » [ inquiétude créati-
ve] de Leonardo a l’égard de la géométrie ; une « irrequietudine » qui est
caractérisée par l’absolue dynamisme de la ligne dans ses dessins et qui a
été définie « géométrie intérieure » . Une attitude d’«irrequietudine » a
I’égard des modeles mathématiques pourrait étre fondamentale pour la
formation d’une citoyenneté critique.

Introduction

At Athens, fatherland of the concept, the term democracy meant the
people that jointly acts; a direct democracy that called citizens to public de-
cisions. Afterwards, the philosophical-political core of democracy has
evolved regarding both the right definition and the concrete search of the
material conditions that allow to make rational the decisions and the politi-
cal productivity of single systems. The text of the Italian Constitution sums
up the concept of democracy in a distinguished way binding it indissolubly
to the concepts of equity, participation and recall to solidarity, in order to
put each citizen in conditions of a critical participation to democratic proc-
ess. This specific set-up marks our following reflections. In particular we
highlight a characteristic contrast of the modern globalized society, that di-
rectly involves questions about democracy: the central role of mathematical
modeling in the planning and the decision making processes, enjoins a
choice between dominating the concrete democratic processes and being
dominated by formal, not immediately intelligible, structures.

Our reflections about the relation between mathematics teaching and
democracy started by the considerations presented to CIEAEM 54 [Longoni
et al., 2002] and have been put into action in some didactic, practical activi-
ties. The first one, “Leonardo and the interior geometry” has allowed us to
put in evidence the risk that reducing the mathematics to modeling could
bring to “deprive the democratic process of substance and meaning” [Lon-
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goni et al., 2010a]. The second one is an activity of introduction to the high
school mathematics, introduction that contrasts the one that is widely used
in Italy, at the present time; instead of elements of exclusion that character-
ize this latter, our proposal tries to favor a wider process of inclusion
[Pulinetti e al., 2009].The third activity stresses the importance of quality in
teaching mathematics: the quality of presentation of some basic elements of
mathematics may become a fundamental element of empowerment [Lon-
goni et al., 2010b]. Time limits impel us to the first of these activities. We
will give prominence to the context where the activity has been practiced
and to the cultural motivations that have suggested to advance it; we will
emphasize the elements that, in our opinion, mirror the conditions of de-
mocracy.

The local: “Le campanine”

The “Campanine” are a simple musical instrument, used by bell-ringers
in Bergamo and Brescia’s Italian provinces in order to practice. They look
like a xylophone and are constituted by a sound box and by glass bars of
different length. The bell-ringers, that in the occasion of particular festivities
and church services played by a special keyboard sited upon the bell tower,
trained in sacristy just by means of the” “Campanine”. Today the “Cam-
panine” are a curiosity, that have had a revival thanks to several searches in
local history. [Campanine, 2011]

The construction of the “Campanine” has constituted the starting point
of a reflection that later on has widened to the questions of modeling and,
lastly, to the concern to ethics and democracy.

The class activity of construction of the “Campanine” started as a work-
shop in order to develop the theme “The sound”. The seventeen years old
students of a third class of the “Liceo delle Scienze sociali” were involved
in the school year 2001- 02 at the beginning. The last class activity has been
done during the current school year, with sixteen and eighteen —year-old
students of a scientific lyceum.

A musical instruments maker, Michele Sangineto, provided us with the
suitable sound box. The specific problem of class activity consisted in cut-
ting the glass bars. Today some websites describe materials, techniques and
lengths exactly [Campanine, 2011]. But we believed more didactically
meaningful to proceed in the construction by general rules. These rules are
just contained in the Euler-Bernoulli beam equation [Suits, 2001].
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The model: Euler-Bernoulli equation
Given the parameters of the bar:

L =length (x), w = width (z), h = thickness (y),
the Euler-Bernoulli equation is the following:

oy Eldy
+ =0
ot pSox’t

The following frequencies are the solutions of this equation:

©  (ET)
o ~ — -+ —— (2n + 3)
4L (pS)
L = length of the bar, E = Young’s elastic modulus,
I = moment of Inertia , S = w-h = area of cross sec-
tion, p = density of the bar, n = harmonic.

Equation and solution are not easy comprehensible to high school stu-
dents; they seem nearly as a set of little meaningful signs.
The upper complex structures give rise to this following relation:

@n/op=L2/1L’:

the ratio between the frequencies emitted by two bars of the same type, are
in inverse proportion to the ratio between the squares of the lengths of the
two bars.

Thanks to this rule, by knowing the relations between frequency and
height of a sound, it’s possible to proceed in the construction: given a bar of
a certain length, it is easy to determinate the length of the bar that emits a
note of a double frequency (an higher octave), such as the length of the bar
that emits a sound higher of one halftone (in well temperament scale); and
SO on.
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Mathematical modeling in the globalized society

The construction of the “Campanine” allowed to introduce a reflection
about mathematical modeling: the Euler-Bernoulli equation, inasmuch
mathematical model, constitutes, from the didactic point of view, a meta-
phor of the valence of mathematical models in the present globalized soci-
ety. Two the principal issues: the importance of mathematical models in
mastering processes and the not easy comprehensibility of most mathemati-
cal models.

The importance of mathematical models in mastering the real processes.
The Euler-Bernoulli model “represents something not yet realized” [Skovs-
mose, 2004] and identifies a technological path to attain to the realization
not only of the specific instrument, the”Campanine”, but also of a wide
range of analogous instruments. This predictive function of Euler Bernoulli
model introduces us to the huge value of mathematical modeling in the
globalized society. Skovsmose summarizes and exemplifies the centrality
of the mathematical modeling in an exhaustive way: mathematical modeling
establishes the basis for the planning and decision making processes in most
of human activities.

The not easy comprehensibility of the most of mathematical models.
The complexity of Euler-Bernoulli equation mirrors the not easy compre-
hensibility of the most of the models handled by the globalized society: each
mathematical model is comprehensible and managed by few people. This
fact, along with centrality of mathematical modeling, rise heavy questions
of democracy: few people are able to handle the development of the socio-
political system. The question about the relevance of an uncritical use of
models in the democratic process, is very present: “... the current crisis is
ascribable to an uncritical use of models in economy ... If a theory results
true not because it rightly describes a reality independent from it , but rather
because the involved actors behave as it were true, and they create so a re-
ality that is completely dependent by the modeled representation, it is very
probable that, when the actors stop to believe to reliability of the theory, the
reality created by this theory goes to pieces. ... This system should have
been able to deprive the democratic process of substance and meaning”
[Gallino, 2011].

How these striking questions could affect the education of mathemat-
ics? Introducing the education of modeling in the mathematical classes, is
now becoming relevant also in Italian high school [Boero et al., 2011]. The
debate about how this introduction is proceeding, is well summarized in
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Garcia [Garcia et al. 2006]. We suggest further unusual possibilities . To
this we have recourse to Leonardo da Vinci.

Folio 84

In the folio 84 of Codex Madrid I “Leonardo da Vinci established all of
the essential features of the strain distribution in a rod while is subjected to
the deformation of springs ...” [Ballarini, 2003]. Here the translation of the
text.

“Of bending of the springs: If a straight spring is bent, it is necessary

that its convex part become thinner and its concave part, thicker. This modi-
fication is pyramidal, and consequently, there will never be a change in the
middle of the spring. You shall discover, if you consider all of the afore-
mentioned modifications, that by taking part ‘ab’ in the middle of its length
and then bending the spring in a way that the two parallel lines, ‘a’ and ‘b’
touch the bottom, the distance between the parallel lines has grown as much
at the top as it has diminished at the bottom. Therefore, the center of its
height has become much like a balance for the sides. And the ends of those
lines draw as close at the bottom as much as they draw away at the top.
From this you will understand why the center of the height of the parallels
never increases in ‘ab’ nor diminishes in the bent spring at ‘co’.”
We don’t face the question about the Leonardo’s contribution to beam equa-
tion. From the didactic point of view the most important fact is that the Leo-
nardo’s text, a mathematical text written in a natural language, can today be
seen as a paraphrase of the Euler-Bernoulli model: it constitutes a material
model that is faced to the formal model and contributes to its comprehen-
sion, as we verified in our class activity.

The comparison between the Leonardo’s material model and the Euler-
Bernoulli’s formal model brings attention upon the fact that mathematical
models are articulated structures in which more elements complement each
other: observation, metaphor, mathematics, language .... Models didactics
ought to act in the space between the material and formal models, into the
articulated structure that forms the models, in order to paraphrase a mathe-
matical model. While the mathematical models that are used in handling
socio-political processes, often result in a watering down of responsibility,
as Skovsmose asserts, the articulated paraphrase of the formal models, could
put in evidence a “cooperatively” acting. Just the cooperative handling of
responsibility should have an evolution of meaning of term “democracy” .
In this way the development of a critical teaching and learning could be fos-
tered.
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Leonardo’s interior geometry

We have seen how the teaching of mathematical modeling has had to
face two opposite moments: formal models that are associated with material
models by means of principles and laws of physics and formal models asso-
ciated with “realities” constructed by the development of the model itself.
In the first case, our suggestion is well signified by the Leonardo’s material
model as paraphrase of Euler-Bernoulli formal model. The attitude toward
the other types of modeling constitutes a continuous challenge. In order to
answer this challenge, we take Leonardo’s another indication as a starting
point, a prompt that we believe essential in the formation of a critical citi-
zenship.

Leonardo is a brilliant deviser of models. His drawings, even if sketchy,
“are now interpreted as equivalent models, by means of which he is able to
represent the machines not only with their own fundamental mechanisms,
but also with their schemes of functioning.” But Leonardo ‘s geometric ratio
goes beyond the static, Euclidean geometry and the linear perspective. At
the last years of his life he arrives to “an endless manipulation of geometri-
cal forms with a bearing on his concept of life as energy, and therefore as a
process of everlasting transmutation.” Throughout this evolution, Leo-
nardo’s geometry acquires an “interior” role”. The sheet Tema is meaning-
ful in this respect: “The geometrical figures that stay behind the profile of an
old man, are curiously embodied in the texture of the mantle and spring out
on the left, in order to bring the same impulse of the pen in sketching the
formation of the rocks. In the “Sala delle Asse” the endless weaving of
branches and the bursting out power of the roots that break the rocks are not
a simple decoration, but they are the geometric expression of a complete
dynamism of Nature.” [Pedretti, 1982]

The restlessness that goes with his interior geometry moves Leonardo
away from the trust that characterizes the mechanism in Modern Science,
and puts him close to the doubts of the emphasized proceeding of the pre-
sent science. The present modeling is the last step in the path that begins by
the modern absolute trust and passes through the enthusiasm for technologi-
cal achievements. The socio-political troubles as regards mathematical
modeling, echo the Leonardo’s restlessness and focus on the need of a criti-
cal attitude.

Also in teaching and learning mathematical models, restlessness ought
to produce an ethical attitude that, beyond respecting rules, must be under-
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stood in his “originary” meaning of “self staying ”. To reveal the power of
mathematic models and their limits and fallibility, is a first step to form
critical subjects that don’t inhabit an empty democracy.
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Democracy learning in the preschool context appears, directly or indi-
rectly, through many levels and forms. Fairness and the notions of sharing,
owing and giving characterize children’s cognitive and social/moral devel-
opment during the preschool ages. The aim of this study is to investigate
whether young children (N=40), aged 4-6, express fairness through problem
solving situations. Storytelling was used in 2 Conditions with 3 identical
mathematical problems engaging processes of correspondence, divi-
sion/distribution and switching; in the 1% Condition children were addressed
in the 1** person, whereas in the 2" Condition they were asked to assist a
neutral hero. Results imply that children at this age may accomplish division
and correspondence in a fair way independent of the person who is directly
concerned. Concerning the swapping process, children would propose an
identical item to be considered as fair in the process of giving and taking,
mainly when they were personally involved instead of a neutral hero. Such
findings indicate educational and methodological aspects in developing
fairness through mathematical problem solving in preschool education.

Theoretical background

Values, norms and concepts of democracy underlie everyday activities
and engagements. Amongst them participation, equity, negotiation, play,
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fairness, morality, laws and rules, expression of creativity, justice as well as
the defense and respect of children’s rights consist an integral part of pre-
school education. In the classroom, children participate in a shared reality,
while they develop prosocial behaviors and moral reasoning (Miller, 2006).
Fairness and the ideas of sharing, giving and owing as democratic notions
undergo multiple situations, activities and realities. As young children en-
gage in such situations they learn to make their own choices, take initiatives,
solve problems, cooperate and take risks and overall, develop democratic at-
titudes, skills and strategies (Emilson, 2011). Under these lines, children
aged 4-6 learn to adapt and adopt in terms of ‘being’ and ‘doing’ democ-
racy.

From a developmental point of view, children undergoing the pre-
operational stage have difficulty in viewing the world and diverse situations
through the point of view or the feelings of others; their thinking is charac-
terized as egocentric (Piaget, 1932). Accordingly, at this age they reveal
self-interest and are about to gradually construe the mental states of others,
by moving from the false belief state of mind (Callaghan et al, 2005). It is
the point where children start to differentiate their thinking in order to split
the first-person and third-person angle (Rochat et al, 2009). In this sense, an
important aspect in perceiving and in turn claiming for subjective and objec-
tive fairness relates to whether it relates or not to personal interests, experi-
ences and needs.

Under this perspective, previous research on fairness has shown that
children at the ages 5-7 demonstrate sensitivity to fairness either the recipi-
ents are themselves or someone else (Fehr, Bernhard, & Rockenbach, 2008;
Gummerum et al., 2010; Moore, 2009). Harbaugh et al (2003) underlined
that with age, bargaining behaviors change towards greater fairness in dis-
tributive justice and participants overcome self-interest after the age of 7. In
a cross-cultural study carried out by Rochat et al (2009) 202 children dem-
onstrated fairness in sharing even at the age of 3, through both differentia-
tion and strategic coordination of first-person and third-person perspectives.
In the same direction, Moore (2009) found that among 66 preschoolers the
resource-allocation decisions depend on the recipient with a strong prefer-
ence to themselves, after their friends and finally the non-friends.
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Within the classroom fairness and the notion of sharing are enhanced
though diverse occurrences; free play or thematic learning activities; digital
games or storytelling; peer interaction or personal reflection; mathematics or
social sciences and so on. In particular, storytelling is a pedagogical tool
that encourages imagination and learning through the articulation on power-
ful abstract concepts that children already understand and empathize, and
through oppositions, conflicts and meanings (Egan, 1988). Through various
scenarios, various didactic tools, through enquiry children learn to make
connections between different experiences in learning and existing knowl-
edge (Bruner, 1977) and in turn may be encouraged to develop critical
thinking, fair decision-making and distributive justice.

The aim of this study is to examine how preschoolers respond to
mathematical problem solving contexts that imply fairness and the claim of
sharing and ownership. Do they express this democratic value while partici-
pating in storytelling problem solving situations? Do they link fairness to
the mathematical procedures of correspondence, division and switching di-
verse items? Do they show the same strategy when they are personally in-
volved as when they participate through the perspective of others?

Materials and methods

The research was conducted at the University kindergarten at loannina,
during 2012. Forty children, aged 4-6 years old, participated in the within-
subject test, in groups of 5. Collaborative practices were selected and chil-
dren, mixed girls and boys, took part in the experiment in a separate class-
room within their school. Storytelling and problem solving situations were
used in order to engage children in reasoning and thinking practices con-
cerning fairness.

In the beginning children were tested on their prior knowledge on the
meaning of ‘fairness’. They were asked to express, according to their opin-
ion, a ‘fair’ or an ‘unfair’ example. Subsequently, participants listened to a
narrative accompanied with relative pictures and were asked to attribute and
reason fairness and unfairness to three diverse situations (Table 1). There
were two Conditions; in Condition 1 questions and dilemmas were person-
ally addressed to participants as if they were the protagonists (1% person)
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and in Condition 2 the respective dilemmas and questions were referred to a
neutral hero (3rd person).

Table 1: The methodology of the experiment

Condition 1 Condition
(1" person) 2 3 per-
son)

1 problem

(correspondence) e

2" problem ¢

(division) Ko Ko X

3 problem .

(swap) @ it )

In the 1* problem children were asked to attribute fairly 4 items to 2 he-
roes (correspondence among two uneven sets; corns and chicken). In the 2™
problem they were asked to divide fairly one object in 4 parts (division; a
pie in 4 equal parts). In the 3™ problem they were asked to fairly switch an
item (a bicycle) with another item of their preference considered as ‘fair’
(swap). In the first two problems children were given the available data to
be attributed as fairly thus in the last problem children had to complete the
image of justice by proposing what they subjectively considered to be fair
(Table 1).

Children had the opportunity to discuss and exchange ideas in order to
attribute a fair solution to the three diverse situations and in the end they re-
corded their answers individually on specially designed sheets. Children’s
personal recordings were used for further analysis.

Results

Concerning their prior knowledge on fairness all children admitted hav-
ing heard and knowing the meaning of the term. However, only the 60% of
the children could express and link fairness to an example. Indicatively,
“fairness is when we don’t cheat” (child A), or “fairness is when you can’t
draw something and the others help you” (child D), or “it is not fair to play
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a game with cards and get few cards” (child K).
Figure 1: Examples of the ‘fair’ responses

T 1 \

|

Test 1 Test 2 Test 3

In the 1% problem the 85% of the children achieved correspondence
among two uneven sets of objects correctly (i.e. 2 corns per chicken). Inde-
pendent of the perspective (1% or 3™), preschoolers managed to attribute
fairly the items to the recipients; t(38)=0,618, p>0.05. It is worth mentioning
that the proposal to give 1 corn per chicken and keep the rest for the next
day was considered amongst the ‘fair’ solutions.

In the 2™ problem the 70% of the children recorded and explained how
the division would be fair. In this case, there were children able to explain
orally the procedure but had difficulty in expressing such procedures
graphically. Again the perspective, Condition 1 vs Condition 2, didn’t play
an important role; t(33)=-1.08, p>0.05.

In the 3" problem, the answers were more subjective as the option of
swapping one item with a non-presupposed item was based on personal be-
liefs. The 60% of the responses would indicate an identical item with the
one to be exchanged in the first place; a bicycle. Here, participants in Condi-
tion 1 showed a significant difference in selecting the ‘identical other’ com-
pared to participants in Condition 2; t(33)=-2.56, p<0.05.

Discussion

Findings demonstrated that preschoolers can identify fairness to
problem solving situations involving correspondence and division proc-
esses, independent of the perspective of the actor. These results support pre-
vious research (Fehr, Bernhard, & Rockenbach, 2008; Gummerum et al.,
2010; Moore, 2009; Callaghan et al, 2005; Rochat et al, 2009) implying that
at the age of 4 children are cognitively and socially capable to overcome
self-interest, understand fairness and discriminate their state of mind from
others’ while distributing justice.
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In the first test preschoolers managed to make fair correspondence
between two uneven sets of items and in the second test they showed the
ability to divide fairly an object in equal parts no matter if they were per-
sonally addressed or they had to assist a neutral hero. In the last test where
the attributed value to be considered as fair was subjective most children se-
lected an identical item to the one being switched. They considered fair the
exchange of a bicycle with a bicycle, even though they could select anything
else. This sense of fairness under the particular strategy was more signifi-
cant in Condition 1, where the 1% person perspective was addressed.

While working on fairness, a democratic notion of great importance
in everyday life, aspects such as age (Harbaugh et al, 2003), socio-cultural
influences (Rochat et al, 2009), the recipient (Moore, 2009), the context, the
content and other instructional factors, children’s prior knowledge and intui-
tive thinking (Bruner, 1977), and not only should be taken into account. In
order to create meaningful learning experiences preschoolers should con-
front problem solving situations in accordance to their interests, experiences
and needs. In the current study children participated in groups; they had the
opportunity to exchange ideas and discover problem solving techniques
through storytelling and graphical representations. In further research more
factors could be studied on grounds of educational practice such as the use
of New Technologies, the use of more scenarios linked to other mathemati-
cal notions, methodologically different approaches. Additionally, further re-
search could include greater sample and more dilemmas implying mathe-
matical, emotional and ethical mechanisms.

Results may be constructive in an educational, didactic direction.
Based on their cognitive and social development preschoolers at the age of 4
may be inserted to the meaning of fairness through logico-mathematical ac-
tivities. By entering formal education, children begin to develop reasoning
and understandings in a more organized and goal-oriented way. Meanings,
values and practices of democracy are crucial to exist in the preschool class-
room. As children overcome their egocentrism and sense of ownership and
self-interest they should be given the opportunities to learn to share, give,
distribute, interpret, decide, assert, negotiate and last but not least be fair.
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Résumé

Un jeu démocratique requiert la compréhension des régles par tous les
joueurs. La connaissance des regles et leur explication crée des relations
autoritaires. On suppose que la construction par les éléves et leur instituteur
de nouvelles regles pour un jeu inconnu peut créer les conditions pour un
jeu démocratique. Dans cet article, nous avons examiné les pratiques
communicatives que I’instituteur et les ¢léves utilisent afin de construire les
régles du jeu de table présenté. Nous avons également examiné si les reégles
construites ont comme résultat un jeu démocratique pendant sa séance. Les
résultats ont démontré que bien que la communication ait eu lieu dans une
ambiance démocratique et que les regles aient €té construites, le jeu
démocratique n’est pas uniquement une question des régles.

Abstract:

A democratic game requires the understanding of the rules by all the
players. The knowledge of the rules and their explanation creates
authoritarian relationships. We assume that the construction of new rules in
an uncommon game by students and their teacher might create the
conditions for a democratic game. In this article we investigated the
communicative practices that teacher and students used to construct the
rules of the board game presented. We also investigated if the constructed
rules resulted to a democratic game during its playing. The results showed
us that although the communication took place in a democratic environment
and the rules were constructed the democratic game play is not only a matter
of rules.

Introduction
An eminently communicative and social interacting context for
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teaching/learning mathematics is board games (Skoumpourdi, 2010). Games
usually include a relevant set of social practices that could contribute to the
emergence of democratic practices. Playing board games is a kind of
mathematics classroom practice which could enact particular values such as
social justice, respect and dignity, as well as particular ethical principles
such as patience and fair play.

The rules are one of the key features of a board game. The designer of a
game forms the experience of it with the rules. Rules help students understand
the meaning, the purpose and the function of a game as well as communicate
accurately with each other based on them (Bruce, 1991). Before the game can
be played the rules must first be read or/and explained. It must be ensured that
all players know the rules fully before the game starts. The best chosen game
can prove to be an unpleasant experience due to a poor understanding of the
rules. But what happens if the rules of the game are too difficult or unjust for
some students? It leads to an undemocratic game. It is not democratic to play a
game when not all of the players have fully understood its rules. It is sometimes
necessary to transform the rules of a game in such a way so as to meet the
needs of the players.

The explanation of the rules, for example, by the teacher creates
authoritarian relationships between the teacher and the students in the
classroom (Kamii & De Clark, 1985). The teachers often impose contractual
pre-constructed rules that they consider right and this imposition increases
their power. The way the rules are treated by an adult—teacher or parent—
influences young players’ experiences when playing the same board game
(Skoumpourdi, 2011). Setting rules by students reduces the power of
teachers and transfers the responsibility for resolving conflict situations
concerning those rules to children (Kamii & De Clark, 1985).

In this article, taking into consideration the above views, we assumed
that if the students could construct their own rules, they would understand
them easily, think about what is fair and possibly create the conditions for a
democratic game play. When the children make the rules themselves they
may feel more familiar with the game and play it with greater comfort than
learning the rules developed by someone else. For this reason we
investigated: (a) what communicative practices teacher and students used to
construct the rules of an uncommon board game, and (b) if the constructed
rules lead to a democratic game play.

Methodology
The research was conducted in the first grade (5 girls and 5 boys), of a
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public primary school, after the school program. A designed board game the
“Shapes” (photo 1) was used and children were asked to construct the rules
in order to play the game. The “Shapes” consists of a board with a perimeter
path with squares that have shapes on them. In the middle of the board there
are 24 big empty squares. The game also contains cards in several shapes—
same with the shapes on the board—several solid shapes as well as four
markers. The solid shapes are used for constructing buildings on the empty
squares (photo 2).
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Children worked all together, in order to develop rules for the game. We
did not ask the students to work in teams of twos or threes because all of
them have to agree with each constructed rule. Students were informed that
they could start playing the game after they would have constructed the
rules.

Results
The students used several communicative practices for developing rules.

(D) A student suggested a rule and others agreed. The rule was recorded.
(C: Child, T: teacher, ...: many children):

[1] C2: The first rule should be to start all markers from the beginning.

[2] T1: Everyone agrees with this rule?

[3]...: Yes.

[4] C4: and if we fall into this (shows a rectangular shape on the path) to get

this card (showing a rectangular card)

[5] T1: Could this be the second rule?

[6]...: Yes.

[7] T1: Who wants to write the rules?
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(Each rule was repeated by the teacher to enable the child to write it).
[10] C1: Whether throw 3, three moves will be made. We have to be
accurate.

[28] C7: Another rule should be to read what the card says, to do it and
show it to the others to see if we did it properly.

[29] T1: How would I choose the card?

[30] C8: If [ am in a circle I will be getting a round card

[35] T1: What else the game is containing?

[36]...: Solid shapes.

[37] T1: How can we use them?

[38] C6: Lets start playing and we will see

(IT) Students disagreed with a proposed rule justifying their views,

interacted and reached a commonly accepted rule. The rule was recorded.
For example when the question about what dice to use arose, children

disagreed:

[15] T1: What other rules should we write?

[16] C1: To play with the dice that has dots.

[17] C3: This is not fair. I say that we can play with the dice that has

numbers because it is easier. With the first dice we must count whereas with

the other we can immediately see the number.

[18] T1: What do you say? Which dice to use?

[19]...: The dice that has numbers

[20]...: Both.

[21] CS5: Both because they will take us very far. We can move six places

and six more.

[22] T1: What do you say to do with the dice?

[23]...: To use them both.

(IIT) Students, during the playing of the game, tried to solve the arising

issues.

(a) They realized that important rules were missing:

[39] C9: We must decide who will play first.

[93] C9: We must decide who will be the winner.

(b) They tried to create the rules that were missing. When children come to
a disagreement over a rule, they feel a responsibility to resolve it
themselves:

[40] C1: First will play the one who put his marker first at the start.
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[41] C2: This is not fair, because we did not know it from the beginning of
the game.

[42] C4: This is not fair, because we will be confused.

[43] C6: This is not fair, first will play whoever throws the biggest number
on the dice.

(c) They made the rules more precise.
[64] C10: We will put the cards that we have used under the pile.

(d) They discovered a rule for the solid shapes.
[73] C3: The card says to construct a building with two solids and to name
them ... in this way we will use the solids.

(IV) The teacher used several communicative practices for developing rules.
She was asking the students every time if they agree with each rule that was
proposed and repeated the agreed rule to facilitate the student to write it [2],
[7]. She posed clarification questions [5], questions that challenged the
participation of the students [15], [18], [22], [35], [37], as well as questions
that crosschecked a former rule [29].

In general, the students, during the game, did not always have patience
to wait for their turn or to wait for their playmate to complete his/her move.
But the students generally threw the dice properly and followed the
indication of the dice consistently.

Conclusions

The stages that were followed to construct the rules of the game were
similar to those of Alro’ and Skovsmose’ (1996) communicative model, in a
democratic concern. Students got in contact with the game, discovered it
and identified its contents. They negotiated between themselves and with
the teacher to create fair rules for the game, they thought aloud about the
rules, challenging each other. Finally, they evaluated the rules during their
play and they reformulated them.

Teacher and students worked collaboratively to construct the rules of the
board game. Many communicative practices which contributed to the
emergence of democratic practices were observed between teacher and
students when they constructed the rules. A rule was proposed from a
student and was accepted or not accepted by other students. Proposals were
in general justified. During the game the arisen issues were solved by the
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students’ interactions. The teacher secured the agreement of all the students,
for a rule and helped a student to write it by dictating it. She posed questions
clarifying and crosschecking the rules, as well as challenging students’
participation. The way the teacher and the students communicated was in
accordance with Valero’s view of communication in a democratic
environment (1999) which “allows the establishment of a shared language
for which all participants are responsible and in whose creation and
modification all participants have a role to play” (pp. 22).

It did not seem to be very difficult procedure for students to propose
rules for a game. But the rules were not always clear and concise for all of
them. Each student’s rules differed because of his/her different needs,
preferences and experiences. The rules, that students have set, concerned in
general how the game starts and how the game continues. Important
questions such as how the game ends, how it evolves its elements, which are
the rights and the obligations of the players, who is the winner, what choices
will the player have to make in a typical round, the scoring objectives or
winning conditions did not all find answers by the developed rules but
during the game play.

A democratic game is guaranteed not only by the appropriation of the
rules but also by the adoption of ethical principles that are not taken for
granted for young children.
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Abstract: This paper summarizes the study conducted on eight series of
middle-school mathematical textbooks in the Czech Republic. The aim of
the text analysis was to find to what degree the authors of analyzed
textbooks support teachers in the classroom practices that are based on the
problem-solving nature of mathematics, mathematical reasoning and inter-
relatedness of mathematical constructs. The term justification is defined to
frame the analysis, and applied to the treatment of five distinct topics. The
results yielded strong support of the need to justify, minimal support of
student involvement and more complex results in making connections
between mathematical constructs.

Introduction

The role of the problem-solving element in mathematics, the role of
mathematical reasoning and the level of inter-relatedness of mathematical
constructs are strongly correlated with an educator’s specific beliefs about
the nature of mathematics. It is the aim of this study to explore how authors
of selected mathematical textbooks in the Czech Republic support middle-
school teachers in implementing teaching practices based on the dynamic,
problem-solving view. The three characteristics of mathematics mentioned
above are investigated through the quantitative and qualitative analysis of
Jjustification (as defined below), against the background of five selected
topics.

The term justification will be employed here rather than that of
explanation (which can involve “how”) or proof (which implies a deductive
quality) and will denote all evidence of communication with the purpose of
clarifying, stating and/or explaining why (this definition will be applied
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strictly to the selected mathematical constructs). It is chosen to better fit the
social environment of mathematics learning in a classroom where justifying
carries the element of acknowledging that the truth is not possessed by the
teacher or textbook author.

The choice of concepts to frame our analysis is based on a) results from
previous research and b) the aims of this study. The following topics were
chosen because they all contain an element of “rule” or “fact” treatment that
gives potential ground to the absolutist representation of mathematics. At
the same time, they differ in the nature of the reasons for their existence:

1) Division by zero is not defined in order to maintain consistency in
the system of operations

2) Zero power is defined as 1 (except for the case of #°) to maintain
the relationship between division of expressions and subtraction of powers
consistent.

3) Square roots of non-positive numbers follow directly from the
definition of square root as the operation reverse to second power.

4) Multiplication of two negative integers results in a positive integer if
we extend the system of operations from natural numbers to integers

5) Division of two fractions: follows from an application of operations;

Topics 1 through 3 are examples of a kind of mathematical convention.
In topics 4 and 5 the procedural competence reportedly outweighs
conceptual understanding (Fuller 1996, Quinn, Lamberg& Perrin 2008, Ma
2010, Son& Senk 2010, Streefland 1996).

Numerous studies point out a wide range of beliefs and levels of
competence when teachers (Quinn, Lamberg& Perrin 2008) or students
(Tsamir&Tirosh 2002) are asked to apply and explain division by zero.

Literature about the importance and forms of explanation and proof in
mathematical classroom is vast. Namely, the models of Sierpinska (1994),
Harel&Sowder (2007) and Stacey& Vincent (2009) were used in this study.

The following four questions guided our investigation:

1) How consistent are middle-school textbooks in providing
justification and explanations of mathematical truths, including conventions
such as division by zero?
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2) Are conventions treated differently than other concepts?

3) What role are students (explicitly) given in the process of
justification?

4) What forms of reasoning and what variety of models is utilized in
justifications?

Methodology

Text content analysis has been used in this study for eight major Czech
middle-school mathematics textbook publishers. The middle-school grades
in the Czech Republic are grades 6 to 9, and the sequence of mathematical
topics covered by all textbooks is relatively similar. All four grades
textbooks were submitted to the analysis. Out of the eight textbook series
only two are supported by teacher’s books which were also made part of the
content analysis. Students’ were left out of the study.

The text was searched for the topics outlined above, and relevant to
guiding questions. Most relevant text was found in introductory and/or
explanatory parts of chapters and subchapters, but individual practice and
application problems (without a given explanation) were also reviewed as
they contained some points related to our investigation (particularly, the
concept of division by zero).These selected text chunks were further coded
in terms of

a) presence or absence of justification,

b) (the variety of) models used in justification,

¢) pupils’ involvement (explicit) in the establishing of rule/agreement

In addition, the categorization of the nature of reasoning used in
justification was conducted to assess the authors’ suggested treatment of
informal proof in classroom. Further, the various occasions when zero
division was applied (explicitly or implicitly) across the curriculum were
noted and assessed in order to gain insight into the experience the authors
offer pupils (and teachers) with the concept of division by zero. These
additional results are beyond the scopes of the paper.

Some of the results and interpretations
Justification

The analysis has shown that across the eight textbook series,
justification of both mathematical concepts and conventions is strongly
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favored. The topics that lacked justification in some texts (total of 8 out of
40 instances) were division by zero (three books), square root of non-
positive integers (two books and one avoiding the non-positive domain
altogether), multiplication of two integers (two books) and the zero power
(one book). These no-justification cases were yielded from five of the eight
series, none of them exceeding two instances.

The lack of justification of division by zero aligns with previous
research (Quinn,Lamberg&Perrin 2008, Tsamir&Tirosh 2002). We cannot
infer that the authors deny the importance of justification; it can be argued,
though, that the rules found in the textbooks, such as “division by zero is
meaningless”, “we cannot divide by zero” etc. are viewed as engrained
enough to revisit and justify, especially as it was (hypothetically) already
done in the third or fourth grade. The opportunity to make connections to
new concepts and the reinforcement of understanding (reconnecting the
separate fact to the body of new knowledge) at this developmental stage is
missed.

No evidence of distinction between the two instances of mathematical
convention (division by zero and zero power) and the other three topics.
This non-distinction can be accounted for by the nature of didactic
explanation at the developmental stage and the (didactically justifiable)
absence of formal proof.

Student involvement

After preliminary scanning of the data it became apparent that student
involvement in justification is not explicitly treated in majority of the series
books. It may simply follow from the intended reference role (e.g.
referential) of the particular textbook in a classroom and, lacking any other
information on this issue, no conclusions can be made regarding the lack of
explicit student involvement other that it was consistent throughout all
topics. One series of books explicitly involved pupils in justification of
mathematical truths by providing a problem-solving context and supporting
(via teacher’s book) the teacher as a mediator. The concepts that were thus
actively discovered (justified) were the case of division by zero,
multiplication of two negative integers and division of fractions.

These results show a clear indication that the degree of student
involvement in justification relies heavily on the teacher’s pedagogical
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competence and beliefs. The implicitly referential role of a textbook can
allow teachers a higher degree of freedom in their instructional decisions.

Variety of models used in justification

The number of justification (deduction and semi-deduction) models in
the analysed texts varied depending on the topic and its nature (e.g. the
square root of non-positive rationals being linked directly to definition), and
the models for justifying were fairly standardized across all textbooks. For
example, there were two models used for justification of division by zero:
the model of partition — dividing the whole into parts, and the model of
relating division and multiplication. The model of dividing by smaller and
smaller numbers was avoided. Only one textbook showed both models of
justification (of the zero division) at various points in the curriculum.

Conclusions

The presented analysis of eight middle-school textbook series yielded
some insight into the support teachers are given from textbook authors in
their classroom practice. Before concluding this paper, it is crucial to point
out again that the study does not attempt to make inferences about teaching
practices in the Czech Republic.

With a few exceptions, the authors support teachers in the practice that
follows from perceiving mathematics as based on reasoning and not on
authority. The lack of acknowledgement of convention and “convenient”
agreement may suggest a Platonist (as defined by Ernest 1989) position,
understating the sociocultural aspect of mathematics. Further study would
be needed to assess the treatment of both formal and informal proof at later
stages of the mathematical curriculum in the Czech Republic.

Apart from one textbook series, involving students in mathematical
justification (and discovery) is not explicitly suggested in the analyzed
textbook material. The absence of teachers’ books (in six out of eight series)
and methodological guides to accompany majority texts at the middle-
school level suggests low support of this aspect of practice in classrooms.
Further analysis of other topics is needed to gauge the extent to which the
authors support teachers by providing a variety of models and multiple
approaches to justification.
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The comprehensive system of categories yielded by coding for student
involvement and justification, the catalogue of models used in studied cases
of justifications, the application of Stacey&Vincent‘s (2009) modes of
reasoning, and the tracking of opportunities to offer further understanding of
division by zero are beyond the scope of this paper.

The article was supported by research grant GA CR P407/11/1740.
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Abstract

We know that teaching children with mental retardation is subject to some
restrictions. This research focuses on demonstrating that students can acquire
problem-solving strategies when they find a suitable learning environment. The
software "Hidden Treasure" offers students an appropriate learning environment
that allows a meaningful conceptual understanding of the concept of division.
Through this software (Serious Game) students can understand both quotative -
measurement divisions and the partitive - distribution divisions. Each division
has its own representation. Each representation is intended to reveal the concept
that corresponds. Through active action and narrative, the student appears to be
driven to learning how to solve problems which involve division. The context
of the game seems to be crucial because even when the student is out of the
game’s context he continues to use the game’s representations to solve the
division problems that are given to him.
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Theoretical Background

The full social acceptance of citizens with disabilities must be a major
concern in any democratic society. After all, democracy is founded on equal
interaction between different people, working together to develop the total,
while maintaining full respect towards the special status of each member of this
set (Farrelly 2005). Within such a democratic framework, citizens with
disabilities have the opportunity to co-create without needing to give up his
identity. Instead, given the possibility to self-determined. In a democratic
society, citizens with disabilities are treated as "citizens in action." When the
organization of society based on democratic principles, policies and practices
adopted, seek to remove all forms of exclusion towards people with disabilities.
In such a democratic context the challenge is to implement a differentiated
instruction which refers to students with mental retardation. For mathematics
instruction to contribute to the building of a socially just and diverse democracy
will require more than care with curriculum and teaching. It will also require
more than committed teachers, sensitive to and skillful in working toward these
aims (Ladson-Billings, 2001). Accomplishing this would require significant
change in teachers’ education and professional development (Deborah
Loewenberg Ball ; Imani Masters Goffney ; Hyman Bass 2005).

Frances M. Butler, Susan P. Miller, Kit-hung Lee, and Thomas Pierce
report at their review that “The National Council of Teachers of Mathematics
(NCTM) developed standards for mathematics curriculum in 1989 and again in
2000 (National Council, 1989, 2000). These standards demonstrate a shift from
a behaviorist approach of teaching rote learning of facts and procedures to a
constructivist approach, emphasizing the development of conceptual
understanding and reasoning. Teachers are encouraged to give students hands-
on experiences connected to the real world rather than emphasizing algorithms
and abstract routines. Perhaps now more than ever, limiting mathematics
instruction to rote computation practice will deprive students with disabilities
from competence in important mathematics concepts and, thus, prevent them
from succeeding in inclusionary settings and using mathematics effectively in
real-world activities.” So according to Roh, Kyeong Ha it is important to bear in
mind that the successful experiences of students in handling their own personal
knowledge also helps them solve math problems (Shoenfeld, 1985; Boaler,
1998). The PBL is a student-centered learning style. When teachers use the
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above theory, help students to focus on solving problems within a real context,
encouraging them to consider the case in which the problem exists when trying
to solve it (Sheryl MacMath, John Wallace, and Xiaohong Chi , 2009). The
Karweit’s (1993) definition focuses on the fact that the learning framework is
designed so that students handle things and solve problems in a way that
reflects the nature of these problems in the real world. The research supports the
effectiveness of learning environments that are rich in meaning (Carraher,
Carraher & Schleimer, 1985; Lave, Smith & Butler, 1988). Resnick (1987)
notes that the school placed emphasis on symbol manipulation and subtractive
process rather than learning framework used in the world outside school. She
says that the problem is that symbols separated by references to the real world.
Being out of context, have no meaning for students.

Not only the games in general, but also the digital games of learning
purpose, include goals (eg winning the game, find the treasure) that allow
students to devise strategies to feel proud of their achievements and
accomplishments and be rewarded with the continuation of the game (Gee,
2003). And this whole process is conducted by the players through active
exploration and experimentation. Trial and error is not a punishment for them
but works as a feedback in the world of digital gaming. In addition, digital
learning games offered for the purpose of individualized learning approach and
can be used in accordance with your personal rate of each player, and for this
reason the majority does not set a time deadline of the end game.
Simultaneously, they can provide a multitude of options for feedback through
sounds, images, verbal messages, etc. being able to respond to the different
learning styles (Becker, 2005a).

Method

This research is a case study. It lasted two years, during which there was a
systematic attempt to investigate the qualitative elements that contribute to the
development of strategies in solving problems which are related to the operation
of division.

Research Questions

The aim of this research is to examine the extent to which students with
mild mental retardation may initially recognize and then successfully handle
division problems after being involved in processes of solving such problems in
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a different context. The different context that the software “Hidden Treasure”
sets.

Moreover we aim to investigate whether the students are able to understand
the conception of division through this process.

Participant

The survey involved a student of the second class of high school with mild
mental retardation (IQ 58). The student could easily handle the operations of
addition and subtraction. With regard to multiplication he could understand it as
a repeated addition. This strategy enabled him to successfully handle
multiplication problems. He was unable to grasp the concept of division since
he could not understand the part —whole relationships in the multiplicative
structure.

Research Tools
Interview Guide

It was used a questionnaire which contained 10 questions. The questions
were related to explanations of the solutions proposed by the student to the
various problems he asked to solve. Through this questionnaire we were able to
discern whether the student works mechanistically, or indeed has developed
problem-solving strategies. The questions are summarized in the appendix.

Software “Hidden Treasure”

The software used was designed for this student and refers only to specific
groups of students. It contained two types of problems each of which had a
different solution process. However in both categories the notions of divisor,
the dividend, the quotient and the rest visualized and the student could handle
them as if he had the same shared objects in his hands. Also, the narration is
very important. The narrator changes at each activity and each time helps the
student to get a step closer to the treasure. The problem involves various
divisions and not just divisions which deal with money. As a result student and
teacher are given the opportunity to modify the problem in any new use by
changing images, the narrator and the object to be shared. As students
participate in the construction of the game create their own customized
variables, and therefore a particular personalized instructional intervention.
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Below there are three of the ten problems of software "Hidden Treasure". While
the first two have to do with quotative - measurement divisions the third
represents a partitive - distribution division.

If Mrs. Helen has 16 strawberries and wants to split
them up to 4 children,
how many strawberries will each child get?

Problem 1
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Mr. Elias wants to divide the 20 euros that he has to # Problem

his children. -
How many euros will every child get ?
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Analysis

For the analysis of instructional interventions we used the filming of these
interventions. Every dialog and movement was analyzed in order to have
qualitative data of the relationships.

Results

Respond Time

The only explanation requested by the student had to do with the way that
he distributes the objects. While we agree that the student must be "fair", every
time an object is given to each child until they run out of items. It is striking
how quickly the student responds to various problems. The response time is
reducing significantly from problem to problem. The diagram below provides
us with information that has to do with time.

Time (sec)

2 \Qagram 1

Helping Context

Also we should mention that the student recognized that these are division
problems since he was sharing items to equal groups. The student recognizes
the problems that had been given out of the game’s context and thus recognizes
the game’s helping role as he could not answer the problems before. The

CIEAEM 64- Proceedings



202 Baralis G. , Soulis Sp. , Lappas D. and Charitaki G.

visualization and the new context help the student to handle the problem and
"see" the solution.

Narration

The student pays particular attention to the narration. He is interested in it,
and so he listens carefully during the game. He asked where I found the images
and if he can draw and put his own images instead of them. He really enjoyed
not only playing the game but also drawing new pictures and making a new
game by himself.

Getting to Arithmetic

The student has already handled several problems in the game and has
already acknowledged that these are division problems. This fact gives us a
great push to try to link two different representations. The one representation is
for example 36 : 9 and the other is the visual representation of the 36 items that
are divided into 9 groups to find out how many items each group has. Through
different representations of the same operation we manage to achieve deep and
diverse knowledge of the subject.

Connection to multiplication

Students with mental retardation have difficulty in understanding reverse
processes, so it is very difficult for them to link multiplication with division.
Through the software it is easier to push them to understand the connection
between the operations. When students share a quantity of 8 items in 4 children
understand not only that each child will take 2 objects, but also that if he gets all
items back again he will have the initial quantity of objects. So one he senses
not only that 8:4 = 2, but also that 4x2 = 8.

What makes partitive problems so difficult?

As Catherine Twomey Fosnot and Maarten Dolk mention to understand
that distributing, or dealing out, to a given number of groups produces equal or
fair sharing requires that children comprehend the one-to-one correspondence
involved. Further, they must consider the number of groups, the number in the
groups, and the whole-all simultaneously! The part-whole relationships
involved make this a big idea. Children frequently see adults deal playing cards
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out one-to-one, but that does not mean they understand that this strategy results
in an equal number of cards for each player. In fact, they often need to check by
counting to see if the resulting number of cards in each group is the same. Only
by exploring many partitive contexts and reflecting on their actions and the
results, do children come to construct a “dealing out” strategy. This is exactly
what is offered by the software.

Being out of the Software’s Context

The most encouraging of all findings was that the student has acquired a
permanent strategy for solving division problems through visualization of
objects that are shared. When after 2 weeks he was given the following problem
he managed to solve it by portraying it as shown below:

Problem:

Mr. Nick has 12 apples and wants to divide them to his 3 children. How
many apples would each child get?

The student constructed not only apples but also children. He gave an apple
to each child till he run out of apples. When he shared all apples he said that
every child will get 4 apples.

Similarly he solved the partitive problems that were given to him without
facing any difficulty.

The most important of all was that even though we were outside the
context of the Software, the student seeking meaning in operations through the
context in which he initially gave meaning to these problems.

Figure 1
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Discussion

Through this research several issues are highlighted such as the fact that
children with mild mental retardation are able to gain a deeper conceptual
understanding of the concept of division and also to recognize and solve
problems with divisions. We have strong evidence that while moving in this
direction we can push students to develop strategies to solve problems and
make them able to see that a division problem is not a problem of successive
abstractions, as equally a multiplication problem would be a problem of
successive additions. This is quite important since we can provide students with
different strategies rather than counting or trial and error strategy.

However much interest would present a survey which will not be
associated with sharing divisions. As in real life, most division problems have
remainders that need to be dealt with in context. Children who are used to doing
problems like these see mathematics as mathematizing. They find ways to think
about their lives mathematically. They do not perform procedures that are
nonsensical to them, and they treat remainders in relation to the contexts
(Catherine Twomey Fosnot and Maarten Dolk). And also it would be
interesting to interpret students’ responses to various problems while having to
divide a quantity equally and there are surplus items that we do not know how
students would possibly handle. In conclusion it is important to emphasize that
understanding of mathematics by students with disabilities is essentially the
realization of democracy in practice. Each student has the right of access to
knowledge that it’s use will be immediate in their everyday life.

Appendix
Questionnaire

Question Answer Comments

1. What process do we use to
solve the problem?

2. Why do we use this process?

3. Is there any similarity
between the first and the
second problem? Which one?

4. Do you like the game?

5. If you could change
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something what it would be?

6. What method would you use
to solve the problem?
7. If you'd give the following

problem: Helen has 24
candies and wants to split
them up to her 6 friends. What
would you do to find out how
many candies will each get?

8. Is there any connection
between division and
multiplication?

9. How can you explain the
connection?

10. How can we get to

Arithmetic?
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Abstract

In the present study we examined ninth graders’ procedural and concep-
tual strategies in rational number tasks and their relationship to students' ap-
proach (deep/superficial) to the study of mathematics. We found individual
differences-sometimes extreme-in the way that students combine procedural
and conceptual knowledge for rational numbers. Moreover, it appears that
these differences may be associated with differences in students' approaches
to studying. Specifically, our findings indicate that students who consis-
tently use only procedural strategies adopt superficial approaches to study-
ing, whereas students who consistently use conceptual strategies adopt deep
approaches to studying.

Theoretical background

The term “number sense” was coined to describe deep conceptual un-
derstanding of numbers that goes beyond mere procedural competence and
the ability to use this understanding in flexible ways (e.g., McIntosh, Reys,
& Reys, 1992; Verschaffel & De Corte, 1996).

The distinction between rational number sense procedural and concep-
tual components, is grounded on the distinction between procedural and
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conceptual knowledge. Procedural knowledge is defined as the ability to
execute action sequences to solve problems. On the other hand, conceptual
knowledge is defined as the implicit or explicit understanding of the princi-
ples that govern a domain and of the interrelations between knowledge units
in the domain (Rittle-Johnson, Siegler, & Alibali, 2001). There is a lot of
discussion regarding which type of knowledge develops first and there is
evidence in favour of contradictory views (Rittle-Johhnson et al., 2001).

Hallett, Nunes and Bryant (2010) suggested that a possible explanation
for the contradictory findings is that not much attention is paid to the indi-
vidual differences in the way students combine the two kinds of knowledge.

Schneider and Stern (2010) highlighted another methodological issue:
Typically it is assumed that conceptual and procedural components of
knowledge in a domain (e.g., rational number sense) can be measured inde-
pendently of each other via the use of appropriate tasks. It is possible, how-
ever, that solutions of conceptual assessment tasks might, to some degree,
also reflect procedural knowledge and vice versa. Moreover, for tasks ad-
ministered in paper-and-pencil tests, it is often impossible to decide whether
the student used an algorithm or not.

In the present study, we assessed ninth graders’ number rational sense.
We used tasks assessing conceptual and procedural aspects of rational num-
ber sense as reported in the relevant literature (e.g. Mclntosh et al. 1992).
However, taking into account the methodological difficulties mentioned
above, we designed a qualitative study in order to investigate the kind of
strategies that the individual student uses, regardless of the proce-
dural/conceptual nature of the task. Again, we relied on relevant literature to
identify procedural and conceptual strategies (Yang, Reys, & Reys, 2007).
Procedural strategies are related to rules and exact computation algorithms
whereas conceptual strategies rely on conceptual components of rational
number sense.

Similarly to Hallet et al. (2010), we hypothesized that there are individ-
ual differences in the way students combine the two kinds of knowledge.
We predicted that there are extremely different profiles, namely students
that consistently follow procedural approaches and fail in conceptual tasks
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and students with poor procedural knowledge that successfully apply con-
ceptual strategies.

In addition, we attempted to investigate possible reasons underlying the
predicted individual differences. One such reason could be students’
mathematics-related beliefs (Op ’t Eynde, De Corte, & Verschaffel, 2002).
We reasoned that students who view mathematics as a set of rules and pro-
cedures to be followed are more likely to belong to a procedural profile than
students who view mathematics as a body of notions and procedures that are
meaningfully interrelated. We adopted Stathopoulou and Vosniadou’s
(2007) model that predicts the indirect influence of beliefs on student’s un-
derstandings via their approach (deep/superficial) to studying. A deep ap-
proach to studying involves goals of personal making of meaning, deep
strategy use (e.g., integration of ideas), and awareness of understanding or
the lack of it. A superficial approach involves performance goals, superficial
strategy use (e.g., rote learning), and low awareness of understanding. We
hypothesized that procedural profile students follow superficial approaches
to studying, whereas conceptual profile students follow deep approaches.

Methodology

Participants

The participants were seven students at grade nine from schools in the
area of Athens. By grade seven, they had been taught all the material related
to rational numbers, including fractions and decimals operations, equivalent
fractions, comparing and ordering rational numbers, turning a fraction to
decimal and vice versa. They had also encountered many problems pertain-
ing to various aspects of rational numbers and had been exposed to various
representations, including the number line.

Materials

We used nineteen rational number sense tasks grouped in three catego-
ries. The tasks of the first category (e.g., ordering) could be solved by stan-
dard procedures taught at school. The second category included tasks target-
ing conceptual knowledge, such as translating between representations, and
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estimating the magnitude of rational numbers. The tasks of the third cate-
gory required deep conceptual understanding or the combination of concep-
tual understanding and procedural fluency. For example, there were tasks
targeting the dense ordering of rational numbers and problems that require
the understanding of rational numbers as quantitative relations.

In addition, we developed fourteen items so as to investigate the kind of
approach (deep/superficial) students adopt in the study of rational numbers
as well as of mathematics in general. The items were presented as scenarios
describing a situation that the student had to react to (e.g. “A younger stu-
dent asks for your help with the comparison of fractions. What would you do
to help him?”).

Procedure

Each student participated in two individual interviews. In the first, the
students dealt with the rational number sense tasks. They were asked to
think aloud and explain how they reached their answers. About a week later,
they were interviewed about their study approaches. Additionally, they were
asked to comment on the responses of the first questionnaire (certainty
about the solution, awareness of their performance in tasks). All interviews
were recorded and transcribed.

Results

Based on students’ responses in all tasks three student profiles were de-
fined. As shown in Table 1, the students in the first profile dealt successfully
with all tasks, moving flexibly between procedural and conceptual strate-
gies. The students in the second profile responded correctly to all tasks that
could be solved via the application of procedural strategies, but failed when
this was not the case. Only one student (hereafter, S;) was placed in the
third profile. S; used consistently conceptual strategies, sometimes rather
advanced, such as such as the use of sophisticated representations. For in-
stance, when asked «how many numbers are there between 2/5 and 3/5»,
she responded «If we locate them on the number-line a gap is created. In
this gap, there are infinitely many numbersy. However, S| failed in all tasks
that required procedural fluency (e.g., computations).
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Table 1 Students’ performance and kind of strategies used in rational num-
ber sense tasks

Performance

Rational Profile A (n=3)  Profile B (n=3)  Profile C (n=1)
number sense tasks  Procedural- Procedural Conceptual

Conceptual
Tasks assessing Success Success Failure
procedural aspects
Tasks assessing Success Failure Success
conceptual aspects

Kind of strategies

Tasks that could Procedural/ Procedural Conceptual
be solved with Conceptual
paper-and-pencil (Selection of the

efficient strategy)

For the second phase of the study, we present results for two students,
namely S; and one student from group c (hereafter, S,), who had similar
school grades. S, failed in all tasks that presupposed conceptual knowledge.
For example, she estimated that 3/8 is closer to 1/2 than 7/13 explaining that
«the denominator 8 is closer to 2».

The criteria for identifying S; and S,’ s studying approaches were de-
fined in terms of their goals, strategies, and awareness of understanding
(Stathopoulou & Vosniadou, 2007). The analysis of their responses to all
items showed that S; adopted a deep, whereas S, a superficial approach to
studying.

Specifically, S; valued personal meaning making as a goal (e.g., “If is
important to make sense of what you study in mathematics”, “If you under-
stand the meaning of fraction then you can compare fractions”). On the
other hand, S, appeared school-performance oriented (e.g., “What I would
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advise a younger student is to focus on what is likely to be asked in the ex-
ams’).

S valued active involvement and strategies aiming at integration of
ideas and in (e.g. “Mathematics is not about rote learning, you have to put
your mind to the work”, “It is important to solve unfamiliar problems on
your own”). On the contrary, S, repeatedly referred to the importance of
memorization and described her study habits with expressions such as the
following: “I look at what we have done at school and the exercises, so that
1 remember how to solve them”).

Finally, S; detected all the rational number sense tasks that she had an-
swered incorrectly and was aware of the fact that she lacked procedural flu-
ency. On the contrary, S, was confident that she had answered all the ra-
tional number sense tasks correctly and that she had a firm understanding of
rational numbers in general.

Discussion-Conclusions

The results presented support our hypothesis that there are individual
differences, even extreme, in the way that students combine conceptual and
procedural knowledge of rational numbers. Our findings also indicate that
differences in the level of rational number sense development may be asso-
ciated with differences in approaches to studying. This possible relationship,
as well as its connection to students’ mathematics-related beliefs, needs to
be further investigated.
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Abstract

One of the goals of learning mathematics is the development of reason-
ing. Closely related to reasoning, the notion of proof is also fundamental in
the learning of mathematics. However, in spite of the importance placed on
the capacity to reason mathematically, several students are confronted with
difficulties during the development of proofs. The study of these difficulties
makes it possible to determine important aspects linked to the production or
the evaluation of proofs, aspects which play an important part in democracy
in the mathematics classroom (for example, the social and the formal as-
pect). This study examines the impact of the use of an electronic forum on
the development of algebraic validation skills with 13 and 14 year old stu-
dents from New-Brunswick and Quebec (Canada). The results lead us to be-
lieve that the use of the electronic forum facilitates an adequate use of the
rules of mathematical reasoning.

Problem

Numerous authors agree that the development of reasoning is essential
to the mathematical activity (Hanna, 2000; Martin & McCrone, 2001; Min-
istére de I'Education du Loisir et du Sport, 2005; National Council of
Teachers of Mathematics, 2005). Greatly linked to reasoning, the notion of
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proof is also fundamental in learning mathematics, because it allows the es-
tablishment of the validity of mathematical arguments and confers a sense to
various concepts through logical explanation of the work done (Martin &
McCrone, 2001; Miyazaki, 2000). Indeed, it is through the development of
skills related to the learning of proof that students learn to clearly explain
why a statement is true (or false) or why a proposed solution leads to a cor-
rect answer (McCrone, Martin, Dindyal, & Wallace, 2002; Miyazaki, 2000;
National Council of Teachers of Mathematics, 2005). Therefore, it is fun-
damental for students to develop an “attitude of proof” (Brousseau, 1998),
to learn to use mathematics as tools allowing them to accept or to reject
propositions and models which are proposed to them. However, in spite of
the importance given to the development of various types of reasoning, sev-
eral students are confronted with difficulties during the development or the
evaluation of proofs (Balacheff, 1987, 1999; Duval, 1991; Galbraith, 1981;
Healy & Hoyles, 2000; Miyazaki, 2000; Sowder & Harel, 1998; Weber,
2001).

The study of the difficulties encountered by students as well as research
relating to the development of various types of reasoning make it possible to
determine three requirements to the production of proofs: the social re-
quirement, the temporal requirement as well as the formal requirement.
These requirements, more precisely the social and the formal requirements,
play an important part in democracy in the mathematics classroom. Indeed,
the social requirement takes into account the importance for students to par-
ticipate in a mathematical community and to negotiate mathematical signifi-
cance, which is an integral part of the process of developing proofs. The
formal requirement asks for students to base their answers on mathematical
facts instead of, for example, an authority figure or a general impression (be
it of the mathematical content itself or of the person who submitted it).

Within the framework of this research, we are interested in the evalua-
tion of proofs in an electronic forum, an online communication tool which
provides an environment for interactions between students and teachers. The
electronic forum can thus be viewed as a concrete situation of citizenship.
The choice to use this type of technology is based on researches’ results
showing that the use of such a tool allows the overtaking of certain limits
met in the school system (among others, the constraint of time) while taking
into account characteristics considered determining for the development of
proofs (for example, the social aspect).
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Theoretical framework

Several theoretical elements are taken into account in our research.
Firstly, the theory of didactical situations (Brousseau, 1986, 1988, 1995,
1998, n.d.) permits us to identify as well as describe the various types of
situations (action, formulation, validation and institutionalization) that a
student can meet. This theory allows us, among others, to clearly identify
the characteristics of the situations of validation, situations which are at the
heart of our research. Secondly, the rules of mathematical reasoning (Arsac
et al.,, 1992) guide our analysis of the arguments used by students to
(in)validate proofs or to classify them from the most convincing to the least
convincing. These theoretical elements lead us to specify our research ques-
tions in the following way:

1. What rules of mathematical reasoning do students mobilized, in the
classroom (paper-pencil) or in an electronic forum, when they de-
velop proofs linked to an algebraic problem?

2. What rules of mathematical reasoning do students mobilized, in the
classroom (paper-pencil) or in an electronic forum, to validate or in-
validate a proof or a solution developed to answer an algebraic prob-
lem?

Methodology

Population

This research project took place in 2009 in four grade 8 classes. We
worked with two classes from Quebec and two classes from New-
Brunswick (Canada). A class from New-Brunswick and a class from Que-
bec constitute the experimental group (2 teachers and 57 students) and the
two other classes form the control group (2 teachers and 62 students). The
presence of both groups permits us to compare the work of students and to
observe the influence that the electronic forum can have on that work. The
discussions of the control group strictly take place in the classroom while
part of the interactions of the experimental group take place in the classroom
whereas the other part takes place in the electronic forum. It is important to
note that the total discussing time is the same for both groups. During the
online discussions, students can comment or question both messages from
their classroom colleagues and from students from the other province. Such
interactions between students of two provinces allow the overtaking of the
classroom’s physical barriers.
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Experiment
The experiment takes place in several stages. At first, students from the

control group and the experimental group individually answer questions in a
pretest (in the classroom). Afterward, four activities pertaining to algebra
(each consisted of multiple questions) are completed over a period of four
months. These activities are integrated into regular teaching. The work that
students have to achieve during these activities is inspired by the work of
Arsac and al. (1992). Students have to develop proofs, validate their solu-
tions and those of others and, finally, compare various solutions to the same
problem in order to determine the ones that are the most convincing. In
short, they have to convince themselves and then convince others. The ex-
periment ends with a post-test that, as the pretest, is completed individually
in the classroom. Within the framework of this communication, we limit our
attention to the problems where students have to evaluate proofs or order
proofs from the most convincing to the least convincing.

Data analysis
The data collected in the pretest, in the various activities and in the post-

test give us a portrait of the work done by students in both groups during the
experiment. Traces kept in the electronic forum allow us to follow the work
of the experimental group throughout the mathematical activities. To insure
the internal coherence of the data, analysis of the information linked to the
development of proofs is made from a unique code (a coding where every
segment is associated with one code) where the unit of analysis is a sen-
tence, a segment of sentence or a block made of several sentences in which
an idea appears. Links are then made between these ideas and the rules of
mathematical reasoning.

Results and analysis of the results

On four occasions, students have to order proofs from the most convinc-
ing to the least convincing and justify their classification. In all these cases,
the solutions presented to the students are fictitious and each type of proof
from Balacheff’s typology (1987) is represented. The percentage of students
of the control group and the experimental group which mobilize a rule of
mathematical reasoning to justify their classification is sensibly the same in
the pretest and the post-test. Certain differences however are noted with the
use that students make of these rules. In spite of the fact that in the two
groups, between the pretest and the post-test, it is possible to observe a de-
cline in the percentage of comments which present an adequate use of a rule
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of mathematical reasoning and an increase in the percentage of comments
which violate a rule, it remains that, in general, students of the experimental
group adequately use the rules of mathematical reasoning in a greater per-
centage than students of the control group. Perhaps the traces of the ex-
changes in the electronic forum make it possible for the students to become
aware of various arguments used in favor or in discredit of a proof. Thus, as
soon as they determine the validity of a proof, they are exposed to several
justifications which do not necessarily have the same weight from a mathe-
matical point of view. They also have access to messages which evaluate the
relevance of these justifications. Since students of the experimental group
show a greater adequate use of the rules of mathematical reasoning than stu-
dents of the control group, it is plausible to think that the electronic forum,
because of an exposure to a greater number of arguments and an evaluation
of these arguments, allows the development of a greater comprehension of
the use which must be made of the rules of mathematical reasoning.

On three occasions, students are asked to validate or invalidate proofs
that are fictitious or that have been submitted by their peers. The results
show that the percentage of comments in which students mobilize rules of
mathematical reasoning to justify their choices are higher with the control
group than with the experimental group. However, a more important per-
centage of comments given by students of the experimental group than by
students of the control group use these rules adequately, particularly the one
that states that in mathematics, examples which check a statement are not
enough to prove that it is true. During the online exchanges, students of the
experimental group are exposed to various justifications which aim to vali-
date or invalidate statements or evidence and these justifications are then
evaluated by the students. In the light of what precedes, the conjecture ac-
cording to which the electronic forum, because of the diversity of the mes-
sages which are presented in it, has an influence on the use which students
make of the rules of mathematical reasoning seems increasingly plausible.

Conclusion

The majority of students from both groups use argumentation, instead of
mathematical reasoning, to justify their classification or to (in)validate a
proof. However, throughout the experiment, when students do use the rules
of mathematical reasoning, it is possible to observe that students of the ex-
perimental group show a higher rate of effectiveness than students of the
control group. Such results lead us to believe that the electronic forum may
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have an influence on the way students view and use the rules of mathemati-
cal reasoning.

Moreover, the discussions that take place in the electronic forum allow
the observation of phenomena which escape us on paper. Indeed, online, it
is possible to notice a certain evolution with regard to the same question.
For example, in the electronic forum, some students specify that such or
such example seen online allowed them to understand, while the first an-
swer they had submitted was erroneous. A more detailed analysis of the
online interactions also allows us to notice an improvement in the quality of
the published messages, because the discussions bring students to clarify
their solutions. So, although certain data are absent in the electronic forum
(compared with the data available with discussions that take place in the
classroom), these kinds of online discussions give us access to relevant in-
formation which allows us to better understand students’ reasoning and
which also allows them to better understand.

In conclusion, the electronic forum seems to enrich the situation of for-
mulation by favoring interactions. In certain cases, it seems to represent a
lever for the social aspect of proof. Furthermore, on paper, it is strictly the
results of the discussions in class that are collected. In the electronic forum,
written interactions (which do not consist inevitably in the final result) are
recorded. The forum can thus represent an interesting tool for conceptualiza-
tion. Therefore, it seems relevant to pursue researches in order to continue to
explore the influence of the use of an online communication tool in mathe-
matics and more precisely the influence that such a tool can have on alge-
braic validation skills.
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ABSTRACT

In this paper we report some of our results from a current design ex-
periment. Our overall goal is to support and analyze the learning of a group
of seven student- teachers. Based on prior research we planned to support
the learning of this group along five directions. This paper focuses on one of
these directions and attends to the group’s evolving understanding of the in-
stitutional context of teaching as it relates to the construction of instructional
practices building on students’ mathematical reasoning. Student-teachers’
attempts to resolve the conflicts between their intentions to support stu-
dents’ reasoning and the instructional priorities of the current institutional
context, reveal the significance of supporting their evolving understanding
of the institutional context. At the same time, the democratic aspects of their
work emerge, as they seek to change the institutional context.

INTRODUCTION

In our mathematics education courses, we aim to support pre-service
teachers in developing instructional practices that build on students’ mathe-
matical reasoning. We contend that this goal ensures the promotion of de-
mocracy in a classroom'. A classroom wherein students’ reasoning is at the
center of instructional decision making, mathematical knowledge is not im-

! Without pretending that we are experts in political philosophy, this contention becomes
more plausible, considering Castoriadis’ (1995) views on democracy. By resorting to the
development of ancient Greek democracy, he documents how this society was the first ex-
ample on autonomy. As he elaborates his perspective on democracy, he ends up by consid-
ering a society as genuinely democratic when it recognizes itself as the creator of its own
institutions.
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posed but is created by the concerted efforts of the classroom community
members. Students do not accept mathematical ideas because the teacher’s
authority or the textbook has pronounced them, but they build mathematics
based on mathematical argumentation. They are supported to constitute a
community of validators in which they participate as increasingly autono-
mous members (Cobb & Yackel, 1996).

Our previous experience in teaching mathematics-education courses al-
ludes that student-teachers who are called to compare this form of instruc-
tional practice to the traditional form of teaching mathematics, find it easy
to discern its democratic character. More specifically student-teachers, by
comparing, for example, video-recorded-students’-interviews attending tra-
ditional and nontraditional classrooms, manage to realize the differences in
students’ mathematical reasoning. In traditional classrooms, students are
following rules without reason, while in nontraditional, they show their con-
ceptual understanding. We believe that student-teachers’ desire to under-
stand what is involved in a nontraditional form of instruction, is partially
motivated by their need to avoid the non-democratic consequences of typi-
cal mathematics instruction. However, we find out that the traditional char-
acter of the institutional context of teaching in Greece (Boufi & Skaftourou,
2009), engenders student-teachers’ worries, as soon as they become aware
of their obligations in teaching mathematics, based on their students’ inter-
pretations and solutions. They do believe that giving priority to students’
thinking will cause the reaction of principals, future teacher colleagues, su-
pervisors, parents, etc. Thus, they seem to expect that a change of the typical
instruction will be inhibited. From their experiences as students themselves,
they know that the typical mathematics instruction is based upon the fidelity
of textbook reproduction.

Student-teachers’ worries are reflected in a number of research findings
documenting the power of the institutional context. More specifically, in
some of these studies the institutional context is not viewed as a pre-
designed organization but as emerging from teachers’ activities while they
participate in the taken-for-granted aspects of school life (Engestrom, 1998).
By adopting an observer’s perspective, teaching is framed as a distributed
activity and the institutional context is analyzed through the-identification of
the communities involved with the teaching of mathematics as well as the
investigation of their interconnections (Cobb, McClain, Lamberg, & Dean,
2003). In this sense, teachers’ activities in the classroom are found not
merely influenced by but partially constituted by the institutional contexts
(Cobb & McClain, 2006; Remillard, 2005; Stein & Spillane, 2005). It
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should be noted that analyses of this type can guide the design of institu-
tional changes that promote the reform of mathematics teaching. At the
same time, by adopting an actors’ perspective, researchers document that
the extent to which in-service teachers understand the relationship between
the institutional context and their instructional practices is an important as-
pect of their learning (Dean, 2005). The analyses of these evolving under-
standings allow researchers/educators to co-participate with teachers in the
institutional change.

Apart from our experience as educators, the above research findings in-
dicate the need to consider the institutional context in which student-
teachers are going to work. The instructional practices we want them to de-
velop are in conflict with the instructional priorities of the school. Student-
teachers, if their field experiences are not appropriately designed, will re-
main distrustful of the feasibility to change traditional practices in teaching
mathematics and as a consequence, their learning will not be sustained
(Boufi & Koutromanos, 2012, in press). By assuming, that practicing teach-
ers are the only group student-teachers interconnect, we could intervene and
renegotiate the conditions of their field experiences. On the other hand, pre-
service teacher development will be ineffective if we do not focus on their
evolving understandings of institutional constraints and their influence on
the instructional practices they develop. These understandings point to the
democratic aspects of pre-service teacher education. Student-teachers’
struggle to transcend the institutional constraints is not based on an antago-
nistic relationship to the practicing teachers. Instead, we support them to
understand teachers’ actions as reasonable within the institutional context of
their work®. Both of these concerns lead to the directions of support that we
included in designing our pre-service teacher development program.

By employing the design research methodology in supporting and inves-
tigating student-teachers’ learning, we get involved in a current design ex-
periment (Cobb, Zhao, & Dean, 2009). We are closely collaborating with a
group of seven student-teachers, as they are preparing themselves to teach
mathematics in a school of Athens. This experiment is in three phases in
which student-teachers: (1) teach individual students, (2) observe teachers in
the classrooms in which they are going to teach, and (3) teach in the class-
rooms. In each of these phases, student-teachers’ learning is supported along

% Student-teachers’ inquiry of the rationality in teachers’ actions, reminds us of one of the
four interrelated characteristics of democracy, mentioned by Oikonomou (2011). This char-
acteristic is the fair control of all authorities.
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five interrelated directions: (1) the understanding of the institutional context
of teaching, (2) the building of a community, (3) the development of a
mathematical background, (4) the understanding of students’ reasoning, and
(5) the adaptation of instructional sequences to the students’ needs. Our
purpose in this paper is to report our findings concerning student-teachers’
developing understanding of the institutional context of teaching.’ In the
rest of this paper, we shall first discuss the theoretical framework and meth-
odology we will use for analyzing our data. Then we will present the results
of our analysis.

THEORETICAL FRAMEWORK AND METHODOLOGY

In supporting and accounting for the learning of the student-teachers
group, we view this learning in collectivist terms. In particular, focusing
upon the normative or taken-as-shared understanding of the group, we try to
document their evolving awareness of the institutional context and the way
it affects the instructional practices they are developing. In the same context,
Cobb, Zhao, and Dean (2009) speak about institutional reasoning norms.
These norms are not “solo” accomplishments. They emerge as regularities
in student-teachers’ interactions, while student-teachers participate in activi-
ties designed to support the exchange of their ideas about the institutional
context.

In presenting their method for developing conjectures about social
norms in a classroom, Cobb, Stephan, McClain, and Gravemeijer (2001)
emphasize the importance of searching for instances where a student ap-
pears to violate a norm in order to see whether his or her activity is consti-
tuted as legitimate. In these cases the conjecture has to be revised. Other-
wise, if the violation of a norm is constituted as illegitimate activity, the
conjecture is supported. In a similar way, we tried to delineate the institu-
tional reasoning norms established by the student-teachers group.

SUMMARY OF RESULTS*
As we analyzed the data collected from our teaching experiment, the
changes detected in the student-teachers’ views of the institutional context

3 The data that our results are based upon, consists of the video-recorded work of the seven
student-teachers at the school, field notes of the mathematics education sessions held at the
University of Athens, the entries of the student-teachers’ communication in a specially de-
signed Wiki, notes on our meetings with the student-teachers’ group, and our diaries con-
cerning our plans and activities.

* A more detailed and complete report of our findings will be given in our presentation.
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and its relation on their developing instructional practices, can be considered
as an important aspect of their learning.

At the outset of our collaboration, student-teachers did not seem to rec-
ognize the constraining power of the institutional context. For example,
when negotiating our access to the school, they characterized practicing
teachers’ reluctance, to accept us in their classrooms, as a sign of their defi-
cits.

In the context of their teaching experiments with individual students
from the classrooms they were going to teach, they started to become aware
of the complex and demanding nature of supporting their students’ learning.
At the same time, in their interconnections with the practicing teachers, they
realized that the institutional context did not allow them to appreciate their
students” work’. By acting as brokers, we encouraged the interaction be-
tween student-teachers and practicing teachers. However, student-teachers
came to doubt the feasibility of teaching mathematics in the practicing
teachers’ classrooms, by focusing on students’ reasoning. The institutional
context manifested through the status of the textbooks, as practicing teach-
ers have made it clear, did not seem to be controllable.

By the end of the first phase, student-teachers became familiarized with
their students’ multiplicative reasoning’. In addition, our support to deepen
their understanding of the significant mathematical ideas involved in early
multiplicative reasoning helped them feel more confident in supporting their
students’ mathematical development. From their entries in the Wiki as well
as from our meetings, we find out that their initial difficulties in supporting
students’ development were now considered more as a challenge rather than
insurmountable. Thus, at the beginning of the second phase of our teaching
experiment, they had already developed some criteria for judging the ade-
quacy of pedagogical arguments. As student-teachers visited the practicing
teachers’ classrooms, they were engaged in several activities we had de-
signed. These activities offered them the opportunity to better understand
the problematic aspects of the traditional teaching of mathematics as a con-
sequence of the institutional setting. Moreover, as they identified instances

> Cobb, McClain, Lamberg, and Dean (2003) characterize the interconnections between the
communities of practice identified within a school and district by focusing on: 1) boundary
encounters, 2) brokers, and 3) boundary objects. In our case, students’ work from the stu-
dent-teachers’ teaching experiments was designed to function as a boundary object.

% Each of the student-teachers met seven times with the student he or she was teaching. Five
of the students were second graders and two of them third graders. All of the sessions fo-
cused on the topic of multiplication and division.
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in which students’ reasoning was not capitalized upon, they accounted for
practicing teachers’ ineffectiveness as a matter of the institutional con-
straints or the lack of effective assistance. More significantly, they could
propose ways of supporting students’ learning. In addition, when preparing
themselves for teaching, they seemed to be in a position to anticipate diffi-
culties due to the students’ routine ways of acting in their classrooms and
figured out ways to overcome them. Thus, the institutional context was no
longer beyond their control.

As student-teachers were involved in the third phase of our teaching ex-
periment, they came to perceive institutional changes not as just feasible,
but accomplishable too. During the second phase, student-teachers collected
data concerning students’ multiplicative ideas. These data came from a writ-
ten test and an oral assessment that took place in students’ classrooms.
Based on these data, student-teachers were in a better position to conjecture
a learning path for students’ further learning and the means to support them
along this path. As they were teaching for four consecutive days, they acted
as designers in adapting the textbooks and the tasks they had already used
with their individual students to the needs of the classroom. In this process
they had help from us. After each lesson, we had meetings with the student-
teachers. In these meetings, we focused our discussions on crucial class-
room events and used them as a means to support them in their attempts to
adapt their instructional moves to their classroom situations. On the other
hand, in the final discussions student-teachers had with the practicing teach-
ers, it became apparent that the complexity of their attempts to enact alterna-
tive norms and practices in their traditional classrooms was not appreciated
by them. This lack of appreciation did not discourage student-teachers. With
our advices, they kept sharing their plans with the practicing teachers and
explaining to them the rationale of their teaching. As a consequence, prac-
ticing teachers who were observing them did not intervene or impede their
teaching in their classrooms, thus giving student-teachers the opportunity to
assume that the institutional context of teaching can be changed through in-
forming, discussion, and negotiation.

CONCLUSION

From student-teachers’ discussions in the Wiki and in our meetings, we
noticed that there was an evolution in their understanding of the institutional
context of teaching mathematics and its relationship to their developing
teaching practices. Thus, as teacher educators, we have to understand the in-
stitutional context of teaching mathematics and support student-teachers’
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learning of its constraining power in their attempts to develop teaching prac-
tices based on students’ reasoning. Through a democratic process of resolv-
ing the conflict between the instructional priorities of a traditional institu-
tional context and the goals of nontraditional teaching, student-teachers will
have a chance to overcome its non-democratic status quo.
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Abstract.

Aim of this work is to improve the social interactions within a math
classrooms (6”’ grade), introducing a chess activity during the curricula
hours.

The theoretical framework upon which this research is based consists
of: Vygotsky’s Theory of child development (Vygotsky, 1986), the knowledge
objectification theory (Radford, 2006) and theory of configural concepts (a
personal review of Fischbein’s theory of figural concepts).

We will discuss the results of an experimentation that has the purpose to
create an appropriate environment where the students develop the abilities
to solve and pose problems.

1. Introduction

This work born from the conviction that all didactical proposals, in math
education, must consider the relationships within the classroom, and how
it’s possible enhance social interactions. What we will want observe with
this work, is how a collaborative activity (and also individual) in a mathe-
matical context could be improved by a collaborative activity in a chess
context.

As proposed by D' Amore (D’ Amore, 2004) will be considered 4 situa-
tions of thinking:
e Autonomous situation with motivation and volition (SAm);
e Collaborative situation with motivation and volition (SCm);
e Autonomous situation without motivation and volition (SAn);
e (ollaborative situation without motivation and volition (SCn).
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The choice of chess activity was due to the fact that this discipline create
an highly motivating

context in which the students deal with problem solving and problem
posing activities. Furthermore, chess elements like geometrical ones, are not
purely conceptual or figural elements, but mental elements that sharing
similar conflict and difficulties in recognize and handling (Fischbein, 1993).

The motivation to do chess activities don’t lies only on game nature of
this discipline, but also because it could be a “bridge” between the family
and classroom.

In fact, the diffused idea that chess is a great training for the mind, can
push parents to encourage their children to participate actively in those ac-
tivities. This could also be a way for parents to “believe more in the school”
and especially to have arguments to share with their children.

Thus, chess activity could be improve the language between parents and
students in an age in which this could be very difficult.

2. Chess and zone of proximal development

Entering in the epistemological nature of the game of chess, we want to
extend the Vygotsky’s paradigm to the learning phases of chess, distinguish-
ing between playing and studying chess.

As mentioned above, the problem-solving activities in
a chess context, can be considered a condition in which the students work
with motivation and volition.

How this, could help the learning/teaching activities in a geometrical
context? To answer to this question, we want to enter deeply in the cogni-
tive activity of a student during playing and studying chess. In this paper we
want to summarize some key points on these processes.

Play chess

When an individual play a chess game, he/she will brings knowledge
and competences, all studied rules (or create by himself/herself) and all
emotional choices that led him/her to promote or exclude certain variations.

For us this is the actual level of individual cognitive development.

Fundamental feature of the chess games is that there are two players,
and this obvious considerations will allow us to define the zone of individ-
ual potential development.

In fact, thiscanbe identified by the meetingof the two
zones of actual development. With the term "meeting" of course we aren’t
referring to the mere union of the two levels of development, but we will re-
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fer to what canbe producedby the interaction of knowl-
edge, competences and emotions used by the players to win the game.

For example, when a player P; (the "strongest") and a player P, (the
“lowest”)' play a game, they create a zone of potential development that is
valid for both players.

This zone of  potential development will depends by
the actual development zones of the two players, by motivations and expec-
tations of the players that are playing that game (tournament game, friendly
game, game between teacher and pupils), by the psychological situation of
each of them (presumption, concentration etc.) and also by their age.

The zone of potential development, and also the proximal one, will
be generated by the two contenders (peers)that to win the game,
they produce knowledge and/or skills that they haven’t before, or they
had but they didn’t know when and how use them.

In this paper we will not dwell on the various dynamics that can exist
between the two players and their zones of development during the
game, but we deal with those dynamics which include the language as a
mediator between the actors, and so the study activities.

Study chess

In this section we consider the collaborative phases in chess studying in
classroom activities or between two chess players who have finished a
game.

During the chess lessons, similar to those of mathematics, the teachers
are attempting to provide knowledge and skills, computational techniques
and criteria for evaluating positions. But there is a big difference between
the two disciplines, in chess, the concept of “best move” isn’t always
unique.

In fact, during the game, is usual try to search the best move or best
variant, but many times happens that the players restricts his research to find
a good move or however a not bad one.

Because this determination is more subjective than objective, how we
define the best move during the time of study involving the interaction of
many individuals?

We define best move (or best variant), one that is socially and democ-
ratically accepted by the collectivity, which is understood by all individuals
and that could modify the zone of effective development of them.

"It is supposed that P, have a greater zone of actual development than P,
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This definition covers the discussed moves during the lesson, but also
the not discussed one, which will give safety to every student through the si-
lence of the remaining collective.

So, fundamental moment for a chess player, is the comparison of ideas
and analysis not only with the rest of the class or with its game opponent,
but also with himself. This is not a “paradox”, in fact when a chess player
ends a game and analyze it, it’s possible that he/she doesn’t recognize him-
self how the moves maker. He / She doesn’t understand the reason of certain
moves or how he/she does some mistakes. This phenomena depends by the
emotional sphere of the game, that doesn’t afflict the player during his/her
analysis.

In fact, for us, one of the main skills of a chess player is to ask to him-
self (and to other people) question of a metacognitive type, to accept criti-
cism and thus to extend the reflection activity not only to the game, but also
to its analysis and sharing them with the context.

Thus, using the previous considerations we can say that every chess
games could be thought as an “anticipated exercise”.

3. Case Study

In this section we will discuss an experimentation that have the purpose
to create a learning environment in which the students develop the abilities
to solve and understand increasingly challenging problems in chess and ge-
ometry.

These activities were born from the idea that certain individual skills
(like the democratic access to some ideas by the learners, the cognitive abili-
ties or the metacognitive ones) are shareable by similar (cognitively speak-
ing) disciplines.

But, why have we chosen chess? There are 2 great reasons:

a) During chess activities the students do several intellectual and social ac-
tivities:
- They compete between them,;
- They pose and solve problems;
- They create and evaluate strategies;
- They have funny;
- Etc...
b) Chess and Geometry are (cognitively speaking) similar disciplines, be-
cause they deal with something different by mere concepts or figural
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representations, they deal with something that we have defined Con-
figural Concepts” (Ferro, 2012a; 2012b).

So, in this experimentation, we have proposed a chess activities (6 les-
sons of 4 hours for each of them) to a math classroom of 6™ grade (24 stu-
dents).

The activities included  a progressive synergy  between chess and
math activities, in which we propose both types of tasks. It provides three
steps:

1. Proposing of geometrical tasks in collaborative situations (group of 3 or 4
students);

2. A chess activity that gradually become geometrical activities;

3. Proposing of geometrical tasks in collaborative situations (group of 3 or 4
students).

In line withthe theoretical framework of objectification of
knowledge® (Radford, 2003) we have analyzed the activities using
a semiotic approach and then we have video-recorded them.

In first step of experimentation we have observed that students had some
difficulties in collaborative activities to solve geometrical problems. In fact,
often, there was one students that take the task paper, read it, think and give
him/her answers for the problem.

The chess activities provides 4-5 hours for teach the fundamental rules
of chess. After, we have proposed autonomous situations in which the stu-
dents try to solve easy chess problems with the aim to trust in themselves.
So, we have proposed collaborative situations to solve chess problems start-
ing from tasks of the previous difficult level (easy) and we have observed
that in more cases they don’t solve problems that they can solve autono-
mously.

In fact, when more individual (more than one) look at a position their
judgment depend by their perspective about the chessboard (Ferro, 2012a),

2 A configural concept consists of a networking of knowledge about an object, whose
meanings depends on the configuration of its parts, including the relationships that an indi-
vidual uses to perceive and explain them.

The organization of the parts of a configural concept depends on the objective of the active
reflection of the problem; this organization is mediated by artifacts, body, language, and
signs.

> According to which thinking isabove all aform ofactive reflection on the
world, mediated by artifacts, from the body, language, signs, etc..
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and so it’s possible that they haven’t different or conflicting ideas to solve
the problems.

To enhance their collaboration we say them that every group find out
one answer, and this will compared with the other groups ones. After some
lessons (3 lessons and so about 5-6 hours), we have seen that they collabo-
rate actively during the task, but also when they talk about the games that
they play in “free time” (in the last hour of every lesson they play free).

Thus, we have gradually expanded the groups (3 — 5 — 10 students per
group) and introducing some geometrical task. What we have seen is that
they use the same (democratically and respectful) way to discuss about the
problems in the geometrical task.

The last two (geometrical) lessons were with one group, the totally of
the classroom, in which they try to solve the geometrical tasks with a strong
collaboration and a respect for the answers of the other students. Further-
more, to find the answer to give to the teacher, they make a dense network
of questions of a metacognitive aspects about their mistakes and results, im-
proving their language and critical thinking.

A last result was obtained from the discussion of the answers, indeed,
when the teacher discuss the wrong answers, the students that want to give
another answer (maybe the right answer), don’t have denied the classroom
answer, but at most they were perplex because they don’t understood the
reason of their changing of evaluation.

4. Conclusions

In this work we have shown an experimentation in which we want to see
if chess activities may affect the ability of the student to structure questions
of ametacognitive type in other contexts, and in particularly in
the geometrical one.

We have chosen chess because it generate a context an
highly motivating context, in which the students could improve social inter-
actions through collaborative and autonomous situations.

Thus, it was created a motivating learning environment in which we
have focused our attention on the importance of strategy in chess and ge-
ometry.

The students have collaborated to find the correct variation (in chess)
and the correct construction (in geometry). So, we have enhanced their criti-
cal process aging on what Duval (Duval, 1998) calls operative apprehen-
sion, that is a cognitive process that involves the operations on the figure
(mental or physical) that give “insight” on solving a problem.
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In these activities, fundamental is the role of the democratic access to
that ideas that the students need to solve the problems.

They learnt that the social interaction between them is a strong feature
of the classroom, and in this way they become firstly learners and then citi-
zens.
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Introduction

Data analysis, graph construction and sense making constitute important
competences for every citizen in modern society. Public opinion polls and
election results in democratic societies produce large data sets that are often
presented in the form of graphical synopses, revealing the direct relationship
between graphs and democratic functions. Furthermore, printed and elec-
tronic media (e.g. newspapers, magazines, television programs, internet
sites, advertisements, research reports) convey data graphs daily, affecting
citizens’ opinions and decision making. Additionally, in business manage-
ment, decision making based on graphically presented, up-to-date data is
more and more crucial. Finally, in science, data processing and graphical
representation of variables are basic methodological components. Data
analysis and graphs are key competences for advanced Statistics, making
them important for social sciences as well.

Graph comprehension, construction and use, in general, are included in
fundamental adult literacy and especially in document literacy (OECD,
1995) which is defined as “the knowledge and skills required to locate and
use information contained in various formats, including ... tables, and
graphics” (Murray et al., 1997, p. 17).

This paper investigates the possibilities of developing data modeling and
graphing competences of young children in the kindergarten. In contrast to
the claims of Inhelder and Piaget (1964) that preschoolers skills in data clas-
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sification and seriation are very pure, more recent researchers show that
even very young children can successfully engage in related learning activi-
ties provided these are authentic and interesting (Macnamara, 1982). Data
processing and graphs have significant role in many Mathematics curricula
worldwide even in PreK-2 stage. As an indicative example, in NCTM, 2000,
pp. 108, the expectations for the Pre-K2 stage state:

In prekindergarten through grade 2 all students should:

e pose questions and gather data about themselves and their sur-

roundings,
e represent data using concrete objects, pictures, and graphs.

As far as the learning activities are concerned in NCTM, 2000, it is pro-
posed that students should collect, organize and analyze data from their real
life experiences in order to answer questions related to their interests. Data
analysis and graph processing provides opportunities for kindergarten chil-
dren to apply several mathematical concepts and skills such as counting,
classifying, comparing. Furthermore, since data can be drawn by using
themes from various disciplines (e.g. social science), graphs can be applied
in interdisciplinary learning activities.

Graphs and information processing appears also in ICT educational
standards. For example ISTE National Educational Technology Standards
for Students, 2007, states:

Students apply digital tools to gather, evaluate, and use information.
Students: ...

b. locate, organize, analyze, evaluate, synthesize, and ethically use informa-
tion from a variety of sources and media. ...
d. process data and report results.

This reveals that data analysis and graph processing is a field that ICT
and Mathematics education naturally meet and questions rise for both re-
search communities.

Educational research about graphs comprehension

Data processing and graphs have attracted the interest of many research-
ers. For example Friel et. al., (2001), presents a study about critical factors
influencing graph comprehension and instructional implications. The paper
also offers an extended review of the related researches. As far as the learn-
ing activities are concerned, the researchers propose that students should ac-
tively collect, organize and analyze authentic data and construct simple
graphs in order to support their thinking. They also propose a three stage
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model of graphs comprehension. The first level “reading the data” refers to
the ability to decode basic information depicted directly on the graphs. The
second level “reading between data” refers to the ability to make compari-
sons and/or operations on the data presented in the graphs with the aim of
finding relationships (e.g. the most, the least, greater than, more often etc.).
The last level “reading beyond data” involves trends finding, predictions
making, and in general using the information derived from the graphs to an-
swer relevant questions. More recently Monteiro, & Ainley, (2003), empha-
size in critical sense making of graphs permitting citizens to quest on the re-
ality behind and beyond the graphs.

According to the researchers (Friel et.al., 2001; Curcio 1987) in kinder-
garten the graphs could be invented by the children or be conventional pic-
ture, bar, line and circle graphs. Kindergarten children should build graphs
at the beginning by using real objects and then gradually by proceeding to
more abstract forms like painting tiles on grids or software. The teacher
should both, guide children by posing questions for the interpretation of
graphs and encourage children as well to formulate their own data collection
problem cases and questions.

ICT and graphs

Data analysis and modeling in education using ICT has been studied by
researchers since 1990 (Hancock & Kaput, 1990; Hancock, et. al., 1992).
The researchers primarily aimed to the design, specification and develop-
ment of software suitable for children and learning. Tabletop and TabletopJr
software are two well-known outcomes of those efforts. Tabletop permits
the design of simple data tables and the production of corresponding graphs;
since the use of Tabletop software requires writing and reading, it is not de-
velopmentally appropriate for young children. TabletopJr is aimed to kin-
dergarten children but does not support the manipulation of user defined
data. Modern ICT technology (e.g. general purpose software as well as es-
pecially designed educational software e.g Tom Snyder Productions/Graph
Club) permit the easy and quick production of graphs that are based on data
defined and collected by children. Furthermore ICT tools enable the easy
translation of one graph type to others or the production of several forms of
graphs for the same data set. In most cases graphs are dynamically con-
nected to the data, meaning that any changes on the data tables are reflected
on the graph and vice versa, any changes on the parameters of the graph
(e.g. the height of a bar), will accordingly change the data set values. A first
impact of ICT in graph processing is the time saving that gives more oppor-
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tunities for concentration on the interpretation of graphs answering ques-
tions about the data instead of spending time for graph construction. ICT
can enhance both purposes of graphs: analysis and communication (Koss-
lyn, 1985).

From the research review it appears that more studies on the use of ICT
towards the direction of enhancing data modeling and graphs comprehen-
sion in kindergarten need to be performed. There are many questions open
especially on the interaction of modern ICT tools with the real object activi-
ties and the children responses to such learning experiences. There is also
the need for specific case studies in order to help teachers design, adapt and
successfully implement learning activities in their specific class conditions.

Aim

The aim of this paper is to consider the research directions that are open
with regard to the integration of ICT enhanced learning activities for data
modeling and graph comprehension in authentic and real kindergarten con-
ditions. More specifically, the paper presents research design ideas for dis-
cussion in the conference along with the preliminary results that will be
available by the date of the presentation.

The proposed research will examine the following questions: What are
the available types of software for kindergarten graphing? Are they consis-
tent to the research results available? How could software tools for graphing
be integrated in learning activities for real kindergarten conditions? Are
there any difficulties for the children and/or the teachers during implementa-
tion of such activities? How do children interact during these learning ac-
tivities? Does the software affect children interaction quality? Is there any
impact of using Interactive White Boards during graphing in kindergarten
because of the participation of the whole class? Does ICT anyway help chil-
dren engage more effectively in graph processing and enhance their learn-
ing? Are there any new features of the graphing software that could help en-
hance children learning and interaction?

Methodology

The research questions will be approached using case studies in real
kindergarten. Initially the participants will be assessed about their graphing
knowledge and their graph comprehension level. A series of learning activi-
ties will be designed for the use of real objects and ICT combination in
graphing. Then the children, with the guidance of teacher, will implement
the activities. The activities will be based on authentic scenarios for decision
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making and children will be observed in all phases. Graph construction and
comprehension will be assessed using children products and answers to
questions, as proposed by other researches. Finally the software use by the
children will be analyzed in order to find out any new features that would
make it more efficient for the kindergarten children’s developmental level.

Summary

The paper discusses possible research directions on enhance learning of
data and graphs in kindergarten using ICT. The results will be of interest to
researchers studying ICT enhanced learning approaches, educational data
modeling, statistics education and graphs sense. In addition the results could
also prove useful to teachers’ educators, teachers wishing to work with data
and graphs, and software designers that want to investigate new features for
this kind of software.
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Introduction

Digital games are considered to be an attractive and popular activity to
both young and older children (Prensky, 2003). As a consequence the edu-
cational community has showed interest over the impact of ICT in general
and of the digital games especially to children’s learning and development.
The issue proved quite controversial. Healy (1998) argued that the extensive
use of PC’s from preschool children poses numerous dangers to the devel-
opment of their creativity and mental abilities in general. On the other hand,
zealous proponents of digital games, as Gillen and Hall of Manchester’s
Metropolitan University, argued that even violent games can benefit chil-
dren’s’ creativity (Slater, 2001) showing some kind of pedagogical thought-
lessness. Papert (1996), having adopted a more pragmatic view, claims that
the real question today is which the appropriate uses of ICT are for children,
in order their extensive exposure to ICT's to be beneficial for them. Barab
et al., (2007) advocates that if we exploit the appeal that video games have
upon children using them as medium of education, we could develop com-
petences required for the modern citizens e.g. decision making, problem
solving, mathematical communication etc.

Moreover, the widespread use of internet and its use as distributor of
digital games enable more and more children to access them. This fact sup-
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ports the assumption that educational digital games could democratize the
learning of mathematics. It is a common belief that learning of mathematics
is hard and the providing of high quality mathematical education is a privi-
lege for few. On the contrary, today it seems that using digital games de-
signed for learning and which are accessible through the internet could de-
liver high quality mathematical education to vast population of children,
overcoming didactical and financial obstacles.

In this paper we examine the possibility of detecting mathematical learn-
ing potential of digital games, whether they have been designed for learning
or not. Moreover, we are investigating the relationship between the learning
potential and the popularity of games. Results show that the popularity and
availability can be inversely proportional to the mathematical learning po-
tential in some games. Consequently, the role of educators proves to be es-
sential for the utilization of the appropriate games that could help students
develop mathematical learning.

What follows is a brief review of digital games for learning mathemat-
ics. Thereafter, we describe “applied ludology”, the method that was used
for the detection of the learning potential of digital games. The paper ends
with the case study of the detection of learning potential of two specific
digital games in order to assess its efficiency and to investigate the relation
among popularity and learning potential.

Digital games for mathematical learning

The positive effects of the use of ICT’s in mathematics learning have
been supported by several researchers (Battista & Clements, 1984;
Clements, 1987; Yelland, 1999). Early research on the use of digital games
in schools recorded that the majority of them were drill and practice games
(Clements et al, 1993). More recent studies argue that digital games promote
understanding of mathematical concepts, while their structure shapes the
quality of interactions among children that use them jointly. Digital games
can develop mathematical skills like graph’s understanding (Gros, 2007)
and problem solving (Squire, 2005).

There are also well known projects about digital games in mathematical
learning, e.g. as Electronic Games for Education in Math and Sciences,
EGEMS (http://www.cs.ubc.ca/nest/egems/index.html) of Canadian Univer-
sity of British Columbia or Mathematical and Equitable Game Software
(MEGS, 1996-1999) (Rubin,1999) (http://mathequity.terc.edu/). Those pro-
jects have studied games design so as to integrate mathematical learning
and have also produced some successful games that are still on use (e.g. The
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logical journey of Zoombinis) (Hancock & Osterweil, 1996). Nevertheless,
researchers argue that there is still much work to be done (Yelland, 2002),
especially in designing specialized learning games in combination with the
development of modern curricula.

Research rational

Taking into account the above remarks it appears purposeful to find
methods for the detection of the learning potential of games. These methods
will be able to inform us, beyond the explicit intentions of the manufactur-
ers, about what can someone expect from a particular game in terms of
learning.

Detection of the learning potentials of the game - The applied ludol-
ogy method

In this paper we adapt “applied ludology” (Jarvinen, 2007), a method
developed especially for the content analysis of digital games. We present
its application in specific games in order to detect their mathematical learn-
ing potential. Our aim is to evaluate its applicability and to investigate the
relationship among learning potential and popularity of the games. The
method admits that a) any kind of game can be identified through a limited
number of structural features called game elements and b) the experience of
playing a game can be analyzed with a set of “psycho-ludogical” concepts.

Applied Ludology includes a toolset of seven methods known as Rapid
Analysis Method (RAM), of which we have used the followings:

A) Game elements identification: In order to understand how a game
works we must find out what are the parts of the system, the game elements.

B) Game mechanics and goals identification: Game mechanics are re-
ferred to the actions that a player has to perform through the game. They
correspond to verbs: choosing, shooting etc. The analysis of game mechan-
ics and their classification to primary mechanics, submechanics and modi-
fier mechanics can help us detect and classify game’s goals.

C) Player ability sets identification: Aims to the definition of the re-
quired player ability sets through their experiences while playing a game. In
particularly, we investigate the uncertainty factors which are defined as: the
abilities of a player that contribute in the uncertainty of his successful use of
game mechanics.

The case of RAM on “Super Mario Bros” and “Lure of the Laby-
rinth”

CIEAEM 64- Proceedings
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For the purposes of this analysis we have chosen two digital games a)
New Super Mario Bros, as well known popular game, which although hasn’t
been designed for educational purposes, it is considered to be simple enough
and can help to the easy understanding of the analysis method b) Lure of the
Labyrinth, an educational digital game for mathematics, in order to find out
whether the RAM method can detect the content argued by the game’s de-
signers.

We have adapted RAM’s third method where we specified player’s
abilities set as uncertainty factors which derive from Carroll’s (1993) model
of psychomotor human abilities. For the presentation of the mathematical
required player’s abilities we used NCTM’s Standards (2000).

Results — Discussion

Summarizing the application of RAM for the learning potential detec-
tion of the two games we notice:

a) Learning content of “New Super Mario Bros” is considered to be
suitable for children of age 3-6 years old. The competences of the players
which have been detected are considered as conquered for the majority of
the oldest pupils. This is a digital game which promotes partly several very
simple mathematical skills, e.g. number concept, counting, sense of time,
simple orientation abilities.

b) Regarding the game “Lure of the Labyrinth” and particularly the puz-
zle “Manager’s cafeteria” we found that requires the development of sig-
nificant mathematical learning e.g. fractions multiples, prime factorization,
understanding and using ratios and proportions to represent quantitative re-
lationships. In addition it helps children understand concepts significance in
everyday activities using engaging and realistic story plot. Lure of the Laby-
rinth promotes high order skills such as problem solving, decision making
but also the collaboration among teams.

Through this particular research of games it can be seen that mathemati-
cal learning potential can be conversely proportional to the popularity, thus
the educational system is responsible for choosing to get children in contact
with the appropriate game in order to ensure equal opportunities for the
learning of mathematics. Internet can provide access to games for vast chil-
dren population but the selection of games with high quality learning poten-
tial has to be supported by appropriate educational structures. The applica-
tion of learning potential detection methods, like applied ludology, can help
educators, parents, and guardians to ensure that the engagement of the chil-
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dren with digital games will not be only mere entertainment but also learn-
ing.

In the future, we would like to inquiry how content analysis can contrib-
ute to learning/instructional design and to the establishment of design prin-
ciples and methods for the development of educational games. Using con-
tent analysis it is possible to find correlation of games’ features to their
learning results.
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Abstract

Drawn on the notional system of the Systemic Functional Linguistics
(Halliday 1978) and on “Spatial Pedagogy” (Lim and al. 2012), in this paper
we attempt to investigate the relationship meaning which enacts the use of
space by the teacher and the students in two mathematical classrooms.
According to our assumption, space is significant as the material site where
various semiotic resources of the teacher (language, movement etc) are
embodied and instantiated and as such it is related to different conceptions
and attitudes of his pedagogical attitude.

Introduction

Harré and van Langenhove (1999) describe positioning as the ways in
which people use action and speech to arrange social structures. As such,
the notion seems to refer both to physical positioning (Goodwin, 2007) as
well as metaphorically to represent the interpersonal relationships. An
important aspect of positioning theory is that it recognizes that interpersonal
relationships, especially relationships between teachers and students,
necessarily involve issues of control, authority and power expressed
explicitly or implicitly through the structuring of action and language use in
the teaching-leaning event.

In the arena of social semiotics, recent studies challenge the traditional
view that teaching and learning are primary linguistics accomplishments
(Schleppegrell, 2007) and extend the scope of investigation to also include
other semiotic resources (e.g. gestures, position and/or movement in space
etc) and modalities (e.g visual, oral, etc) used in the classroom (Kress et al.,
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2001, O’Halloran, 2000, 2005). As Norris (2004) suggests «all movements,
all noises and all material objects carry interactional meanings as soon as
they are perceived by a persony. In this sense, classroom communication, as
any other type of communication, seems to be more what is said or heard
and to also include what is perceived.

The experience of teaching and learning is constructed trough the
teacher’s use of multiple semiotic resources which along with his language
use are embodied in his pedagogy. Different organization and managing of
the available semiotic resources reflect specific forms of power and
participation in the teaching and learning event or to express it in terms of
Appelbaum (2008), they create different “spaces of relation” which allow
students to construct different understandings for the social relationships
and participation in society.

In modeling the meaning potential of varied semiotic resources the
relative studies adopt the triadic stratification of MAK Halliday (1978)
whereby the meaning of language- and eventually of any other semiotic
resource in use- evolves through three distinct and interdependent
metafunctions: the ideational meaning, which is the expression of our ideas
about the world, the textual meaning for the organization of meaning into a
coherent unit (text) and the interpersonal meaning which is the enactment of
social relations.

Regarding the educational space

Solomon (1992) sustains that the selected space arrangements reveal
conceptions and stances about [pedagogical] principles and as such they
correspond to [educational] attitudes and practices. Kress and al. (2005)
describe how a teacher’s slow and deliberative movements into his
classroom function as “invigilator”, in their own term as “a patrol”.
Matthiessen (2010) states that the teacher’s positioning in the different
material sites in the classroom realizes “semiotic distance” and as such it
establishes social interpersonal relations with the students. In terms of social
distance, Hall (1966) in his foundational work on proxemics suggests four
general categories of space, according to the typical distance and the degree
of physical contact between the participants in the communication: a) the
Public b) the Social-Consultative ¢) the Casual-Personal and d) the Intimate
space. Regarding Hall’s taxonomy, Lim and al. (2012) claim that in the
context of the classroom, most communication takes place in the Social-
Consultative space, which construes the formal relationship between teacher
and students. Therefore in order to further investigate the semiotic potential
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of Social-Consultative space they develop a further sub-division within this
category, namely they propose to distinguish: a) the Authoritative space, b)
the Personal space, ¢) the Supervisory space and d) the Interactional Space.
Their coding is based both on the characteristics of the material site and the
degree of distance between teacher and students as well as on the type of
activities that are typically taking place there (e.g the Authoritative space is
usually the furthest from the students in terms of proximity and corresponds
to the space in the front center of the classroom. It is also the space where
the teacher usually positions himself to provide instructions). It is
underlined then that while each material site in the classroom has its own
affordance and constrains as semiotic resource, the physical spaces could be
reconfigured by the nature of activities and interactions into a new semiotic
space with a different set of meanings. Their functional meanings reside into
the co-deployement with the other semiotic resources and their functional
integration in the teaching-learning processes.

Methodological issues

The data for this study include two, hour-long video-recorded lessons
from two different classes. The two lessons have several similarities
between them, which make them comparable in terms of the data analysis.
Both lessons are: a) from the 6™ grade, b) on the same topic c) they
comprise the same number of students (19 students per class), d) they are
conducted in classrooms of similar capacity, e) they are addressed to
students with the same mixed linguistic and mathematical ability. With
respect to the teachers’ profile, there is a difference in gender but not in their
teaching experience. Both have five years of experience in teaching.
The research questions underlying the study are the following:

a) Which semantic configurations are established through the teachers’
classroom management (desks arrangement/teachers position into
classroom space). What types of interpersonal relationships do they
establish?

b) What is the correspondence between the space’s semantic
configurations and the other semiotic resources used in the
deployment of teaching-learning processes?

In exploring the use of classroom space as semiotic resource we attempt:

a) a statically based analysis which considers the stationary position of the
teacher in the specifics locations, its semantic relationships to the students’
position and the exact time he or she stayed in each location during the
lesson b) a more dynamically inspired analysis which through the different
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stages of the lesson (microgenres: Christie, 2005) is looking for the potential
reconfigurations of spaces’ semantics due to their interaction and
integration with other semiotic resources used by the teacher during his
teaching.

The results

Class 1

C1 Desk arrangement: the desks were united in pairs with four students
sitting around them and as such it is constructing the meaning of a potential
collaboration between the students.
C1 Teacher’s stationary positions: in terms of semiotic distance between the
teacher and the students, the teacher of C2 class positions himself mainly
into the Authoritative and only for a while into the Personal Space in the
classroom. During the entire lesson he is standing: a) in front of the
whiteboard, (authoritative space), b) behind his desk (personal space) c) to
the left of his desk ( authoritative space) d) to the right of his desk
(authoritative space / Supervisory function).

The teacher of C1 makes use of the Authoritative space for giving a
formal type of teaching: he initiates and solves a problem by himself in the
whiteboard while he is trying to show to the students the new mathematical
relation which they have to learn (1* microgenre). While he is modeling the
solving procedures of such type of problem (2™ microgenre) he is moving
behind his desk, namely in the Personal Space which functions as such for
only two seconds, that is the time he needs to take and find the appropriate
page in the textbook. After that sort time, this material site turns to be an
Authoritative Space: The teacher stands up behind his desk keeping the
textbook (motion as semiotic resource) and reading the guide of a typical
procedural solution of the types of problems he had just taught (mediation
resources). By his intonation he is emphasizing the attention the students
should give to the ‘““authority” of the book (paralinguistic resource). In
addition, he has the conversational control by initiating every
communicative turn during this 2nd microgenre (Chaviaris, Stathopoulou,
Gana, 2011). When he initiates the 3™ migrogenre, by giving the students a
problem to solve in groups — which were formed by the typical arrangement
of their desks, and without any possible pedagogical reconsideration-, the
teacher moves to the right of the desk and he is standing there supervising
from the distance of his position the students working. His posture may to
some point give a sense of casualty but the phrasing of his discourse support

29 3

his authoritative teaching profile (“/ want you to solve a problem for me”,
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1 want to see who feels strong enough and certain of himself to be in the
whiteboard”, “don’t forget to adopt the typical procedure I've just told of™.

Class 2
C2 Desk arrangement the desks are arranged in the shape of a rectangle
with the students seating around to all the sides so as to have visual contact
with the whiteboard; those who sit in the two larger sides never have eye
contact with each other. Around the rectangle there is enough space for
circulation.
C2 Teacher’s stationary positions: in terms of semiotic distance between the
teacher and the students, the teacher of C2 spend most time into the
Interactional Space and makes use of the Authoritative Space only when
she introduces the new mathematical knowledge.

The teacher of C2 selects to begin the lesson by relating the new
information to the relative students’ mathematical background. During this
lesson’s microgenre she is standing alongside the students desks, that is into
the typical Interactional Space which however functions as a Supervisory
Space: she often looks at the whiteboard making comments to a pupil’s
writing there (gaze modality/linguistic resource). At the same time she is
regulating the recall of mathematical concepts for the whole class by a
continuing prompt and questioning (linguistic resources). In that case the
space proximity between teacher and students reduces the meaning of power
and authority asserted by the actions of the supervision and construe a
“structured informality” (Lim and al 2012) which encourage students’
participation. In the next microgenres there is an alteration in the use of
spaces, with the authoritative space being used only for a limited time
during the establishment of new knowledge. In short, the interpersonal
relationship asserted by the use of classroom’s space along with her
linguistic choices (eg the high use of modality and adjuncts constructs
solidarity with her students), her challenging of the textbook ‘“‘authority”
(she points to a misstatement), her minimal distracting movements
encourage students participation in the classroom.

Discussion

The first outcomes of this study confirm the hypothesis that although the
teachers apply the same Curriculum Standards, the use of the classroom
space that every teacher consciously or unconsciously choses during his
teaching along with his discursive choices, and the use of other semiotic
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resources (gesture, gaze etc) construct different learning experiences and
therefore different representations about notions such as authority, power
and participation in society. Teachers' sensitization to the interpersonal
meanings that are dictated by the use of space (and other semiotic resources)
could contribute to shaping a democratic mathematics education; an
education providing equal access to every student independently of his
aptitude or origin. The use of space for articulating an authority discourse,
prevents the inclusivity and rights of the students, thus undermining the
democratic access of all the students in mathematics education.
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Abstract

This presentation reports on the findings of a research concerning
anxiety towards doing mathematics experienced by adults who have
returned at school, assuming that negative emotions and particularly
mathematics anxiety drive persons to avoid learning and using mathematics
and thus to self-exclusion from participating in many aspects of social,
cultural and civic life. As the evidence of this research indicates a
considerable number of adults reports no anxiety when carrying out number
manipulations or operations in everyday life mathematical activities,
although a remarkable variation is found according to the situation and the
tasks involved. On the other hand a high level of anxiety has been reported
when the adults are thinking or are carrying out activities related to school
mathematics. As a main conclusion may be claimed that mathematics
anxiety is “taught” by school mathematics practice and “learned” by
students and finally becomes a constituent aspect of their “mathematical
self-deternimation”.

1. Background of the study

This presentation is based on the findings of a research into negative
emotions and anxiety towards mathematics reported by adults who were
studying at a Greek Second Chance School, at the time of this research.
These students aged between 18 and 30 have not completed the 10 year
compulsory education cycle and therefore they lack both the basic
knowledge and the specific competencies to fully benefit from available
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opportunities in training, labour, social and cultural life, thus experiencing a
situation or are faced by an immediate threat of social and/or cultural
exclusion as well as of civic marginalization (Eurydice, 2010).

The research aimed at tracing adults’ anxiety towards mathematics as a
school subject and as an essential component of everyday life activities,
assuming that persons experiencing mathematics anxiety are avoiding
learning and wusing mathematics and thus are gradually excluded,
subjectively or objectively, from participating in many aspects of social,
cultural and civic life.

Anxiety is a psychological and physiological state of a person
characterized by somatic, emotional, cognitive, and behavioral components.
Mathematics anxiety, in particular, has been studied as a topic in
mathematics education research for more than 30 years and it has been
defined and described in the relevant literature in many and differing terms.
For instance, Richardson and Suinn (1972, p. 551) described mathematics
anxiety as “involving feelings of terror and anxiety that interfere with
manipulation of numbers and the solving of mathematics problems in a wide
variety of situations”, Tobias & Weissbrod (1980, p. 65) defined
mathematics anxiety as “the panic, helplessness, paralysis, and mental
disorganization that arises among some people when they are required to
solve a mathematical problem” and Spicer (2004, p. 1) stated that
mathematics anxiety is “an emotion that blocks a person’s reasoning ability
when confronted with a mathematical situation”. At the same time, many
scholars have correlated or even identified mathematics anxiety with
mathophobia, “an irrational and impeditive dread of mathematics”
(Lazarus, 1974, p.16).

Defined in the one or the other way, mathematics anxiety is reflecting a
vicious cycle of mathematics avoidance that leads to educational and
societal mathophobes” (Williams, 1988, p.96).

Most of the researchers in the field are in agreement that we may
distinguish two dimensions of mathematics anxiety on the basis of its
context. Mathematics anxiety related to mathematical / numerical activities
of everyday life situations and mathematics anxiety related to school
mathematics, courses, lessons, textbooks, tasks, tests and examinations.
Rounds and Hendel (1980, p. 142) describe this distinction as two factors of
mathematics anxiety. The first, named “mathematics course or mathematics
test anxiety”, reflects apprehension about mathematics courses as well as
about anticipating, taking and receiving the results of school mathematics
tests and the second factor, named “numerical anxiety”, refers to anxiety
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generated by everyday concrete situations requiring some form of number
manipulation, use of elementary arithmetic skills in practical situations as
well as to practical skills necessary for making money decisions.

2. Research methodology

In the research reported in this presentation they have been participated
191 adult students from 3 Second Chance Schools at Athens and
Thessaloniki. A questionnaire extracting items from Richarson-Suinn
Mathematics Anxiety Rating Scale (MARS) as revised for adolescents
(Suinn & Edwards, 1982) has been developed and employed for our data
collection.

The Mathematics Anxiety Rating Scale for Adolescents (MARS-A)
includes 98 items which are brief descriptions of behavioural situations, as

29 ¢¢

for instance “thinking that a mathematics lesson is forthcoming”, “solving a
mathematics problem in the classroom”, “adding two three-digit numbers
while someone looks over your shoulder” or “checking your bill in a
restaurant”, in response to which people are expected to indicate different
levels of anxiety from “not at all” to “very much” anxious. According to its
inventors, since different kinds of anxiety lead to different effects on
intellectual performance the MARS-A scale aims to be situational-specific
and trace the particular anxiety producing factors. In Evans’ view the
MARS scale is the more appropriate indicator to be used for the study of
the variation in numerate performance and anxiety across contexts (Evans,
2000).

As most of the researchers in the field are in agreement that we may
distinguish mathematics anxiety related to mathematical / numerical
activities of everyday life situations and mathematics anxiety related to
school mathematics activities we have included in our questionnaire
questions referring to these two contexts. Each question has been phrased
and posed in two variations. Questions referring to numerical activities
carried out in a private situation, e.g. calculate a sale price and questions
referring to numerical activities carried out in a public situation, where the
person is under observation by others, e.g. checking a bill in a restaurant.

After all, our questionnaire included 28 questions aimed at tracing
adults’ anxiety towards mathematics plus demographic questions, as are
sex, age, family status, employment etc.

It has to be emphasised, however, that tracing mathematics anxiety and
probing its sources on the basis of adult students’ self-reports as well as
concluding on the basis of quantitative data drawn from these self-reports
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have to be considered from a critical standpoint. On the other hand, the lack
of research into adults’ mathematics anxiety in Greek literature credits this
research with a rather pioneering value.

3. Selected findings
In the following they are presented and briefly commented two sets of

findings concerning mathematical / numerical activities and tasks carried
out respectively in specific everyday life and school mathematics contexts.

(2)

(b)

Cconsiderable percentages of adults ranging from 20% to 70%
acknowledge that they fell anxious when involved in particular
everyday life numerical activities in various contexts. For instance, half
of the participants in this research report that they fell anxious when
they are obliged to read and comprehend numerical data, as those
contained in a home electricity bill and significant percentages of
adults feels anxiety when having to carry out number operations, e.g.
finding the balance of a payment (39%) or calculate a sale price (40%).
Significant, as well, are the percentages of adults reporting anxiety
when they have to estimate or compare numerical data or results, e.g.
two different priced holiday trips (36%) or home expenses (56%). On
the other hand, adults in high percentages report that they feel no
anxiety when carrying out calculations and numerical estimations in
playing games of chance (70%), shopping calculations (80%),
checking bills (70%) or work out someone’s age (74%). It seems that
for adults the numerical manipulations and the number operations
acquire various meanings depended on the context in relation to their
significance for their personal of family decisions.

The participants in this research report a considerable anxiety when
thinking or carrying out activities related to school mathematics, which
according to the evidence is much stronger than - and in statistical
terms significantly different from - the anxiety felt when involved in
everyday life numerical activities. It is characteristic the percentage of
adults which reports that they feel anxiety even reading the word
“mathematics” (36%). The solution of problems in mathematics
classrooms seems to be an anxiety producing activity in a rather high
percentage (60%). It is characteristic that even listening to another
person explaining the solution of a mathematics problem is reported as
an anxious event by the participants of this research (43%), and even
more an anxious activity is considered the explaining of how a
mathematics problem has been solved (56%), especially in cases where
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there the adults feel uncertain about its solution (62%). Furthermore,

the mathematics classroom per se seems to be a source of anxiety for a

significant number of adults. The waiting for the mathematics teacher

to arrive (25%) , the attending a mathematics lesson (33%) or the

thinking of a forthcoming one (33%) are reported as anxious situations.

Finally, according to the answers offered by the adults who participated
in this research their mathematics anxiety is not found to be significantly
differentiated when the numerical activities are taking place in a “private”
or in a “public” context. Likewise, no significant differences are found
according to the demographic characteristics of the participants.

4. Main Conclusions

As the evidence of this research indicates a considerable number of
adults reports that they feel no anxiety carrying out number manipulations
or operations in everyday life numerical activities, despite a remarkable
variation according to the situation and the tasks involved.

On the other hand a state of personal anxiety has been reported when
the adults are thinking or are carrying out activities related to school
mathematics. Anxiety which is much stronger in problem solving
situations, mainly related to school evaluation tests and exams.

This is endorsing the claim that mathematics anxiety is situationally
specific and not transituational (Rounds & Hendel, 1980), therefore it is not
transferred from the one situation to the other. Thus, the non-anxious
feelings of coping with everyday life mathematics may be quite difficult to
be transferred to mathematics classroom situations simply by introducing
imitations of everyday life situations to mathematics lessons. So from this
psychological point of view, the contribution of real life situations
introduced into school mathematics is questionable.

The reported by the participants of this research as sources of their
anxiety were mainly associated to their difficulties in comprehending
mathematics texts, their negative experiences from school mathematics,
their uncertainty of answering mathematical or numerical questions and
their fear of disapproval by others, their feelings of a deficiency concerning
their mathematics knowledge and skills and their beliefs about the useless of
school mathematics in out of school contexts.

These factors claimed by adult students for their mathematics anxiety
confirms a rather negative effect of school: the mathematics anxiety is
“taught” by school and “learned” by students and finally becomes a
constituent aspect of their “mathematical self-deternimation”. This effect
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may not be exclusively attributed to a sole component of school
mathematics education but it seems a product of an established pedagogy of
mathematics as a social practice.

An interpretation of this process grounded on the cultural practice theory
may be based on the following idea. Assuming that knowledge is situated
within particular contexts then particular people have difficulties with
school mathematics as a result of a discontinuity between schooling and
other cultural contexts in their lives (Brown, Collins & Duguid, 1989, Lave,
1988). In accordance, these people develop negative thoughts, emotions and
behaviours towards mathematics considering it exclusively as a school
subject matter. As a consequence, they exclude themselves initially from
school mathematics and finally from school and mathematics. The
incorporation of inclusive practices in mathematics classrooms which
recognise a variety of mathematical ideas, understandings and vocabularies
widespread in everyday life activities of people is a demand from the
standpoint of a democratic mathematics education. Such equitable practices
allow all students to recognize and participate in career opportunities and
preparations offered by school and at the same time offer them chances for
intellectual exploration and development within their own understanding of
mathematics and everyday life.

References

Brown, J.S, Collins, A. and Duguid, P. (1989), Situated Cognition and the
Culture of Learning, Educational Researcher, 18 (1), 32-42.

Evans, J. (2000), Adults "Mathematical Thinking and Emotions: A study of
numerate practices, London:Routledge/Falmer,Taylor & Francis
Group.

Eurydice (2010), Structures of Education and Training Systems in Europe,
Greece, 2009/10 edition, European Commission.

Lave, J. (1988), Cognition in practice: Mind, mathematics, and culture in
everyday life, Cambridge, UK: Cambridge University Press.

Lazarus, M. (1974), Mathophobia: Some personal speculations. The
National Elementary Principal, 53(2), 16-22.

Pries C. & Biggs Bobbie T. (2001), Can Instructors Help Learners
Overcome Mathematics Anxiety? American Technical Education
Association Journal, 28(4), 6-10.

Richardson F. & Suinn R. (1972), The mathematics anxiety rating scale:
psychometric data, Journal of Counseling Psychology, 9, 551-554

CIEAEM 64- Proceedings



262 Eleni Giannakopoulou, Dimitris Chassapis

Rounds, J. and Hendel, D. (1980), Measurement and Dimensionality Of
Mathematics Anxiety. Journal of Counselling Psychology, 27, 138-
149.

Spicer, J. (2004), Resources to combat math anxiety, Eisenhower National
Clearinghouse, Focus 12(12).

Suinn, R. M. & Edwards, R. (1982), The measurement of mathematics
anxiety: The Mathematics Anxiety Rating Scale for Adolscents-
MARS-A. Journals of Clinical Psychology, 38(3), 576-580.

Tobias, S. & Weissbrod, C. (1980), Anxiety and mathematics: An update.
Harvard Educational Review, 50, 63-70.

Williams, W. V. (1988), Answers to Questions about math anxiety, School
Science and Mathematics, 88 (2), 95-104.

HMS i JME, Volume 4. 2012



Hellenic Mathematical Society
International Journal for Mathematics in Education

LES JEUX MATHEMATIQUES POUR
DEVELOPPER LA DEMOCRATIE DANS UNE
CLASSE DE MILIEU DEFAVORISE

Sabrina Héroux Louise Poirier
sabrina.heroux@umontreal.ca louise.poirier.2(@umontreal.ca
Université de Montréal, Montréal (Québec), CANADA

Ce texte relate les conclusions d'un projet de co-développement autour
des jeux mathématiques réalisé en milieu défavorisé pluriethnique. Cette
recherche collaborative avec des enseignants et des didacticiens visait a
créer des trousses de jeux mathématiques pour faire le pont entre 1'école et la
famille. Les retombées furent plus nombreuses que prévu avec entre autres
le changement des représentations des enseignants sur l'enseignement des
mathématiques et la revalorisation du jeu comme pratique d'enseignement.
La mise a l'essai a permis de constater la mobilisation de stratégies et
d'habiletés de haut niveau et l'apprivoisement de I'erreur comme outil
d'apprentissage, mais également que des discussions émergeaient avec les
¢leves et que le concept d'honnéteté était abordé. Des ajustements a la
gestion de classe devaient étre effectués afin d'intégrer adéquatement le jeu
dans l'enseignement. Les jeux mathématiques apparaissent comme une
pratique d'enseignement transdisciplinaire ou il est possible d'aborder la
démocratie et le respect de reégles de vie en société.

Problématique

Au cours d'un projet de codéveloppement autour des jeux
mathématiques, le groupe de participants (enseignants, ressources
professionnelles et chercheurs universitaires) concluent, entre autres que
l'utilisation des jeux mathématiques provenant de diverses cultures est
source de motivation pour les éléves et permet aux enseignants de
développer une nouvelle gestion de classe pour intégrer le jeu dans leur
enseignement (Poirier, 2011).
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Nous nous sommes alors demandé si l'utilisation des jeux
mathématiques dans des classes de milieu défavoris€é comme pratique
d'enseignement permettait ¢également de développer des valeurs
humanitaires.

Cadre conceptuel

A priori, il peut sembler inhabituel d'effectuer un rapprochement entre
'enseignement des mathématiques et la démocratie. Toutefois, des I'époque
de la Grece antique, le philosophe Platon accordait une grande importante a
I'apprentissage des mathématiques pour former la raison. Sur l'entrée de
I'Académie, son école, on pouvait y lire "Nul n'entre ici s'il n'est géometre".

Au Québec, le programme de formation du primaire (Ministére de
1'Education, 2001) contient des domaines de généraux de formation, c'est-a-
dire " un ensemble de grandes questions que les jeunes doivent affronter "
(Ministére de 1'Education, 2001, p.42). La démocratie est abordée comme
problématique transdisciplinaire a travers le domaine général de formation
Vivre ensemble et citoyenneté. L'enseignant doit développer chez les
¢léves: la valorisation des reégles de vie en société et des institutions
démocratiques, I'engagement dans l'action dans un esprit de coopération et
de solidarité et la culture de la paix (Ministére de 1'Education, 2001, p.50)

Pour Dupperet (2007), I'apprentissage des mathématiques est une forme
d'apprentissage de la démocratie. Premic¢rement, au cours de la réalisation
d'une activit¢é mathématique, nous avons recours a une démarche
intellectuelle semblable a celle des philosophes grecs en développant et
construisant notre pensée grace a une succession de débats ou l'on soumet
nos idées et réfute les diverses solutions. Ensuite, les activités
mathématiques permettent le développement de comportements experts
transférables a d'autres champs par la recherche de la meilleure stratégie, du
modele le plus pertinent en raison d'une constante confrontation au non-
savoir. Enfin, l'activit¢é mathématique contribue a I'éducation civique en
raison des aptitudes développées pour analyser, traiter et transformer des
informations. Le jeu ne pourrait-il pas étre lui aussi un contexte
d'apprentissage ou l'on développe les interactions sociales ?

Malloy (2002) dégage les quatre grandes qualités pour qu’un
enseignement des mathématiques soit démocratique. Il faut que cette
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éducation soit accessible a tous les éléves, repose sur le postulat que tous les
¢leves peuvent apprendre si on leur fournit les bonnes conditions, puisse
permettre aux ¢€léves d’apprendre de facon significative et substantielle et
aide les ¢éleves a construire des outils leur permettant de devenir des citoyens
productifs et actifs. Le jeu pourrait-il permettre d’atteindre ces quatre
objectifs?

De plus, Mounier (2005) fait plusieurs rapprochements entre le débat
démocratique et le débat mathématique: " Le groupe doit se mettre d'accord
sur une solution, les propositions de chacun sont discutées - débouche sur la
rédaction d'affiches qui sont ensuite le support d'un débat sur la validité des
solutions proposées" (Mounier, 2005, p.50). Ainsi, selon Legrand
(Mounier, 2005) "L'intérét d'un tel enseignement pour fonder une
démocratie c'est donc de proposer au futur citoyen des modes de mise en
accord qui fait appel a ses responsabilités d'étre pensant; recherche d'accords
qui ne reposent ni sur l'autorité absolue d'un supérieur infaillible, ni sur
I'abandon a l'irrationnel, a la chance ou la malchance, a la volonté divine.

Epstein (2001, p.19) affirme "[qu'un] enfant ne joue pas pour apprendre,
mais apprend parce qu'il joue ". Le jeu permet entre autres de développer
certains reperes sociaux qui permettent d'apprendre a faire ensemble. Garon
(2001) soutient que le jeu entraine la socialisation ainsi que des progres
cognitifs et sociaux. Entre sept et onze ans, les enfants progressivement ont
recours a des jeux de régles pour lesquels on doit comprendre et respecter
certaines conventions. L'enfant doit apprendre a ne pas modifier au cours
du jeu certaines régles a son avantage. En accédant a la pensée réversible,
I'enfant comprend les consignes et anticipe les conséquences de ses gestes
en situation de jeu. Des conflits peuvent survenir en cours de jeu et I'enfant
doit exprimer ses idées de fagon cohérente et coordonner son point de vue
avec celui de ses adversaires. Il s'agit de nombreuses habiletés sociales qui
continueront a &tre utiles pour la vie a I'age adulte.

Objectif général de 1'étude

Au cours de ce projet nous avons examiné si l'utilisation de jeux
mathématiques comme pratique d'enseignement dans une classe de milieu
défavorisé permet développer des activités "culturellement juste" afin de
créer le pont entre la culture de la famille et la culture de 1'école. Les
activités mathématiques serviraient "d'interfaces culturelles" entre le milieu
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amilial et, entre autres, les valeurs humanitaires que l'on retrouve dans le
familial et, ent tres, 1 1 h t I t d 1
programme de formation de I'école québécoise.

Méthodologie

Tout d'abord, trois jeux ont été utilisés dans ce projet. Mankala, un des
meilleurs jeux de stratégie (Zaslavsky, 1997), fait appel au dénombrement, a
la correspondance terme a terme et a l'anticipation. Ce jeu est encore joué
sur le continent africain. Referme les boites fait appel a l'addition et a
l'anticipation. Ce jeu était joué par les matins francais lors de la traversée de
I'Atlantique pour venir en Nouvelle-France. Barrage est un jeu de
déplacement dans I'espace et de stratégie qui aide les enfances a acquérir des
habiletés nécessaires a la résolution de probléme et a la prise de décision
(Zaslavsky, 1997). Ce jeu est l'ancétre du Tic-Tac-Toe et remonte a
'époque des pharaons égyptiens.

En collaboration avec le Programme de soutien a l'école montréalaise,
deux chercheurs universitaires, deux ressources professionnelles et vingt
enseignants ou conseillers pédagogiques ont pris part a cette recherche
collaborative de janvier 2009 a juin 2010. Des rencontres préliminaires ont
permis de discuter de la problématique de 1'enseignement/apprentissage des
mathématiques spécifique au milieu défavorisé.  Certains concepts
mathématiques intervenant dans les jeux ont été revisités en plus de discuter
des procédures et stratégies mises de l'avant par les éléves de 5 a 12 ans
lorsqu'ils jouaient.

L'expérimentation constituait en une rencontre de 1'équipe pour élaborer
les jeux d'aprés un canevas de base qui leur était présenté par les
chercheuses. Ensuite les enseignants mettaient a I'essai les jeux dans leurs
classes dans les semaines suivantes. Lors de la rencontre suivante, I'équipe
effectuait un retour sur la mise a I'essai et on planifiait des variantes de ces
jeux ou de nouveaux jeux. Les verbatim des rencontres filmées de 1'équipe
du projet de codéveloppement autour des jeux mathématiques ont été
retranscrits et leur contenu analysé afin de connaitre leur opinion sur le sujet
et certains éléments qu'ils relevaient de l'expérimentation en classe. Pour
compléter I'expérimentation, des entrevues individuelles seront menées avec
quelques participants.
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Discussion et conclusions

Les analyses préliminaires permettent d'affirmer que le jeu offre un
contexte d'apprentissage riche, ludique et varié comme le disait Garon. En
effet, le jeu n'était plus vu comme seulement une récompense a la fin de la
journée ou de la semaine, mais faisait 1'objet d'un enseignement nécessitant
une nouvelle gestion de classe.

L'équipe a aussi déclaré que le jeu peut devenir une situation
d'apprentissage complexe qui sollicite des stratégies et des habiletés de haut
niveau tel qu’avancé par Dupperet (2007). Le jeu met en place des
interactions sociales qui permettent, entre autres, de développer le langage
mathématique contribuant a 1'éducation civique comme le mentionne
Dupperet (2007). Quant aux similitudes entre le débat démocratique et le
débat mathématique de Mounier (2005), nous croyons que ce type de débat
a été vécu en contexte de jeux mathématiques lors de la présentation des
régles ou lors du changement de régles sur approbation de I'ensemble des
joueurs.

L'équipe de recherche (chercheur, ressources professionnelles,
conseillers pédagogiques et enseignants) arrive également a la conclusion
que le jeu permet aux ¢€leves de développer leur sentiment de compétence et
leur autonomie. Nous en venons donc a la conclusion que l'intégration du
jeu mathématique a eu un impact sur les €léves. De ce fait, dans plusieurs
classes certains ¢léves faibles en mathématiques ont développé des
stratégies informelles qui leur ont permis de gagner aux jeux de stratégies et
d'étre les meilleures de leur classe. Le contexte du jeu mathématique a
également permis le développement de valeurs humanitaires grace aux
nombreuses discussions entourant le fonctionnement des jeux et les
stratégies les plus pertinentes.
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Introduction

The critical view of mathematical education promotes the need for a
political vision of mathematics education and argues that its main objective
should be people support for the creation of citizenship through experience
and active participation in school mathematics education. According to
Skovsmose (2005) mathematics education has the potential to contribute to
the development of critical citizenship and support democratic ideals, as
well as the development of citizens who can participate actively and
responsibly in discussions and processes in which the individual is required
to take part in personal and public decisions (Skovsmose 1996:1267). The
democratic aspect of mathematics requires the development of students
critical ability, which i1s of vital importance for the development of
democratic citizenship (Ernest, 2008).

The notion of “democratic access” to mathematical ideas by the learners
has been the focus of many researchers. Democratic access is the creation of
the appropriate learning conditions where all students have the chance to
become critical thinkers and decision makers and develop the ability to
solve and understand increasingly challenging problems in classroom
setting, but also in their life conditions (Scovsmose &Valero, 2002). One of
the main questions that emerged, concerns the kind of learning
environments and classroom practices that are needed in order to promote a
democratic access to mathematical ideas for all students.

Gerofski (2009) claims that a classroom where students’ active
participation and ideas are clearly valued might prepare kids to live in a
more participatory, activist political system where their voices and ideas are
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taken seriously. She suggests to reconfigure our conception of mathematics
classroom, learning to include participatory performance both as a model
and the means to stimulating democratic participation in our societies.

We claim that Drama in Education' techniques promote participatory
performance and can give a context that offers innovative and creative ways
for the students to develop critical thinking about ‘mathematics in society
and history’. We also claim that the question ‘which is the geometry which
best describes our physical world’ is an intriguing one that can motivate
students and promote critical thinking.

Active involvement in the teaching of non-Euclidean geometries enables
students to perceive Mathematics as a creation under constant negotiation,
modifying thus their epistemological beliefs about mathematics and
provokes the dominant belief that Euclidean geometry is the only model
which interprets and represents our real world, shaking thereby and other
certainties.

The research

This paper focuses on exploring the dynamics of Drama in Education
Techniques in teaching Geometry, as a process that promotes “democratic
access” to mathematical ideas by all learners. Through a didactical
experiment—titled “Is our world Euclidean’— we tried: a) to motivate and
engage all the students of a mathematics class actively through Drama b) to
encourage students to develop a critical stance towards mathematical
knowledge, as absolute, objective and infallible knoweledge. Using Drama
techniques the axiomatization of Euclidean and Non-Euclidean Geometries
as far as the history of Euclides’ fifth postulate were discussed.

The setting

The research was carried out in a group of 26 (11"-grade students) from
different directions of studies in the 2™ High School of Ilion (Athens, 2010-11).

The method: Exploitation of ethnographic research techniques
(observation-interviews) helped us gathering research data, while all
students’ presentations were videotaped and analyzed.

The teaching experiment

The teaching experiment was carried out in 25 teaching periods, during

"Drama in Education can be a highly structured pedagogical procedure utilizing specific
rituals and techniques of dramatic art aiming to focus participants’ attention towards the
process of participants’ experience and not on the final product (Alkistis, 2000;Wagner,
1999).
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seven weeks, in Geometry, History, Language, Literature and Ancient
Greek Language classes. The three main pillars were: the mathematics
themselves, the persons that have invented them and the historical and
cultural context in which these Mathematics have been created and
formatted. More analytically:

1. Euclid’s Elements and the axiomatization of Euclidean Geometry, 6h.

2. Euclid and the historical, cultural and political frame of his era, 4h.

3. ‘History in shadow’ The controversy of Euclid’s Fifth postulate till 18th
century, Sh.

4. Janos Bolyai, Lobatscevski, Riemann: The founders-creators of non
Euclidean geometries, 3h.

5. Hyperbolic Geometry and Poincare model, 6h.

6. Sperical Geometry and the axiomatization of Elliptic Geometry, 1h.

In every unit of the experiment, initially, a lecture was given by us
preparing the students for the presentations. Subsequently, the students
worked in teams using bibliographical/ICT recourses and then performed
their presentations using different drama conventions, as: ‘role playing’,
‘reportage’, ‘alter-ego’, ‘interview’, dramatization ‘Radio-broadcasts’.
Furthermore, ‘Shadow Theatre’ was used for presenting the fruitless efforts
of Arabs mathematicians to prove the fifth postulate. Finally, a documentary
film entitled ‘Our lives with Euclid’ was created around these drama-
activities.

Results

Drama techniques helped for new practices to be formed in a class of
active students who cooperated towards the development of mathematical
knowledge. Students integrated correctly in their performances all
mathematical notions that they had to present and from their answers in
interviews two months later, it seems that they realized the axiomatization
of Euclidean and Hyperbolic Geometry and changed their perceptions about
the nature of Mathematics.
e [t appeared that all students were motivated to develop cooperative

skills.
-(V) It was completaly different than just writing stuff, from comprehending
something yourself and trying to pass it to others others. It was very nice.
-(1z.) In this particular project we all worked, irrespectful the direction of
our majors
The motives for the participation of all students in the teaching experiment,
according to them due to the following reasons:
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e To the experential nature of Drama.

-(A). We felt as if we were discussing it to others for them to learn, as we
were the teachers, Euclid, Gauss and Lobachevski. We were more involved
in profound knowledge.

e To Drama creative character, which gave them the opportunity to
express themselves in their own way and for everyone to bring out his
special abilities and talents. Students felt that the sketches were their own
creation and due to this they wanted to have the best result in their
presentations.

-(A) .. without Drama this would not be a part of us. Through Drama we
prepared it, we presented it , we felt it as our thing.

-(Vir.)...,it was something new, it was so very different for everyone,.., and
very creative and everyone could show his abilities, the different ones that
everybody has.

e To the atmosphere of game, joy and fun, that Drama created.

-(P.) All this dramatic, theatrical thing is like a game...

e To the impact that drama had on students’ identities as
mathematics learner, stimulating their confidence as individuals who
could express their oppinion, participate in the writing of the texts and in
presenting of the different skits.

- (H.)Yes, surely (I felt more capable) because before I hardly participated,
while here I said my opinion, I wrote and I took part in the presentation.
I couldn’t think of this before

e To the cooperation of students and the sense of security that this
cooperation offered to them.

-(Tat.) Definitely, a team works better than a person alone and has far
better results, so everyone felt more sure of himself, had no anxiety and
knew that he he had some help, because a team and work together and this
gives them more courage.

During the preparation of the presentations, students through working in
teams had opportunities, encouragement, and support for speaking, writing,
reading, and listening in mathematics, ie. to cultivate critical thinkings kills.
As NCTM (2000, p. 60) propose, they communicated to learn mathematics,
and they learned to communicate mathematically.

-(St.) Some of the concepts were too difficult for me to explain them to the
others, but trying to help the others you teach yourself..., trying to explain it
to the other, you actually see how it’s done.

Drama also cultivated students abilities and skills, necessary for a
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responsible citizen in a democratic society; Students for preparing their
Drama presentations, had to learn to listen carefully to the others, make
decisions concerning the Drama convention they should use, distribute the
roles in different skethes and decide what elements of the issue were
necessary to be contained in their texts. Students thus learned to help each
other, work together to take collective decisions, appreciate the abilities of
the other, have responsibility as members of a team and offer the team
according to their capabilities and particular inclinations.
-(Vir.) And everybody could show his skills, the different abilities that one
has. Through the project not only the qualities of children more involved
with mathematics could be seen, but there were some moments when the
knowledge of students of humatities major were needed and so every one
helped each other and the cooperation had a very good result.
- (Chr.) ... it was hard for someone to be indifferent. Not because he
wouldn’t like to participate, but somehow as an ogligation to other
classmates.
-(Vir.) This feeling that we are all together and we must do our best for us
to be then satisfied and for audience and those wathing to be delighted.
The teaching experiment theme raised students interest, who were suprised
and impressed by the existence of other geometries changing their beliefs
about geometry.
-(P.) It was something that I couldn’t imagine, because the different
geometries are not encountered in the physical world, so you don’t think
anything that goes beyond the five senses...so at first it just seemed strange
to us but then it surprised us.
- (S.) The fact that I saw and other geometries, basically because I like
strange thikgs, it picked my interest, ie. to see a geometry I have never seen
before, i.e. the segment that was a curve.

A large percentage of the students challenged Geometry and more
generally Mathematics as a science of absolute truth.
-(St.) Certainly the plasticity of mathematics emerged and how mathematics
are created and are changed depending on the needs of mathematician, of
scientist and of human been generally. It is clear that mathematics is a
comlex creation whicht is not restricted to follow only one way around the
understanding of reality.
- (Ang.) Finally there are and other views and we cannot say which is
absolutely right and which not.

Concluding Remarks
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Our research offered considerable evidence of the effectiveness of the
use of Drama techniques as an alternative approach in the creation of the
appropriate learning conditions where all the students participate in
teaching/learning process and become critical thinkers and decision makers
in the classroom setting.

We believe that with the aforementioned activities with Drama in

Education techniques all students experienced mathematics, not only
mentally but emotionally and physically. It seems that such projects can
help to achieve the major goals of education, the global participation of the
students in courses promoting critical thinking and decision making not only
restrected in the classroom setting.
-(S.) I believe it is worthwhile to have such things in schools for the children
to learn more and so we will not say that in a class there are ten people who
are good students and everyone else we have them on the sidelines, but we
can say that every child is special somewhere, that has a distinct
inclination...
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Abstract

Nowadays it is required that we provide equal opportunities of education
to all the students no matter what their disability or special need is. During
the last years, in our country, there has been an increasing interest for Spe-
cial Education and new Curricula for all categories of students with special
needs, blind ones included. This particular paper examines how democratic
is the mathematical education for blind students in Greece through the study
of the Curricula.

Introduction

Within the frame of the common educational policy that is being fol-
lowed, it is considered (Warnock committee, ref.:Norwich, 1980) that the
aim of education should be the same for all the children, including those
with special needs, and targeting to the development of their potential.
However, White (1982, ref. :Norwich, 1980) while examining whether the
aims of education can be the same for all, he concluded that for the children
with special needs the demands of education shouldn’t be high.

The learning abilities of the professional and social inclusion of the stu-
dents with special needs will be shaped according to the education that they
will receive (Tzouriadou, 1995). For this reason it is imperative to realize
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the need for substantial and systematic approach of their education with the
existence of appropriate Curricula that respond not only to their special
needs, but also to every child separately, so as to achieve the aim of indi-
vidualized education

Democracy in education is important for the social equality and justice
(Malloy 2002). The equality of opportunities calls for the differentiation and
adjustment of the educational system by taking measures in order to allow
for the special needs of students to be taken into consideration. The estab-
lishment of special structures for children with sensory disabilities started
when it became apparent that these children are not incompetent, but they
could learn with the assistance of special measures that would be taken for
them, through education more adjusted to the particular difficulties that they
present and based on the rest of their senses. In Greece this was put into
practice with the designing of special Curricula for every category of stu-
dents with special needs (Mapping — Curricula of Special Education, 2004).

In this particular paper it is examined how democratic is the mathemati-
cal education for the blind children in Greece through the study of the Cur-
ricula.

Designing of the Differentiated Curriculum

Democratic education should include everybody in the Curricula
(Malloy, 2002), since all students, everywhere in the world, have a right in
education and learning (Skovsmose&Valero, 2002).

Since the 1970’s, in the USA and in many countries in Europe, Curric-
ula suitable for every category of children of special education started to be
designed (Lambropoulou, Panteliadou, Markakis, 2005), following the tran-
sition from the medical to educational sector concerning the approach of is-
sues related to people with special needs with the concept of integration, so-
cial inclusion and acceptance (Tzouriadou 1995). The principle of integra-
tion, states that the students with visual problems and with no mental dis-
abilities or other additional special needs can attend the General School, fol-
lowing the same Curricula with modifications, simplifications and adjust-
ments of methods and means of teaching based largely on the modern tech-
nology and in hearing stimulation (Kouroupetroglou, 2004, Polyxronopou-
lou, 2003, Kroustalakis, 1997), supported by the teacher of the class or by a
member of the Special Teaching Staff.

Nevertheless, today in Cyprus, Germany, Denmark and Sweden accord-
ing to Hapoupi, Grosbell, Wagner kot Ronnbéck, (through personal com-
munication with them), each of them in charge of special education in their
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countries, respectively, there are no Curricula for blind students in Maths.
The blind students follow the Curricula that apply to the general population.
The teachers are supported by school advisors that attend the classes and
provide guidance for the adjustment of the teaching to the needs of these
students and the tools that can be used every time. Unified Curricula exist
also in Hungary and Norway (Csocsan, 2005). In England, the blind stu-
dents attend the same subjects and take exams in the exact same topics with
the rest of the children (Cobb,2002, ref. Csocsan, 2005, p.p:196).

In Greece differentiated or special Curricula for every category of spe-
cial needs were designed, indicating a different curriculum focused on the
special educational needs of the students (Zoniou—Sideri, Karagianni, Nter-
opoulou—Nterou, Papastaurinidou&Spandagou, 2005), having as their main
philosophy the equal rights for inclusion and education in a school for all
(Mapping — Curricula of Special Education, 2004). Nevertheless, no special
Curricula were designed for the people with visual problems but there have
been alterations in the Curricula of general education which were modulated
for the needs of these people in order to lift the obstacles obstructing the ac-
cumulation of knowledge (pi-schools, 2011). The aims of the Curricula of
the General School remained the same, but there has been an analysis of
aims and addition of sub-aims. Moreover, there has been a differentiation,
redefinition and adjustment of activities according to the needs of blind stu-
dents, thus creating the Differentiated Curriculum for blind students. (2004).

This Differentiated Curriculum contains instructions of support (mobil-
ity, orientation), development of autonomy skills and is accompanied by in-
dicative lesson plans and suggestions for teaching material (Lambropoulou,
Panteliadou&Markakis, 2005). More specifically, as far as Mathematics are
concerned, we are presented with some special modifications, simplifica-
tions, additions or modulations not only in teaching methods and means
(Westphalen, 1982), but also in the material.(Liodakis, 2000), in order to
mitigate or counteract the difficulties that occur to people with visual prob-
lems during the learning procedure. There is a reference to Braille system,
however the typology of mathematical symbols is absent, because there is
an endeavor to introduce the Nemeth code that is used internationally.

The material and the means employed play an important role since they
are considered necessary for the support of learning of blind children. It is
proposed to use special paper, relief shapes, geometrical instruments with
relief indications, counterfeit coins with relief signs, speaking scales, speak-
ing thermometers, speaking pocket calculator, miniatures, models in scale,
maquettes and other material that can be utilized by the teacher and can be
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used by blind students.

The Ministry has decided to form a group work in order to make teach-
ing material for blind students. Teachers of students with serious visual
problems can apply and ask for the necessary material that will support the
procedure of teaching/learning mathematics.

In reality it is suggested that children with a partial loss of vision should
attend classes in the same classroom, while for the blind children it is rec-
ommended that they should attend a special school. The blind children when
finishing the Special Primary School continue to the general High School,
since there are no special schools in Secondary Education.

The development of Differentiated Curricula

Although the Differentiated Curriculum for blind students in the Kin-
dergarten and Primary school was designed to complement the Curricula of
the General School and to be used at the same time, this didn’t happen in all
the levels of its development. For instance, there is no apparent analysis of
aims and sub-aims for the mathematics, as it is mentioned in the same Cur-
ricula.

It is evident that the emphasis has been put on the material that is to be
given to blind students. Crucial points are those of functionality of the material
(e.g. hourglass “open” in the sandbox), the method to approach it (e.g. with a
funnel they transfer sand from a container to another after they have timed and
chosen the amount of time they wish their hourglass to last), the way to design
the mathematical activities (many activities are required to be based on the
hearing ability, such as the comparison of the duration of activities which began
at the same time, the comparison of the velocity of movement of things in rela-
tion with time when the distance is equal etc) and also of the general instruc-
tions (e.g. the use of geometrical models in the description of spaces gives the
students the possibility to recreate their world geometrically and stereometri-
cally. Or the miniatures and the maquettes help them to understand sizes and
distances etc). Nevertheless all these are only mentioned theoretically. In reality
no material is provided to support the teaching procedure but it needs to be or-
dered from the special team.

Conclusion

For the children with special needs the equality of opportunities cannot be
achieved through Curricula that were shaped for the general population since
they should take into account that these children differ greatly on the one hand
as far as their needs are concerned and on the other hand as for their potential
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and skills. The aims may be common for all, however, the means with which
the new knowledge will be taught and conquered should differ (Hart, 1992,
Meijer, y.x., Jahnukainen, 2004). The concepts and the subjects should be
taught according to the needs and abilities of the students.

The democratic education should include equal participation, equal rights
and equal encouragement for success. This cannot be achieved through a theo-
retical modification of the Curricula. It demands that this modification be put to
practice during their development and management, through the provision of a
specially designed supportive material and activities.

Because of the difficulties that are encountered by a blind child there
should be a reinforcement of the learning opportunities that are provided in
the general Curricula and special emphasis should be placed in activities,
programs, materials and aims that are beneficial for these children (Hart,
1996).
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Abstract
This article explores aspects of the process of questioning which could
limit the potential of student voice in the mathematics classroom. More
particularly, we focus on the way pupils experience practices of questioning
in the mathematics classroom from an equity perspective.

Theoretical Background

One of the links suggested between mathematics education and
democracy (Christiansen, 2007), is the development of a democratic and
egalitarian culture in the classroom. Within this framework, one special
issue stressed is the examination of the power relationships constructed and
maintained through the patterns of classroom discourse and questioning
(Myhill & Dunkin, 2005) which can affect the susceptible democratic
atmosphere of the mathematics classroom.

Regarding these power relationships between pupils, teacher and school
mathematics activities, Hardy (2004) argues that the teacher creates a
situation of supervision in which pupils’ actions are exposed to the control
of the teacher, who publicly approves or disapproves of pupils’ answers to
his/her questions. Pupils do not only “answer” to the teacher’s demands,
they are identified with an answer and learn to identify themselves with an
acceptable or not behavior and way of thinking (Valero, 2008).

Teacher questioning behaviors are crucial with regard to which pupils
learn. “If questions are vehicles for thought, then the questioning process
determines who will go along for the ride” (Walsh & Sattes, 2005, p.9).
Researchers argue that teachers tend to call on high achievers more
frequently than low achievers, which provides these academically able
pupils with an additional edge (Walsh & Sattes, 2005). In addition, the
mathematical ideas of high-achievement students, during a mathematical
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discussion, seem to be more respectable than the proposals of low-
achievement students (Kafoussi et al., 2010).

If we piece together the fact that teachers have greater expectations for
high- achievement pupils with the finding that ‘pupils who regularly ask and
answer questions do better on subsequent achievement tests than pupils who
do not’ (Walsh & Sattes, 2005), we should be concerned about the equal
opportunities that all pupils have in the mathematics class.

The use of questions has been criticised on grounds of its effect on the
pupils’ affective experience of mathematics (Boylan, 2002). Low achievers
have to deal with high levels of ambiguity and risk when they respond, so
they learn not to volunteer and not to answer when called upon and
possibly, to ask fewer mathematical questions (Walsh & Sattes, 2005).

It also has been found that almost all pupils are concerned with the
public and private shame of the possibility of being wrong (Boylan et al,
2001) which influences their participation in the mathematics class.
Moreover, pupils feel nervous about asking questions as this can lower their
mathematical status in small groups (Ivey, 1997). For a more engaged or
meaningful participation to occur, pupils need to feel a level of security and
freedom from anxiety. Mutuality between the question asker and question
responder must be established in order to overcome the threatening, power-
laden nature of question asking and to make questions less threatening for
pupils (Hardy, 2004).

Furthermore, in order to realise any kind of democratic life in the
classroom, pupils should be assigned with greater mathematical authority.
They must feel and understand the importance of their contributions to the
learning community of the classroom. Authority and control over
interactions must be more equitably shared (Boylan, 2002).

Research context

This work is part of a broader research program about professional
development, focused on the pedagogical mathematical knowledge of seven
teachers, based on their needs.

During the second year of the Program we focused on the issue of
questioning. It is this challenge that this paper reports, by intervening in Greek
primary mathematics classrooms, to shed light on an important component of
mathematical discourse and more specifically on the way that pupils see and
feel about questioning regarding issues of equity. The rationale underlying this
research is based on the assertion that in order to create and maintain the
democratic atmosphere in the mathematics classroom, teachers need to take
into account pupils’ beliefs, perceptions and feelings about the learning
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environment of their classroom (Waxman & Huang, 1996).

At the first phase of the research, researchers observed for one month
the classes of three teachers of the community, and audio recorded their
mathematical instructions. At the second phase, pupils’ interviews were
conducted. This paper focuses on pupils interviews and presents data from
the class of one teacher of the community, with 2 years of educational
experience, teaching a 6" grade class with 17 children.

The basic questions of interview were:

Who asks more questions in the classroom, the teacher or the students?

Which pupils are the most difficult questions directed to?

Does the teacher learn from pupils’ answers to his/her questions?

Would you like to be in a mathematics classroom, in which the teacher
doesn’t ask questions and assigns the work of questioning to pupils?

Discussion

Pupils opinions about questioning reveal power issues that limit the
democratising potential of pupils’ voice in the mathematics class. One
aspect that was noticed is the dominance of teacher’s authority. Pupils
consider their teacher as the source of information. They recognize the
teacher’s role as the role of the expert in mathematics. They don’t believe
that teachers learn with and from their pupils. Pupil’s voice reveals this
perception.

“...we learn, but the teacher doesn’t learn anything from our answers to
his/her questions because he already knows everything”.

Pupils maintain that their teacher sometimes treats differently high and

low achievement pupils as he has different expectations from them.
“...our teacher tries to help the low achievement pupils and he talks to them
nicely, waiting for them, however he has more expectations from us (the
high — achievement pupils). He has the expectation from us to answer his
questions...”

Furthermore, pupils develop implicit recognition of teachers’ beliefs
underlying the selection of pupils to which difficult questions are directed.
“I think that our teacher asks all pupils difficult questions but... sometimes
he says: Theodora will answer this question because she is for difficult
stuff...”

When the learners’ perspectives are considered on what influences their
active participation in the mathematics classroom, it is found that most
pupils (14 out of 17) are concerned with the shame of the possibility of
being wrong and a feeling of anxiety in view of the fear of disappointing
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their teacher. These feelings results in the need for a self- confirmation of
the response. They want to be sure about their answer before announcing it
to the teacher and the class.

“I want to be absolutely sure about my answer... about what I am going to
say”.

“I am assailed by doubts. I am not sure about my answer and I am afraid
that it is wrong. I feel hesitation because someone may laugh at me. Even
when I know the answer... I don’t have the certainty that I know it. I raise
my hand but with hesitation”.

Similar reasons stand, regarding pupils’ practice of not asking many

questions in the mathematics class.
“sometimes I am afraid of sounding stupid when asking a question. I think that
this is the reason why most pupils don’t ask many questions in our class. But |
don’t know why we do not feel liberated in this classroom. In the previous years
we had more strict teachers. Now, this teacher is closer to us”.

When asked to play a part in the questioning process pupils feel they
are at a loss, for they have never even considered what a classroom in which
the teacher stops asking questions and pupils take on the process of
questioning would be like. Below, a pupil shares her thoughts about this
imaginary class.

“I would not like a classroom like this, because a teacher is a teacher and a

pupil is a pupil. The role of the teacher in the mathematics classroom is to
pass on the subject matter to pupils, to help them when they are stuck at
problems and to ask them questions. The role of pupils is to attend, study,
answer the questions and be consistent with their school duties”.

The reframing of mathematics classrooms is necessary so that both the
relationship between participants and the relationship of the participants
with mathematics is changed (Povey, 2003). This means teachers and pupils
should be equal partners in the teaching-learning process. In this way, pupils
will have the opportunity to communicate their views and to feel they have a
say in their own learning and in the direction of classroom discourse (Ellis
& Malloy, 2007). Making the vision of a democratic mathematics classroom
a reality for all students, is both an essential goal and a significant challenge.

Acknowledgment: This research was supported by the Greek State
Scholarships Foundation.
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Abstract
In this study, which was based on a case study of a child with Asperger syn-
drome in a pilot research, we investigated whether the multiplication tasks
existing in Greek textbooks of 3rd and 4th grade help children with AS to
gain multiplicative reasoning. The results showed lack of appropriate tasks
which appeared in the pilot research that help children with AS to develop
multiplication strategies.

Theoretical background

Disorder of Asperger described as cerebral dysfunction (Aylward et
al.,1999). It is a pervasive developmental disorder and belongs to the con-
tinuum of autistic spectrum disorders (ASD). Individuals with Asperger
Syndrome (AS) present social difficulties such as social interaction, social
communication and social imagination (Wing & Gould, 1979). They also
present sensory sensitivity and motor clumsiness (Wing, 1981; Frith, 1991;
Attwood, 2007). Most research, which was based on psychological and psy-
chometric tests for academic achievement has indicated that children with
AS demonstrate average mathematical ability and difficulties in problem
solving tasks (Chiang & Lin, 2007). They also present difficulties in nu-
merical operations (Griswold et al., 2002) and they can not apply the
mathematical knowledge in a real - life situation (Jordan, 2003). Individuals
with AS, while presenting basic skills in reading and oral expression, how-
ever, seem to have difficulty in reading comprehension (Griswold et al.,
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2002; Attwood, 2007). They are more detailed and visualisers (Cumine et
al., 1998; Attwood, 2007).

Children up to age 9 to 10 years use more intuitive model of repeated
addition to problems of asymmetric multiplication situations (Bell et al.,
1984; Greer, 1992; Mulligan, 1992). The development of multiplicative rea-
soning requires the student to create "composite" units, which can be util-
ized as material in other cognitive operations (Steffe, 1988). Initially, the
student usually counts by one (numerical composites), then he/she identifies
his/her composite experience as "one thing" (abstract composite units) and
then not only understands the composite units as one thing, but may con-
tinue the numbering of the composite units from an intermediate element of
numbers’ order (iterable units) (Steffe, 1988; Bryant & Nunes, 2009). The
student who can construct iterable units is also able to use them as "mate-
rial" in further cognitive operations such as the relationship between part -
whole between two different iterable units (e.g. if he/she knows the 7 x 6,
then to find 7 x 7 by counting 6 seven times and seven times 1) (Boufi,
1996).

The purpose of our research, based on a case study of a child with As-
perger's syndrome, was to investigate whether the multiplication tasks exist-
ing in Greek textbooks of 3rd and 4th grade (8-10 years old) help children
with AS to gain multiplicative reasoning. Our research question was closely
related to the promotion of learning opportunities for children with AS-
based tasks in school textbooks.

Method

Our pilot study, conducted in August 2011 in a case study (9 years old
boy who had finished 4th grade, with AS and medium performance in
mathematics - according to WISC- Wechsler Intelligence Scale for Chil-
dren) investigated what types of multiplication tasks may be more effective
in children with AS aged 10 years to develop spontaneously multiplication
strategies for understanding the relationship of part-whole between two iter-
able units. For this purpose, we used the following categories for multiplica-
tion tasks (Noulis & Kafoussi, 2011).

1. Manipulative material (MM) (forming groups (FG) with representa-
tion of the factors with two materials and the formation of rectangu-
lar (FR) with representation of factors with one material)

2. Pictorial Representations (PR) (FG, FR by realistic (RC), realistic
artificial (RAC) and mathematical context (MC) (Tatsis & Skoum-
pourdi, 2009) - and number lines (NL) — structured (S), semi-
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structured (SS) and empty (E)-Skoumpourdi, 2008)
3. Word Problems (WP) (corresponding to PR tasks - FG, FR & NL)
4. Numerical Calculations (NC) (horizontal (O) and vertical (V))

Each task was given in three phases (a x b, (a +1) x b and (a +1) x (b
+1)) to investigate if the subject understands the iterable units and uses the
advantage of understanding the relationship of part-whole.

In this investigation, we tried to categorize the multiplication tasks
given in textbooks of 3" and 4™ grade, according to the classification of the
above pilot study, both in the “Student’s book” (SB) and in the “Student’s
Notebook™ (SN). The research focused on those grades because in the 3rd
grade learning of multiplication facts, two-digit number by one-digit and
two-digit by two-digit product is carried out, and the 4th grade focuses on
multiplication strategies.

Results

Analysis of textbooks showed that in the third grade there were 14
chapters (28 didactic hours in the “Student’s book™ (SB) and in the “Stu-
dent’s Notebook™ (SN), involving a total of 103 multiplication tasks (51 in
SB and 52 in SN). The following table shows the classification of tasks.

Table 1. Number of tasks per category of multiplication tasks in 3" grade textbooks

MM PR Wp NC
(1 task) (16 tasks) (35 tasks) (51 tasks)
FG FR NL FG FR NL O \4
FG FR
RC RAC MC RC RAC MC | S| SS E
31 1 3 45 6
0 1 0 1 1 0 1 13 0 0

This table shows that the MM and PR tasks are in a very small percent-
age: 0.1% and 15% respectively in all the tasks. In the tasks of PR (15.5%),
tasks of a realistic context are absent, while artificial and realistic context
covers only 12.5%. From the PR tasks, 87.5% are in a MC and they are
given in the form of squares, bullets and mosaics.

From WP (34%), 60% are problems where some data within images or
shapes are given, but not as part of PR tasks. FG tasks in WP are 31, while
only 2 in PR. FR tasks in WP is 1, while in PR are 14 and NL tasks in WP
are 3, while in PR is 0. This indicates a mismatch in the three subcategories
(FG, FR and NL) of WP and PR. The numerical calculations cover 49.5% of
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total tasks.

In the fourth grade, there were 5 chapters (8 didactic hours) in SB and
in SN and a total of 35 tasks (16 in SB and 19 in SN). Table 2 shows the

classification of the tasks.

Table 2. Number of tasks per category of multiplication tasks in 4" grade textbooks

MM PR wp NC
(0 task) (2 tasks) (14 tasks) (19 tasks)
F FR NL F FR NL \Y
FG FR G G °
RC RAC MC RC RAC MC S| SS | E
9 1 4 14 5
0 0 0 1 0 0 1 0 0 0

Table 2 shows again that tasks of MM and PR are almost nonexistent
(0% and 6% respectively). Regarding the word problems (40%), approxi-
mately 80% require estimate or construction problem with given numbers.
The tasks of WP and PR show again mismatch in two of the three subcate-
gories (FR and NL). The numerical calculations cover 54% of total tasks.

The subject of AS case study presented spontaneous multiplication
strategies in the categories presented in the table below.

Table 3. Spontaneous multiplication strategies of the subject of the pilot research

MM PR wp NC
(2 tasks) (9 tasks) (6 tasks) (6 tasks)
FG FR NL FG | FR | NL O \%

FG | FR
RC RAC | MC RC | RAC MC | S SS | E 072 0/1 | 0/3 0/3 | 0/3
0/1 | 0/1 1/1 - 0/1 171 | 172 /1 { 0/1 | 0/1 | 0/1

Table 3 shows that the subject with the AS in our pilot research, devel-
oped spontaneously multiplication strategies only in the PR tasks and with
success in a realistic context. Also in the WP tasks, matching PR tasks, he
tried to develop such strategies, but he failed, probably because of difficul-
ties in reading comprehension (Noulis & Kafoussi, 2011).

Discussion
Based on the analysis of textbooks and the results of the pilot research
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it could be argued that the existing multiplication tasks do not provide equal
learning opportunities for children with AS. There are few PR tasks and
moreover complete absence of the realistic context of them, which help
children with AS to develop strategies as they are people who think in pic-
tures (Attwood, 2007). There are no tasks with manipulative material that
might help some children with AS in the development of multiplicative rea-
soning. On the other hand, the WP tasks do not correspond to a few PR.
While most of the WP tasks correspond to the formation of groups, most PR
tasks are of rectangular formation. Moreover, mainly in the 4th grade, WP
tasks of school textbooks require students to make a lot of assumptions or
construct problems that confuse children with AS (Tanguay, 2006).

Overall, there appears no consistency between tasks of school text-
books, which might lead children with AS in a deeper understanding of mul-
tiplication situations and facilitate their participation in the classroom.

References

Attwood, T. (2007). The Complete Guide to Asperger’ s Syndrome. Jessica
Kingsley, UK.

Aylward, E., Minshew N., Goldstein, G., Honeycutt, N., Augustine, A.,
Yates, K., Barta, P. & Pearlson, G. (1999). MRI volumes of amygdale
and hippocampus in non- mentally retarded autistic adolescents and
adults. Neurology, 53, 2145 —2150.

Bell, A., Fischbein, E., & Greer, B. (1984). Choice of operation in verbal
arithmetic problems: The effects of number size, problem structure
and context. Educational Studies in Mathematics,15,129-147.

Boufi, A. (1996). Child’s multiplication thinking as teaching basis. Proceed-
ings of the first Hellenic Conference of Mathematical Education, 261
— 276 (in greek)

Bryant, P. & Nunes, T. (2009). Multiplicative reasoning and mathematics
achievement. In M.Tzekaki, M. Kaldrimidou, & H. Sakonidis (Eds.),
Proceedings of 33rd PME Conference, Vol. 2, 217-224. Thessaloniki,
Greece.

Chiang, H. & Lin, Y. (2007). Mathematical ability of students with Asper-
ger syndrome and high-function autism: A review of literature. Au-
tism, vol. 11, 547-556.

Cumine, V., Leach, J., Stevenson, G. (1998). Asperger Syndrome. A Practi-
cal Guide for Teachers

Frith, U. (1991). Asperger and his syndrome. In U. Frith (ed.), Autism and

HMS i JME, Volume 4. 2012



GREEK SCHOOL TEXTBOOKS AND CHILDREN WITH ASPERGER
SYNDROME: THE CASE OF MULTIPLICATION 291

Asperger Syndrome. Cambridge: Cambridge University Press.

Greer, B. (1992). Multiplication and division as models of situations. In
D.A. Grouws (Ed.), Handbook of research on mathematics teaching
and learning, (pp. 276-295). New York: Macmillan Publishing Co.

Griswold, D. E., Barnhill, G. P., Myles, B. S., Hagiwara, T. & Simpson, R.
L. (2002). Asperger Syndrome and Academic Achievement. Focus on
Autism and Other Developmental Disabilities, 17, 94—102.

Jordan, R. (2003). School-Based Intervention for Children with Specific
Learning Difficulties. In M. Prior (Ed.), Learning and Behavior Prob-
lems in Asperger Syndrome. The Guilford Press, NY, 212 — 243,

Lemonidis, X., Theodorou, E., Nikolantonakis, K. & Spanaka, A. (2007). 3"
grade Mathematics. (student’s book, notebook a, b & c issue). PI, Hel-
lenic Letters, Athens (in greek)

Mulligan, J. (1992). Children's solutions to multiplication and division word
problems: a longitudinal study. Mathematics Education Research
Journal, Vol. 4(1) 24 — 41.

Noulis, I. & Kafoussi, S. (2011). Multiplication Strategies children with As-
perger Syndrome develop: a pilot research. Proceedings of 28th Hel-
lenic Conference of HMS, Athens, 523 — 537 (in greek)

Skoumpourdi, C. (2008). Numberline’s representation in elementary
school’s textbooks of Mathematics. Research in Didactics of Mathe-
matics 3, 67 — 87. Kedros Education. (in greek)

Steffe, L. (1988). Children" s Construction of Number Sequences and Mul-
tiplying Schemes. In J. Hiebert & M. Behr (Eds.), Number Concepts
and Operations in the Middle Grades, (pp. 119 — 140). LEA, NCTM.

Tanguay, P., (2006). Nonverbal Learning Disabilities. Jessica Kingsley,
London and Philadelphia

Tatsis, K. & Skoumpourdi, C. (2009). A study about activities’ context of
the 1st Grade school textbook of Mathematics. Proceedings of 3™
Conference of GARME, 383 — 392. University of the Aegean, Rhodes
(in greek)

Vamvakoussi, X., Kariotakis, G., Bobotinou, A.D. & Saitis, A. (2006). 4"
grade Mathematics (student’s book, notebook, a & c issue). PI, Pataki
Publications, Athens (in greek)

Wing, L. (1981). Asperger’s syndrome: A clinical account. Psychological
Medicine, 11, 115-129.

Wing, L. & Gould, J. (1979). Severe impairments of social interaction and
associated abnormjilities in children: epidemiology and classification.
Journal of Autism and Developmental Disorders, 9, 11-29

CIEAEM 64- Proceedings



Hellenic Mathematical Society
International Journal for Mathematics in Education

The arrogant exclusion of intuition in the teaching of
mathematics: a sideway reflection

Panagiotis Spyrou1 & Andreas Moutsios-Rentzos’
1Depar‘[ment of Mathematics, University of Athens, Athens, Greece;
*Department of Pre-School Education and Educational Design, University
of the Aegean, Rhodes, Greece
pspirou@math.uoa.gr; amoutsiosrentzos(@aegean.gr

Abstract In this paper, we discuss the way that intuition is employed in
the teaching of university mathematics. We argue that the exclusion of intui-
tion may prevent many students from entering the mathematical world. We
reflect upon historical, empirical and anecdotal evidence to identify didactic
principles that may help in the appropriate inclusion of intuition in the uni-
versity mathematics teaching practices.

Mathematics and intuition

Intuition appears to be intertwined with mathematical thinking. Ha-
damard (1945) viewed intuition as an indispensable tool in the mathemati-
cians’ research. The role of intuition in mathematical thinking varies,
amongst highly successful mathematicians; for example, the ‘intuitive’
Hermite and the ‘analytic’ Weierstrass (Poincaré, 1913), Atiyah’s prefer-
ence to build definitions from meaning and Mac Lane’s preference to work
the opposite way (Mac Lane, 1994). Furthermore, Fischbein (1987) stressed
the psychological functions of intuition (positive or negative) in mathemati-
cal thinking. The mathematicians’ reservations about perceptual intuition
can be traced back to Plato. Even Kant’s pure intuition became the topic of
debate in the 19™ century, which resulted in the mathematicians’ attempt to
construct a purely axiomatic logically-founded mathematical structure. Con-
sequently, though intuitive thinking appears to be present in various aspects
of mathematical practices, the mathematicians seem to prefer discussing the
mathematics product freed from intuition.

In this paper, we discuss the exclusion of intuition in the teaching of
university of mathematics and its implications in mathematics learning, the
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mathematical community and the corpus of mathematical knowledge itself.
We argue that the exclusion of intuition may, on the one hand, prevent many
students from even entering the mathematical world and, on the other hand,
may prevent many others from fulfilling their potential understanding of the
mathematical ideas (cf. Sharygin &. Protasov, 2004). Our discussion is
clearly linked with the conference theme and, in specific, with the notion of
‘democratic access’ to mathematical ideas by the learners.

Intuition, mathematical ideas and axiomatic system

Though intuition lead to the symbolic formulation of various mathe-
matical ideas (Hadamard, 1945), it also misguided mathematicians, thus
rendering it untrustworthy (Hahn, 1956). Consider, for example, Jordan’s
(1909) definition of a curve: A curve is the set of all points of the plane the
coordinates (x, y) of which are continuous functions x = f(t), y = g(t), where
0<t<l, t € R . Jordan’s definition derived from the symbolic formulation of
his intuition, as an attempt to generalise his inductive concept image (Tall &
Vinner, 1981). Nevertheless, Peano’s example (in 1890) showed that Jor-
dan’s definition produced objects that could not be identified as curves (a
square), according to the intuitive understanding of a curve (Engelking &
Sieklucki, 1992). Hence, the symbolic formulation enabled the mathemati-
cians to check whether or not this definition is a result of a generic generali-
sation (Harel & Tall, 1991); that is, whether or not this definition is seman-
tically compatible with the intuitive understanding of a curve.

Consequently, our reflection upon historical evidence suggests that the
transformation of intuitive ideas into mathematical definitions within an
axiomatic system draws upon a constant dialectic between intuition and
symbolic formulation. Several mathematical objects can be defined as gen-
eralisations of inductive intuitive thoughts, but only those that entail the
element of ‘generic’ are objectified within the mathematical world i.e. those
the logical products of which survive the test within the axiomatic system
and at the same time are compatible with mathematical intuition. Once this
two-faceted consistency is achieved, mathematics may be ‘liberated’ from
the ‘chains’ of intuition, thus reaching its ‘true ideal potential’.

Furthermore, this historical development may reveal aspects of a psy-
chological development. For a mathematician, intuition may act as the
wheels of an airplane: they are necessary for an airplane to leave the ground,
but they are useless in its actual flying. In a similar manner, intuition is nec-
essary to reflect upon the perceptual appearances of mathematical objects,
but it is not part of those objects. Moreover, the wheels are necessary for the

CIEAEM 64- Proceedings



294 Panagiotis Spyrou & Andreas Moutsios-Rentzos

plane to be serviced and refuelled, in order to continue safely its flights.
Similarly, intuition is necessary for the mathematician, on the one hand, to
verify the semantic compatibility of the definition (‘service’) and, on the
other hand, to search for new ideas that may enrich and/or expand the struc-
ture of the mathematics construction (‘refuel’).

Intuition and university mathematics textbooks

In accordance with the exclusion of intuition of the formal mathematical
constructions, the school of Bourbaki in the 60s-70s (Davis & Hersh, 1981;
Kneebone, 1963) and their purist view of mathematics had a great impact on
the textbooks that were used in the universities. However, the New Mathe-
matics movement soon showed its inadequacies. The radical technological
advances changed the social and communication framework, with the picto-
rial representations becoming dominant in these new settings (Healy, 1999).
Thus, intuition started to re-appear in widely acceptable mathematics text-
books (for example, Spivak, 1994).

The effect of the socio-political environment in the textbooks is evident
when we consider the example of the Polish school of mathematics.
Mathematics, in the socialist period of the country, became part of ‘popular’
culture and a pro-intuitive way of teaching was supported to make mathe-
matics accessible to a broader audience. Thus, a plethora of textbooks (in
Polish and in English) were written along these lines; notably, Engelking
and Seklucki’s (1992) topology. Importantly, these textbooks are not con-
sidered to be inferior in their mathematical content and rigour than other
purely symbolically written textbooks.

Intuition and university mathematics teaching

The effects of the Bourbaki school in the teaching within university
mathematics departments is still evident nowadays, even amongst young
professional mathematicians. These teaching practices have a pragmatic ef-
fect on the education of future mathematicians. For example, a course that is
selected by more than 500 students is gradually ‘dropped’ by the vast major-
ity of the students, resulting in less than 10 to actually sit the exams. The
students argue that the lecturer’s choice to present the topics of the course in
a pure symbolic manner made it inaccessible for them. The following year,
the same course is taught by another lecturer, who prefers to teach by link-
ing the material with the students’ intuition; by employing visual representa-
tions, meaningful descriptions and operational justifications in his teaching.
As a result the vast majority of the enrolled students sit the exams. Thus, it
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seems that the number of the students that choose to learn about a topic
(successfully or not) appears to depend on the inclusion or not of pro-
intuitive teaching practices.

Moreover, Weber (2004) argued that the definition-theorem-proof para-
digm usually found in universities may be differentiated amongst three
teaching styles: logico-structural (focussing on axiomatic definitions and
logically derived proofs), procedural (focussing on proof techniques and
heuristics and, secondarily, on the logical validity of the proof), and seman-
tic (focussing on the intuitive meaning and its links with the symbolic for-
mulation). Importantly, Weber noted that different teaching styles seem to
be linked with different learning outcomes. Furthermore, different learning
and thinking preferences appear to be linked with different proving strate-
gies (Moutsios-Rentzos, 2009).

Consequently, the exclusion of intuition from the teaching of university
mathematics may affect accordingly the future mathematicians’ way of
learning and thinking. Such effects are further strengthened by the fact that
that 70% of the tasks included in university mathematics textbooks can be
successfully dealt without any semantic references (Bergqvist, 2007).

Concluding remarks

Most of the mathematicians appear to know that intuition plays a crucial
part in the formation of the mathematical construction. Moreover, they ap-
pear to know the limitations of intuition and they know that mathematics is
clearly differentiated from their inductive intuitive origins. Nevertheless, it
appears that the mathematicians have forgotten their own initial experiences
with mathematics. Tall (2002) noted that even “Plato was very young when
he was born” (p. 92).

Furthermore, Van Hiele (1986) stressed the fact that the lecturers teach
at a different level of abstraction from their students, implies that they effec-
tively speak a different language, thus rendering their communication diffi-
cult or even impossible. Moreover, van Hiele noted that this ‘technical jar-
gon’ may prevent the communication of mathematical knowledge to new
members or it may be used as “a smokescreen behind which one tries to
protect self-conceit” (p. 126).

We posit that it is the responsibility of the lecturers to share their mean-
ings with their students. The inclusion of intuition in the university peda-
gogy may help in this effort, as it allows the employment of various means
of representation that may help to bridge the communication gap between
the students and the lecturer. In this way, more students will be able to fol-
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low the changes of level of abstraction that occur within a lecture (Van
Hiele, 1986).
Furthermore, it is important to teach students the ways to utilise their in-
tuitions within an axiomatic logically derived system. For example, in our
experience, the logically unnecessary addition in the definition of the limit
of the phrase ‘no matter how small’ (complementary to the phrase ‘for every
€’) may help more students in better accessing the idea of convergence.
Subsequently, the students, working within the axiomatic system, may real-
ise the logical redundancy of this addition, which will also help them gain-
ing deeper understanding of the essence of doing mathematics itself. Thus,
the students will learn to work with their intuitions and to regard a statement
as mathematical knowledge only when it is logically founded within an
axiomatic system.
Moreover, we claim that the use of intuition may help the students to re-
alise the counter-intuitive nature of various mathematical objects. For ex-
ample, visual pro-intuitive representations of the Cantor’s set and Cantor’s
‘step’ function’, appropriately presented by the lecturer, may help in the
students’ accessing challenging counter-intuitive mathematical ideas about
infinity (countability and uncountability; Spyrou, 2003) and continuity.
In conclusion, in line with the phenomenological principle back to “the
things themselves” (Husserl, 1970, p. xxx) —referring to a science that has
been hidden behind symbolism and lost its links with its genetic appear-
ance— we argue for the inclusion of intuition in university mathematics
teaching practices.
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INTRODUCTION

The themes of of CIEAEM in 1979, 1985, 1999, 2005, 2011 and 2012
are testimonies of the intense desire in the mathematics education
community to contribute to the success of a just society, where every citizen
has access to the power of mathematics. In this context students are to be
seen as agents of their own knoweldge: they shall be capable of taking
decisions to use mathematics for participation in democracy. However,
agency includes the opportunity to take a decision not to participate.
Capitalism requires to initiate some students into patterns of such decisions
not to participate. By this admittedly cynical claim, I try to open up for a
critical discussion about some unpleasent truths behind the common-sense
everyday discourse about schooling. With Popkewitz (2007) I claim this as
a point of departure for the developement of a critical stance:

To make the naturalness of the present as strange and contingent is a
political strategy of change; to make visible the internments of the
commonsense of schooling is to make them contestable (Popkewitz, 2007,
p. Xv).

I settle my investigation in a secondary school that can be labeled as
marginalised or underpriveleged. By this, I want to raise the issue of who is
likely to be set up for taking decisions not to participate. My research
question is:

How does an underpriveleged mathematics classroom contribute to the
discourse of learning not to participate in democracy?
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METHODOLOGY

According to the analysis of Pais (2012) mathematics education postu-
lates equity and democracy as a final goal of schooling, which is achievable
by some kind of evolutionary process that demands more research and more
effective research to overcome exclusion. Its goal (everyone benefits from
the power of mathematics), but also the tracks leading towards it are taken
as a necessity. The problem of equity could then be solved if we marshall
our efforts to overcome the obstacles, namely the instances of exclusion that
are posited as contingent over time.

Drawing on the Slovenian philosopher Slavoj Zizek (1991), Pais uses
the Hegelian concept of negative particularity to invite us to investigate our
understanding of the universal (schooling) and the particular (exclusion).
According to Pais (2012), in schooling under Capitalism, exclusion is not
only a mistake (albeit contingent) of the system, but an inherent mechanism.
The dialectical twist Pais (2012) invites us to take addresses what is com-
monly considered a necessity as a contingency and what is commonly con-
sidered a contingency as a necessity. Thus, "what is necessary is precisely
the existence of those who fail, [...]. The antagonistic character of social re-
ality - the crude reality that in order for some to succeed others have to fail -
is the necessary real which needs to be concealed so that the illusion of so-
cial cohesion can be kept." (Pais, 2012, p.11). This enables us to regard fail-
ure "as the symptomal point at which the truth of the system becomes visi-
ble." (Pais, 2012, referring to Zizek, 1991, p. 145)

In the following I aim to present a study of educational failure, posited
as a necessity of the school system in order to contribute to making visible
the internal logic of systematic exclusion by analysing a symptom. I will
proceed in two steps:

1) Positing resistance to a discourse of one's own exclusion as a symptom
of the necessity of educational failure in the particular context.

2) Positing the necessity of educational failure in the particular context as
a symptom of the institution of schooling.

THE SOCIAL AND POLITICAL CONTEXT OF THE STUDY

The data reported in this paper stem from videotapes that have been re-
corded during fourteen consecutive mathematics lessons in September 2009
at a low-streaming school in Berlin, Germany, in a neighbourhood that in
the public discourse is often referred to as a ghetto. The fourteen students in
the classroom are between the ages of twelve to fourteen. The students in
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the classroom all come from cultural minorities and all know the instruc-
tional language only as a second language learner. The lowest stream of the
German school system is considered as systematically producing educa-
tional failure (e.g. Rosner, 2008). The observed teacher acknowledged this
in an extensive semi-structured interview. Reporting on her twenty-five year
lasting career at this school, students who found a job after graduation have
been singular events. Graduation was described as neither the exception nor
the rule.

ANALYSIS - TWO CASES OF RESISTANCE

In an exemplary report on the mathematics classroom under analysis,
we (Strachler-Pohl and Gellert, 2011) have described the pedagogy enacted
as one that, "in order not to overcharge — infantilizes students and — in order
to enable classroom management — objectifies students. [...] Learning in
such mathematics classrooms adds to the underprivileged conditions that
these learners face". I claim that most of the students are aware of the fact
that participation in this kind of mathematics education won't bring them
back on the road towards participation in democracy. Thus, taking the deci-
sion to participate in the classroom activities means to take part in the con-
struction of one's own exclusion: participation in the activity means waiving
of democratic participation. It implies not to make use of the opportunity to
take a decision not to participate in a senseless and discriminating activity. [
will now provide two examples of students who chose to resist to this dis-
course of one's own exclusion and report on the consequences it had for
them.

The case of Melinda

Melinda's resistance is characterized by a total refusal of the teachers'
authority (most of the times two teachers are present in class). In the begin-
ning of the first math class, Melinda answered the first teacher's request of
her mood: "I am feeling bad because today we have class with this teacher
[pointing at the second teacher]". During the lesson, Melinda spent quite
some time talking to Mariella in a foreign language, which was mostly ig-
nored by the teacher, though two times the teacher spoke out an admonish-
ment in a rather calm voice. When Mariella was demanded to compute a
task at the blackboard (887-339), Melinda shouted at her: "what are you do-
ing bitch?". Though understandable quite loud and clear, this interruption
remained non-sanctioned. However, a few minutes later, Melinda "col-
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lected" (teacher) her third calmly spoken admonishment and got thrown out
of the classroom for the rest of the day. The following day, math class took
a similar course, resulting in Melinda being thrown out. The third day,
Melinda did not appear anymore. She had been expelled from school.

The case of Hatice

On the third day Hatice, who already was known as a truant to the
teachers, appeared in class for the first time. In class, Hatice was very quiet
and busy, doing the calculations demanded of her by the worksheet (such as
9700-300). The next time Hatice appeared in class, she completed three
worksheets in twenty minutes including 186 simple multiplication exercises.
The fourth sheet - that was given to Hatice "as a repetition" (teacher) -
claims on top of the page that, "it is now getting harder and harder", and
concludes at the bottom that, "if you solve all the problems correctly, you
are the king of computations". When Hatice came back to her seat and
started filling in the solutions on the work-sheet (see Fig. 1), the second
teacher asked her to "read the instructions first". However, there were no in-

1. 4509 +2= [4000 | 4500 1740|2375 | + |2 20 200 |
3804 +7= - - - - - -
7205 +9 = Fig. 2: Task with the instruction: "copy the exercises as blocks into

your workbook and compute them."

Fig. 1: Task without instructions

structions for the first 54 exercises. Ignoring Hatice's confusion, the teacher
commanded, "read!". It was not before task no. 7 (see Fig. 2), that there was
an instruction. Hatice did not show up anymore during the following les-
sons.

Discussion of the two cases

The case of Melinda seems to be a classical case of intentional resis-
tance (Lanas & Corbett, 2011). She makes very clear that she will not ac-
knowledge the teachers' authority and thus will not participate in any of the
activities imposed by the teacher. The teachers on the other side do not use
their authority to react oppressively. Admonishments are implicit in some
sort of count-down leading towards physical exclusion from the class. The
message is clear: Melinda's resistance is her own choice, she gets the oppor-
tunity to decide to participate in the classroom activity herself. Thus
Melinda is constructed as agentive in her own exclusion.

The case of Hatice (when being present) is quite contrary. By appar-
ently taking the decision to participate in the activity seriously she goes
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through it so fast, that the meaninglessness of the whole activity becomes
visible for all those participating. However, she seems to be participating in
a different activity than her class-mates: It seems as if struggling with the
work-sheet 1s an integral part of the game, the participants are playing.
Thus, Hatice also makes use of the opportunity to decide not to participate
in the classroom activity. It seems as if this does not remain unnoticed by
the second teacher: instead of complimenting her for carrying out (correctly)
three times as much calculations as her peers, she invents some illusive
instructions to slow down Hatice. We assert (and the teacher did also in the
interview) that Hatice, as a consequence of truancy, will be one of the many
cases of students who leave school without any form of graduation.

DISCUSSION

1) Positing resistance to a discourse of one's own exclusion as a symp-

tom of the necessity of educational failure in the particular context.
The cases of Hatice and Melinda are reports of instances, where students'
decisions not to participate in the practice of infantilizing and objectifying
activities (Strachler-Pohl & Gellert, 2011) leads to their individual educa-
tional failure (expulsion, not graduating, etc.). For the others in the class,
these two students function as examples for the apparent fact that educa-
tional failure is an individual contingency. Both students could have made
use of their agency in a very different way. However, given the case that
one participates in these infantilizing and objectifying activities, educational
failure actually is a necessary outcome in the long run.

2) Positing the necessity of educational failure in the particular context
as a symptom of the institution of schooling.

We do risk a lot when we keep on considering educational failure as the
unpleasant obstacle on the didactic road towards salvation. I want to address
that it is not only the teacher's didactical inappropriateness of organizing
meaningless activities, but also the majority of students who actively par-
ticipate in the game of failure, however demanding and meaningless the ac-
tivities are. Together, the teachers and the students create a system, where
failure is a necessity and a predictable result of the process. The reasons nei-
ther lie in the teacher's individual pedagogical ineptitude nor in a lack of
professionalism; it is rather, the result of twenty-five years of experience in
an institution that constantly fails. The reasons also neither lie in the stu-
dents' cognitive inability nor in their bad behaviour; it is rather, a result of
six years of school, showing them that they are not the ones who profit from
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making use of their agency. Thus, the necessity of educational failure is a
result of the systematic organization of segregation.
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Abstract

This presentation outlines the conceptual framework and reports se-
lected preliminary findings of an ongoing research aimed at tracing main
aspects of mathematics teaching practice that is prevailing in Greek secon-
dary schools and spotting characteristics of this practice directly promoting
or indirectly reinforcing the exclusion of students from mathematical cul-
ture.

Memories of experiences from secondary school mathematics content
and the teaching behaviors and pedagogies of their mathematics teachers
were collected from 288 prospective kindergarten teachers using a question-
naire.

The conceptual framework for the interpretation of data adopts the
Bourdieu's analytic tools of habitus, field and habitant. As a main conclu-
sion, it may be claimed that the habitus of mathematics teaching is a strong
contributing factor to the construction of cultural divisions among students
so as some students to be included in, and others to be excluded from
mathematics culture.
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1. Background of the study

This presentation reports the conceptual framework and selected pre-
liminary findings of an ongoing research aimed at, firstly, tracing main as-
pects of the mathematics teaching practice that is widespread in Greek sec-
ondary schools and, secondly, spotting characteristics of this practice which
directly promote or indirectly reinforce the inclusion or the exclusion of
students from mathematical culture.

Mathematics teaching is understood as a practice that intentionally at-
tends to students’ learning of mathematics by attending to the representa-
tions of mathematical knowledge, the students’ mental processes of know-
ing, and the instructional media in which teacher and student interact
(Cohen, 2011). As exemplified by Herbst et. al. (2010), attending to the
representations of mathematical knowledge includes teaching tasks such as
selecting embodiments of mathematical ideas, formulating mathematical
statements, providing mathematically persuasive explanations, choosing
problems for students that promote understanding of target mathematical
concepts and more. Attending to the students’ mental processes of knowing
includes tasks of teaching such as eliciting students’ thinking, interpreting
students’ conceptions and identifying errors, e.t.c., while attending to the
instructional media includes a number of diverse tasks of teaching associ-
ated with interpersonal dynamics, communication, and the affordances and
constraints of the institution where the teaching and learning activities are
taking place.

Mathematics teaching practice is widely explored and many research
methods have been applied to its investigation. Most of them collect data
employing many instruments and techniques, from action research and ob-
servation in present time to interviews and questionnaires addressed to
teachers or/and students immediately after a sequence of mathematics les-
sons. Let aside any other validity problems, the data concerning teaching
practices which are collected by asking students in current or in the immedi-
ate past time may be considered as charged by their momentary and occa-
sional reactions and assessments and thus in some way biased. On the con-
trary, data collected by students when a long time has been passed which are
referring to their memories of mathematics teaching may be considered as
more valid being processed and stabilized by personal reflective re-
assessment. On this ground, the research reported in this presentation has
collect and analyses memories of experiences and reflective assessments of
school mathematics teaching as offered by students after two or three years
of their graduation from secondary schools and currently being prospective
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kindergarten and primary school teachers. Such an approach allows, in my
view, not only the tracing of main aspects of the prevailing mathematics
teaching practice but also the uncovering of its contribution to the construc-
tion of cultural divisions among students so as some of them are included in,
and others are excluded from mathematics culture.

In this line of thought, the conceptual framework for the interpretation
of our data adopts the Bourdieu's analytic tools of habitus, field and habi-
tant, which offer a theoretical viewpoint to understanding mathematics
teaching practices contextualised in educational fields. As described by

Bourdieu, habitus is “an acquired system of generative schemes objec-
tively adjusted to the particular conditions in which it is constituted” (1977,
p. 95), which, however, it is not only a structuring structure, which organ-
izes practices and the perceptions of practices, but also a structured struc-
ture: the principle of division into logical classes which organizes the per-
ception of the social world. (Bourdieu, 1984, p.170). Habitus is “...necessity
internalised and converted into a disposition that generates meaningful
practices and meaning-giving perceptions; it is a general, transposable dis-
position which carries out a systematic, universal application - beyond the
limits of what it has actually learnt.”” (Bourdieu, 1984, p. 170). Noyes
(2004) argues that “Bourdieu's central concept of habitus illuminates the
mathematics teacher socialisation context because it explains how embod-
ied life history structures classroom practices”. The concept of habitus is
dialectically related to the concept of field, which is the social medium
whereby habitus comes about and become reconstituted through experi-
ences. In our case the field is school mathematics teaching. Both these con-
cepts, which can only exist in relation to each other, are closely associated
to the concept of habitant. Habitant refers to physical and social space
wherein the agents, in our case mathematics teachers, are physically sited.
The mathematics teachers being physically located in the habitant of school
mathematics practice are leaded either to a process of harmonization of their
dispositions to those of the generalized other prevalent in that habitat or in
dissonance, depending upon the relative social positions of the various
agents involved.

So, the habitat shapes the habitus which in its turn shapes the habitat
through the social usages that it makes of it. According to Bourdieu (1974,
1989), habitus, field and habitant are the constitutive elements of a complex
process through which schooling system regulates the intergenerational
transmission of cultural capital, in a way that reinforces the existing social
difference and maintains the established unequal social hierarchies.
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2. Research methodology

In the research reported in this presentation they have participated 288
prospective kindergarten teachers. A questionnaire constructed containing
30 items which register their memories of experiences concerning secon-
dary school mathematics content and the teaching behaviors and pedago-
gies of their mathematics teachers. The items of the questionnaire emanate
from a content analysis of 80 answers to the following prompt provided by
the researcher during one of his lectures to his students being newly gradu-
ated from the secondary school: “please write in a few words the most
pleasant and the most unpleasant experience from your secondary school
mathematics that they have been impressed in your memory.” Initial coding
of the reported experiences generated a number of positive and negative
experiences which were classified in three categories using as a criterion
their direct relation to the mathematics classroom. These categories are:
pedagogy experiences associated with instructivist or constructivist features
of teaching and learning practices, teacher experiences referring to interac-
tions with teachers during mathematics classes and mathematics content
experiences. Experiences related to testing and examinations have been in-
cluded in one of these three categories, according to the related case. Fi-
nally, five positive and five negative statements were selected for each
category that represented the most frequently occurring experiences and
they properly worded as items of the questionnaire. All items were an-
swered on a 5-point Likert scale ranging from 1 (strongly disagree) to 5
(strongly agree).

3. Preliminary findings

Preliminary findings of this ongoing research are briefly presented in the
following with no further comments due to the space limitations in this con-
ference paper. The participants of this research report that new math content
has usually not been easy to understand and they had usually difficulties in
comprehending math content. Frequently during mathematics classes they
got lost and had trouble keeping up in their lessons. They generally have
had difficulties relating new mathematical concepts to those they had previ-
ously learned and this is remembered as a frustration producing situation, as
they consider mathematics a sequentially organized progression of concepts,
an idea also emphasized by their teachers.

The content experiences from school mathematics are found to be
closely related to their memories of teachers’ teaching behavior as well as to
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their experiences from their teachers’ pedagogies. Most of the participants
in this research they report that their math teachers were not, in most cases,
patient and supportive in their efforts to learn mathematics and many times
they remember them to became frustrated or even derogatory with their stu-
dents. Many of them they are convinced that their teachers did not spend the
necessary amount of time helping them to understand concepts and tech-
niques of mathematics. Furthermore, a significant percentage of the respon-
dents acknowledge that many times their mathematics teachers made them
feel dumb in class and most of the students remember that the did not feel
comfortable seeking help from their mathematics teachers outside class. At
the same time, a significant percentage of the respondents acknowledge they
believe that many of their mathematics teachers were competent as mathe-
maticians.

Concerning pedagogies of school mathematics most of the participants
report experiences of an instructive model employed by their teachers. Their
mathematics teachers used, as a rule, a lecture format in their lessons relied
on the chalkboard to present concepts and techniques of mathematics taught,
demanded from their students to sit quietly and listen while they were as-
signed several homework problems in each lesson. Most of the teachers are
remembered to focus mainly on memorization of facts, formulas and proce-
dures. Very few of the respondents report that they remember mathematics
concepts taught to be connected to real world situations and also very few
remember their teachers to use mathematics games to reinforce their under-
standing of mathematics concepts and procedures.

Finally, not significant differences found in school mathematics memo-
ries according to the age of the participants. That is, teaching behaviors and
pedagogies of Greek secondary school mathematics teachers are well estab-
lished and time-independent. It seems that the structuring power of domi-
nant school mathematics teaching practice reproduces the predominant
models of mathematics teaching philosophy and pedagogy through the re-
production of teachers’ dispositions by processes of their harmonization il-
luminated by Bourdieu (1984).

4. A final comment

Bishop (1988) has argued that the learning of school mathematics may
be seen as a process of "mathematical enculturation" which aims at the ini-
tiation of students into the conceptualization, symbolization and values of
mathematics culture. Lerman (2006) associates mathematics enculturation
to a process of becoming mathematical, and comments that according to re-

HMS i JME, Volume 4. 2012



Reflections on school mathematics experiences: Mathematics
teaching as a practice of excluding students from mathematical culture 309

search evidence becoming mathematical can mean different things in differ-

ent modes of teaching.

From the viewpoint of mathematical enculturation, it may be claimed
that the habitus of mathematics teaching is a strong contributing factor to
the construction of cultural divisions among students so as some students to
be included in, and others to be excluded from mathematics culture.
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Abstract
This paper presents a comparison between a teacher’s reflection
regarding self-regulatory teaching practices enacted during a mathematics
teaching session and researchers’ recording of such practices. The different
focus of reflection and the difficulties emerged in teacher’s perception
regarding self-regulation address the need for a special training program
for teachers.

Theoretical Background

A major and constant pursuit in education is the high quality and
effectiveness of educational practices through the design of new and
powerful teaching-learning environments. Good learning, including
mathematics learning, is claimed to be a constructive, cumulative, self-
regulated and situated process of knowledge building and meaning
construction (DeCorte, Verschaffel, & Op’t Eynde, 2000). Current
approaches of teaching/learning emphasize the need to develop teachers’
and students’ skills that contribute to students’ active, independent and self-
regulated learning.

Research in mathematics education has recently focused on the
attributes of self-regulated learning aiming at an active mathematical
knowledge building and at skilled mathematical problem solving (De Corte,
et. al, 2000). Strategic learning, that is, mastering and applying multiple
skills and strategies to effectively monitor and regulate learning and
problem solving, is an essential component of self-regulated learning and it
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is critical for successful performance (Alexander, Graham, & Harris, 1998).
Planning, self-monitoring, and self-evaluation are very important
metacognitive skills for mathematics learning and problem solving.
Moreover, inducing students’ own interest and adaptive motivation towards
mathematics learning is a major challenge for educators and can further
foster their autonomous activity.

Although promoting students’ self-regulatory skills in order to build
mathematical knowledge and meaning is a widely accepted point of view,
what is still under investigation, particularly in Greece, is the degree to
which regular mathematics teaching in primary school adopts the above
suggestion. Greek primary school teachers’ reports on inducing students’
self-regulatory strategy use in mathematics indicated that they tend to
facilitate more solution evaluation by the students and less further reflection
on the solution produced or constructive collaboration among the students.
It should be interesting: to record and analyze teachers’ actual discourse and
instructional practices during regular mathematics class' and to investigate
whether mathematics teachers can identify in their teaching practices
specific attributes of facilitating students’ self-regulated learning.

The present study aimed at recording actual mathematics teaching
sessions in primary school and identifying in teachers’ discourse the degree
to which their teaching promotes students’ self-regulatory skills. A second
aim was to ask a mathematics teacher to reflect on a recorded teaching
session and to identify herself incidents concerning self-regulated learning
skills. We aimed at comparing teacher’s ability to identify a posteriori traces
of inducing students’ self-regulated learning and the kind of support she
actually offered during class. Teaching session was examined with a focus
on the following self-regulatory skills: planning, self-monitoring, self-
evaluation, interest and motivation enhancement, and autonomous action. It
should be noted that this is a part of a broader research project funded by the
Research Committee of the University of Thessaly titled “Self-regulated
learning and mathematics in the classroom: Teachers’ discourse and
students’ practices”.

! Recording actual instruction would provide realistic information on practices that
facilitate students’ self-regulation in mathematics in the Greek classroom.
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Method

Procedure

The research is conducted in a public primary school (Athens). After
obtaining access by the school director, a primary school teacher agreed to
videotape a third-grade mathematics class. After that, a verbatim
transcription of her discourse and dialogue with the students has been
prepared. The teacher was asked to reflect on the transcribed dialogues and
to fill in a self-recording worksheet with a focus on the self-regulatory skills
examined. Teacher’s discourse and dialogues were also analyzed by the
authors.

The participant teacher

A female third-grade teacher —2lyears experience— participated
voluntarily in this study. She agreed to reflect on a session of her own
mathematics instruction and to record traces of inducing students’ self-
regulatory skills. She was never educated before on self-regulated learning
practices; therefore, she was familiarized with the concept of self-regulated
learning with a focus on the skills examined.

Instruments

The worksheet asked the observer (teacher, authors) to identify traces
of teacher’s discourse that facilitated students’ self-regulatory skills. The
skills examined were: planning, self-monitoring, self-evaluation, interest
and personal motivation enhancement, and autonomous action. Specifically,
the worksheet included the following questions:

Stem for each item: “In your mathematics teaching discourse, please
identify traces of ...”
a)... facilitating students’ abilities to plan their thinking and acting in order
to face a mathematical activity.
b)... facilitating students’ abilities to observe or to monitor themselves
during their own attempt to face a mathematical activity.
c)... facilitating students’ abilities to evaluate and assess their outcomes and
solution produced or to reflect on it.
d)... facilitating students’ motivation or strengthening their interest to
participate in a mathematical activity.
e)... facilitating students’ abilities to act in an autonomous way.

Data analysis — Results
In order to identify the traces in teacher’s discourse indicating
facilitation of students’ self-regulatory skills, two sources for identification
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were addressed: the authors and the teacher. Below, these results are
presented.

Regarding traces of facilitating students’ abilities to plan their thinking
and acting in order to face a mathematical activity, the authors identified
three (3) instants or episodes in teacher’ s discourse out of the 45 minutes
session of mathematics instruction. In the two episodes, the teacher asked
students to recall a mathematical rule used in arithmetical operations (e.g.
“What do we have to pay attention to when we do an addition?”) and she
induced them to apply the rule. In the third episode, the teacher asked
students to analyze the function of the abacus.

39. Teacher: Which are the positions in this abacus? Pay
attention, please. Which are the positions of the
digits that I have to write on?

In the above episodes, the teacher seems to facilitate students to plan
their actions by asking them to recall rules, apply them and to think about
the use of abacus. However, the teacher didn’t explicitly emphasize that
these actions concerned a planning process as the use of a mathematical tool
or a rule.

Regarding the teacher’s reflection on inducing planning skills, she
identified five (5) different episodes. None of them was identical to the
authors’ judgments. The teacher related the facilitation of students’ planning
with the suggestions that she offered to them for planning their solutions.
Specifically, she identified actions closely to the third episode of the above
planning. For example, she considered as facilitation of planning skills the
description of an effective strategy to her students. The quotation below is

representative.
(The student had to solve the subtraction 5, 70-3,20 using the abacus).
101. Teacher: ...you have to delete 3 A M & =

euro and 20 cent. You will
delete (on the abacus) the
euro you pay.
(The teacher passed through the students’
desks and checked their writings).

In addition to the planning skills, we identified episodes of inducing
students to enact their prediction of the result skills. An example is the
following quotation:

(The students had to solve the addition 4,32+3,25.)
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15. Teacher: Could you make a rough mental calculation? I want to buy
two things. The first costs 4 euro and 32 cent and the second
costs 3 euro and 25 cent. Can I broadly estimate how much
money I need?

The teacher presented to her students the way to plan their action using
a real life context. Either in the above example she didn’t explicitly linked
her suggestion with the planning process.

Regarding facilitating students’ abilities to observe or to monitor
themselves during their own attempt to face a mathematical activity,
although no trace was found by the authors, the teacher considered the
question “How did you find it?” as related to the student’s self-monitoring
process.

Regarding facilitating students’ abilities to evaluate and assess their
outcomes and solution produced or to reflect on it, episodes were identified
by the authors which were mainly related to the development of
mathematical justification by the students. In the quotation below the
teacher induced a discussion in the classroom on “Why 2,50 = 2,5”,

116. Teacher: (she is writing on the blackboard 2,5) Could I write it in
this way?

117. Some students: Yes.

118. Teacher: Yes, I can. Why?

119. Student18: You can put a zero.

120. Teacher: If I want it. Why is correct to write 50 cent in this way?

121. Student7: It can be deleted.

122. Teacher: Another opinion? It isn’t wrong that you said. Is there

another opinion?

123. Student20: Because zero has not any value.

124. Teacher: The student7 told to me the same with you. Is there
something else?

125. Student13: 5 alone has the same value with 5 tenths.

126. Teacher: Exactly. ...

In this dialogue, the teacher gave to her students the opportunity to
reflect on their decision (utterance 117) asking justification. However, as it
is obvious, each student’s justification was assessed by the teacher
(utterances 120,122,124,126) and didn’t provoke any discussion among the
students. Such teaching instants are critical for enhancing students’
reflection and self-assessment skills. The teacher herself didn’t point out any
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episode that facilitated evaluation of the solution produced by the students.

Regarding facilitating students’ motivation or strengthening their
interest to participate in a mathematical activity and students’ abilities to act
in an autonomous way, neither authors nor the teacher pointed out any
evidence of using such skills during this specific mathematical teaching
session.

Discussion

This paper focused on the importance of self-regulated learning as a
major objective of mathematics education and as a crucial characteristic of
effective mathematics learning (De Corte et al., 2000). The first aim of this
paper was to identify in teacher’s discourse traces of promoting students’
self-regulatory skills during a session. The focus was on the following self-
regulatory skills: planning, self-monitoring, evaluation of the solution,
interest and motivation enhancement, and autonomous action. As expected,
a few episodes that actually induced students’ self-regulatory skills were
recorded concerning only planning skills and evaluation of the solution
skills. This finding confirms the constant need to better educate mathematics
teachers to adopt the self-regulated learning principles in their teaching.
Teachers should direct their efforts on facilitating their students to act
autonomously, independently in order to construct meaning, to allow self-
monitoring to take place, and to motivate themselves in the face of
difficulties.

The second aim of this paper was to ask the mathematics teacher to
reflect on the recorded teaching session and to identify herself incidents that
elicit students’ self-regulated learning skills. The comparison between them,
showed that:

- It was difficult for the teacher to recognize critical moments
regarding students’ self-regulatory skills.

- The teacher seemed to connect her directions to the students to plan
a mathematical solution in a concrete way with the planning process.

- The teacher connected the students’ self assessment with their self
monitoring process.

- There were more differentiation and less coincidence of views
between the teacher and the researchers in several aspects of
students’ self-regulation in mathematics.

The above points should be interpreted bearing in mind that there was
not previous teacher’s training on self-regulated learning in mathematics. In
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general, it seems that there is a need for further educating in service
teachers: a)on the importance of developing students’ self-regulatory skills
in mathematics, and b)on identification and improvement of such skills in
their students (Mevarech, & Kramarski, 1997). The difficulties that emerged
on teacher’s perception of facilitating students’ self-regulation allow us to
further reflect on planning a special training program for teachers in order to
shift teaching towards giving students opportunities for a more autonomous,
independent, skilled, motivated, and self-regulated learning of mathematics.
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Abstract

This study reports findings from a distance-learning course named
“infinity and its implication for high school math classroom” for prospective
teachers in Brazil. Adopting a Vygotskyan perspective for learning, we
develop tasks that include problems involving the idea of infinity that are
usually taught in secondary schools. Based on Design Research
methodology, we developed tasks that were familiar but not usual to these
students (prospective teachers) and in order to solve the problems students
interact with others in small groups using a platform built for allowing
collaborative learning, the VMT. We will present findings related to the use
of the platform as well as the approach for teaching in virtual environments.

Key words: distance-learning mode; infinity; secondary school content;
teaching approach; interaction

Introduction

Distance learning courses- DLC- proposals usually suggest that their
aim is delivering teaching for students who are not able to attend regular
classrooms, also that those courses let students to work in their own pace,
choose the time that better fit in their schedule and so on. In large countries
as Brazil distance learning courses may democratize access to students who
live far from universities or those who live in rural areas far from schools.

Analyzing what is implicit in the discourse of many proposed DLC we
may say that their instructional design are based on the premise that
knowledge is produced by the individual itself rather than in a social

! janetebf@gmail.com
Rua Sabara, 318 ap 76 Sao Paulo-Brasil 01239-010
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environment.

We assume a different view, for us knowing is a social action. Different
from information that may be transferred, knowledge is grounded in
experience. Dictionaries, for example, define a word in terms of other
words; however human beings (us) understand and produce meaning to
words based on our experiences in the world. We need to interact with
people and the world in order to learn words such as red, heavy, up, friend
and so on. Abstracts or new words are learnt in this same way (Bolite Frant,
2009). When a child learns what is heavy it is not useful to tell her that
heavy is the opposite of light, she needs to experience to hold a light bag
and a heavy one, to hold a small cotton ball and a small lead one, in order to
understand the difference.

This paper contributes to the conference theme “Mathematics Education
and Democracy: learning and teaching practices”. First because distance
learning mode may offer a more democratic access to math education and
second teachers’ practices in this environment should be discussed since the
role of teachers is different if we will provide a democratic and learning
environment for understanding school mathematics.

The aim of this study was to develop a distance-learning course for
prospective teachers in order to discuss about mathematical infinity and its
implications for secondary school, to analyze which aspects of developed
tasks facilitate or impede interactions in this virtual environment. Also, to
investigate teacher’s role within this new setting.

The study was designed in three cycles; the first included a literature
review on the theme, choosing a platform to work, reviewing secondary
mathematics school textbooks and elaborating the tasks. The second cycle
consisted on a field work: a first course offered to 3 prospective teachers,
changes in the designed course and the third phase consisted on a course for
6 prospective teachers and changes and analyses in order to cope with our
aims.

Based on our premise about knowledge we looked after an environment
where students could share their experiences writing and/or drawing, or
sharing other digital devices. We decided to use a platform that was created
for collaborative learning in mathematics by a team lead by Gerry Sthal at
Drexel University, named Virtual Math Team - VMT. Although the VMT
was originally built for extra schoolwork, students, from different schools
and countries, who would like to solve problems and discuss with other
students we found a project called e-math directed by Arthur Powell from
Rutgers University that inspired our work. And we will present, in this
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CIEAEM64 conference, the third cycle.

Field work

We developed a synchronous course titled "infinity and its implication
for high school math classroom" that was offered by a federal university in
Brazil and was opened to prospective teachers. Many students wanted to
attend this course but due to time constraints we worked with 6 of them.

Students were in different places in the state of Rio de Janeiro.
Following the familiar chat rooms from social networks, two rooms were
opened in order to have no more than 4 students each. Because, in a regular
chat room with 10 persons or more writing, some at the same time, it is
difficult to follow and to participate, sometimes what one said is no longer
in the screen.

The tasks were developed after a careful review of researches about
student’s understand of infinity, and a review of textbooks used in
secondary schools, specifically looking at the exercises involving infinity
such as sequences, series, geometric progression, cardinality of number sets.

To open a discussion about sequences and series we developed a story
based on a folk story known in Brazil as John and Mary, two children who
went to a forest and got lost, there they met a witch. Emphasizing the idea of
a familiar but not usual task, in our story there were two sides on an infinity
road inside the forest, filled with logs on both sides, and the witch offer
them a possibility for escaping, the kid who finished to put the logs in his or
her bag was free from being eaten by the witch. John and Mary should take
the first log and put in each infinity bag, then John will take the second log
and cut in two pieces, take one of them and put in his bag, the third log he
should cut in four pieces take one of them and put in the bag, the fourth log
in eight pieces take one and put in the bag and so on. Mary should take the
second log cut in two pieces and take one to put in her bag, the third log she
should cut in three, take one piece to her bag, the fourth in four pieces and
so on. The students in small groups, 3 in each room, discussed how many
pieces each kid carry on her and his bag.

In room 1, one student said that the sequence that John was carrying
remembered something she had learned about geometric progression and
she found a formula for the infinity sum of g.p. using Google search. The
others said that it would never be 2, it will be infinity because the road was
infinite. And the discussion took place in different spaces of this platform,
on the chat and on the whiteboard. See figure 1.

CIEAEM 64- Proceedings



320 Janete Bolite Frant, Dora Soraia Kindel

S XN

File Edit Chat Whiteboard Zoom

Material: " Current users:
Whiteboard | GeoGebra | Summary | Topic nurmn‘ soraia

YBae t\\ Lme-oHEBmE %= =[]2-2-A -snsserr 12 B I & [
=1 feentamos a sequr, as suas respostas. Agora, leia as reshostas dadas por eles, denois diga guem =
u 2 uestio e justifgue

ntonio SALAESTUDO B

njunta Afem mats element soraia leaves the room
ustncando 1,24+1=3,(22+1=8) +4=0, (23+1) + 1806717 150 1min2es BRT
ela enumeragan A=(1,2,3,4,56,78.,10,1112,13,14,1516,.} 9=18 soraie joins the room 18064 1
ma:g‘m‘i‘?“‘éﬁ‘ja‘ 4 15019min30s BRT
nire 1 ¢ 4 temos 2 elementos Gue nao estao em B soigle [eaves e 100

temos 4 elementos que nao estao em B 806’17 10h1Smin06s BRT

nire @ & 16 temos 6 elementos que 3o estao em B 8 vivioins the room 02007711
nire 16 & 25 temos 8 elementos que nao estao em B 15hdBmini 5s BRT
asein por diante, portants Atem mais elementos eue . = Bl vivi eaves the roorn 0240711

3050min30s BRT
B anste joins the room 110811

Bealizdz que 10850minGs 2T
05 dois sanjuntos tem a mesma cardinalidate B anete reaves the room
" 4081 10h53minS6s BRT
conegio i "
et 1sg, sovaiz joins the room
| T1htaming0s BRT
{ertando pensarcomo a
1 Tarmy. foi o que entendi
ustifcando -
S@ conlinuarmos veremos que toto elemento de A tem um conrespondente em B [
| =]
] D °

+J Iniciar orce [l [ sk, rio... | (2 Lis

gure 1: VMT whiteboard an

TabbedCt

d chat

The teacher just followed both groups discussion and after the session
finished she compiled their answers and elaborated another task based on
their answers. She created three different student names so the students in
each room would not feel that his or her answers were better or worse than
others. And they started the new session discussing the fictitious students’
solutions.

The second task, based on Dreyfuss and Tsamir (2004) article, involved
comparing infinite sets.

We still have two fictitious students Antony and Beatriz that offer two
different answers to same problem and our students should discuss their
answers. This approach helps those students who maybe afraid of giving a
wrong answer by putting the responsibility of the answer on the fictitious
students. The task was:

Given two sets A and B such that:

A= {1,2,34,5,....} and B={1,3,9,27,...} what can we say about their
cardinality Is A <B, A>B or A=B?

Antony answer:

A has more elements than B because

Between 1 and 3, the 2 is only in A; between 3 and 9 there are 4,5,6,7
and 8 in A nor in B and so on.
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Beatriz answer

They have the same cardinality because using the bijection idea we can
see on the diagram that for each element in A there is a correspondent
element in B.

A B

1 1
>

2 4
>

3 9
>

4 16
>

5 25
>

This task gave place also to a rich discussion among the students and
the property of infinite sets was discussed and raised by our students. At the
end they said that infinite sets were different from finite sets because they
could have a subset that had the same number of elements.

They also said that it was the first time they were thinking about it
because during their school years they had fifty percent of chance to give a
correct answer to those kind of question, usually they only had to answer
true or false, sometimes they score it sometimes not.

Other two tasks and a closing session for comments followed the same
approach, a problem was posed, students discussed, teachers interfere
always raising more questions rather than giving answers. (for space
constraints we will bring them for the WG)

All the sessions were transcripts immediately after one happened in a
html format.

Findings
We found that working in small groups chat was easier to follow and to

> The VMT generates a html transcript of the session and a video of every participant
movement, drawing, writing, erasing.
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participate. In a regular chat room writing it is difficult to follow and to
participate, sometimes what one said is no longer in the screen. In this
environment with only 3 students in a room it did not happen, moreover the
reference feature allow students to refer to a previous line or to a draw and
those who were interacting with him/her easily find the line or draw just
following the referred place.

The chat and whiteboard space although familiar to students, who are
used to social networks or cellular phone texting, required a more careful
posting than in oral speech and it helps to follow discourse while in a
distance mode.

On the teacher side, it was difficult not to interfere during "silence
time" because in face to face course, according to the teacher, "we may see
them working, or their face thinking but in VMT a second with no posting
may lead us to be veeery anxious hahaha. We do not know if they are
working, if they leave the computer, we can not see what they are doing".
After analyzing the transcription of a few sessions the teacher found that
first of all silence times were not so long as she taught, moreover those
silences were more frequent when a task was not usual for the students or
when the students were thinking how to approach the problem before
sharing.

The tasks in this environment also need to be more explicit because in a
face to face mode the teacher may, while writing on the blackboard or
handling a worksheet, read aloud the problem, including gestures, may give
more explanation than what is written.

If in this kind class one or more students are not working it was easier
for the teacher to interact with them, and hear their explanations. We also
saw that in this environment words had to be more carefully used by the
teacher. If the teacher posted after her statement "right?" students will agree
posting "yes" or "ok" no matter what she was conveying.

Our findings in this environment may also inform face to face courses
because in those classes teachers also end their utterances with a "right?" or
even start talking and stop in the middle of a word and the students
complete it not always understand why.
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This article we document the role of teacher resources in teaching
themes related to third-grade algebra in secondary school. The Documental
Approach serves as theoretical basis. This research is of qualitative type
and the collection of data was carried out by means of non-participative
observation in the classroom. Four teachers participated in this study,
however, we only present the work of one of them. Our results indicate that
the lack of mathematical resources prevent the teacher from providing a
correct solution to the problem.

1. Presentation of the problem

Researchers such as Adler (2000) and Gueudet and Trouche (2009)
maintain that teacher’s resources -—e.g., mathematical and didactic
knowledge— are essential in the teaching practice. Particularly, Adler (2000)
states that it depends on how the teacher uses these resources to promote
learning. The growth of research regarding this theme makes us analyze the
resources that the teacher uses in class, their nature and the source of their
origin; particularly, those resources to teach aspects related to secondary
school algebra.

2. Conceptual framework

The documental approach of didactics is the framework used in this
research (Gueudet & Trouche, 2009). For these authors, a resource is
everything which is used (re-sourcer) in the teaching practice. Thus, for a
teacher, the textbook, the discussion with a colleague or a mathematical
concept, could be resources. The teacher interacts with resources by means a
documental work which may be carried out inside class and in which a
documental genesis is produced; a dynamic and dialectic process through
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which resources are transformed into documents by means of utilization
schemes of the user of such resources. In this way, a document is composed
by a set of resources and utilization schemes. Gueudet and Trouche (ibidem)
assure that, therefore, the documental work of the teacher is the basis of
his/her practice.

3. Methodology

Four teacher of mathematics of third-grade secondary school
participated. The teachers, during several classes and with the aim of not
altering their didactic programming, were video-recorded when working on
diverse lessons of their textbook; particularly, those related to algebra (SEP,
2006). For the purpose of this document, we only focus on one teacher,
whom we have called Pedro (pseudonym). Pedro uses the textbook as a
resource (Arriaga, Benitez & Cortés, 2008) for mathematics teaching the
concept of slope, trying to comply with another resource relating to the
didactic objectives of the current study Program (SEP, 2006). Following on,
we expose the analysis Pedro’s resources when solving a problem regarding
the slope and the angle of inclination of a straight line.

4. Data analysis
4.1. Mathematical and didactic analysis of resources used by Pedro
The textbook introduces, on the whole, the concept of slope (Figure 1) as
the inclination of the straight line regarding the horizontal axis, leaving
aside the fact of knowing what happens with the slope when the straight line
is either vertical or horizontal. Furthermore, by means of an activity that
deals with the covered distance regarding the time spent, the textbook
relates slope with the concept of ratio of change; that is, in this activity it is
concluded that the quotient of the difference in the distance, regarding the
difference in the time “is known as ‘ratio of change’ or ‘slope of a straight
line’” (Arriaga et al., 2008, p. 91).
PENDIENTE

Inclinacién o declive de un plano o una recta respecto a la horizontal. ‘

Figure 1. Concept of slope (Arriaga et al., 2008, p. 90).

In this way, the slope of a straight line is linked with the ratio of change
as a measure of inclination of the straight line. Similarly, the textbook
includes activities focused on building linear graphs and determining “their
ratio of change (slope)” (ibidem, 2008, p. 91). However, different from this
concept, the textbook introduces the angle of inclination of a straight line,
but does not define it, even though we consider it may be found intuitively.
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4.2. Development of Pedro’s practice

With the purpose that students interpret linear graphs, Pedro worked on
an activity (Figure 2) from the textbook (Arriaga et al., 2008). This activity
deals with a situation in which a moving object covers —at a constant speed
(80 km/h)— a distance between two cities, and it is expected that students
trace a graph, whose slope is the value of speed.

A
Suponiendo que un automévil sale de la ciudad de Que- 240
rétaro a las 6 de la mafiana y va hacia Toluca, a una velo- 220
cidad constante de 80 km/h, ;a qué hora llegard a Toluca, 200
si se sabe que la distancia entre esas dos ciudades es de
195 km? Traza la grdfica correspondiente para observar . 180
la distancia que recorrfa el automévil conforme avanzaba g 160
. 2
el tiempo. o 140
€ 120
5 .
Hora de llegada a Toluca: & 100
80
60
40
20
1 2 3
Contesten las siguientes preguntas: Tiempo (horas)

a) ;Qué distancia avanzé a las 2 horas de recorrido?

b) ¢En cudnto tiempo recorrié 100 km?

¢) ¢En cuénto tiempo recorrid la mitad de la distancia que hay entre las dos ciudades?

d) A esa velocidad constante, ;cudnto tiempo habria tardado en llegar si la distancia entre las ciudades fuera
de 260 km?

e) Viajando a mayor velocidad, ;el angulo de inclinacién de la recta aumenta o disminuye?

Figure 2. Activity which Pedro used as the basis to discuss slope and the
angle of inclicantio of a straight line (Arriaga et al., 2008, p. 231).

The activity includes a question regarding the discussion of the
relationship between the speed of the moving object —that is to say, the
slope— and the angle of inclination of a straight line: “Travelling at a greater
speed, does the angle of inclination of the straight line increase or
decrease?” (ibidem, p. 231). However, the activity does not introduce the
meaning of this angle and its relatioship with the slope of the straight line.

Pedro decided that students carry out and activity and he chose one of
them to expose what he did: “you were chosen to give explain what you
did”. The student traced a straight line whose function is d=80¢ (Figure 3),
taking into account the relationship that exists between the covered distance
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and the time spent: “for every 80 kilometres it advanced 1 hour”.
Immediately, the student indicated that the angle of inclination of the
straight line “increases”.
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Figure 3. Straigh line with a d=80¢ function traced by the student.
Student: “Travelling at a greater speed, does the angle of inclination of the
straigh line increase or decrease?” I would say it increases.
Because if at this point, you add 100 kilometres to 1 hour, it
reaches this point [He traces the (1, 100) point]; if you add that to
two hours, it would be like 200 [he points (2, 200)], and this it
raises, it increases.

In order to justify the answer and given the fact that the covered distance
is in function of the spent time, the student increased the distance regarding
time (““... if at this point, you add 100 kilometres... [he traces the (1, 100)
point]”) in such a way that the points which correspond to each relationship
are separated as the students takes successive values of time, in increases of
one hour (“if you add that to two hours, it would be like 200 [he points (2,
200)], and this it raises, it increases”). This separation indicates, for the
student, that the angle of inclination of a straight line increases at a greater
speed. It is worth noticing that the student, obliquely, makes allusion to the
slope of the straight line. As asked by Pedro, the student traced the straight
line that passes through (1, 100) y (2, 200) and whose function is d=100t
(Figure 4).
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Figure 4. Student’s demonstration.

We conjecture that the student’s demonstration of his process was not
clear to Pedro, given the fact that he does not show, visually, that the angle
of the straight line increases when the speed of the moving object is
increased. For this reason, Pedro decided to use his own resources
considering the straight lines traced by the student as it shown below.

Pedro:  How do you realize it increases?

Student: The angle goes up.

Pedro:  In order to do that, direct your lines... towards 0 [plane’s origin].
Upon directing it towards 0 [he points out the straight line d=80t]
it results in an angle, and we can measure it. Upon directing the
other one [straight line d=100t] towards 0, we obtain the second
angle, which we can also measure. Do you agree? Name that one
angle x [It refers to indicating with an x the angle of inclination of
a straight line d=100¢]... Trace the other angle, that one being
angle y.

In order to determine whether the angle of inclination of the straight line
increases, Pedro asked the student to elongate both lines until the origin of
the Cartesian plane and thus obtain the angles that form these two lines with
the axis representing time (Figure 5). According to Pedro’s request, the
student marks the traced angles with the letters x and y. The angle of the
straight line, whose function is d=80¢, is marked with letter y, while the
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angle of the other straight line (d=100¢) is marked x. It is worth noticing that
the only justification given by Pedro regarding tracing and identifying the
angles, is that with this process he can “measure” and compare both angles,
without arguing why there should be two straight lines and why they should
pass through the origin (0, 0).

L
F '
R e e .

Figure 5. Angles comparison.

Now that Pedro has identified the angles, he posed the next question to
all students: “which of the two [angles] is greater?” Students assured that
angle “x” is greater. In order to validate this answer, Pedro compared both
angles visually, as it is shown below.

Pedro:  x [is greater], because it goes from 0 until up there. This is y [In
the plane he drags a ruler of the time axis to the straight line
d=380¢], and later on it is? [He continues dragging the ruler until
the straight line d=100t].

Students: x.

Pedro:  Then, if the speed increases, what?

Student: Increases... [Pedro interrupts].

Pedro: The grade... of inclination... increases... We have seen it visually.

The argument that Pedro posed of why angle x is greater than y, lies in
the fact that this angle is the most open of both angles. However, the
language used by Pedro is confusing, since he points out that angle x “...
goes from O until up there”; that is to say, it goes from the axis which
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represents time to the line with d=1700t function. In order to demonstrate this
argument, Pedro measured and compared both angles dragging a graduated
ruler from the time axis towards straight line d=100¢, stopping at line d=80t
with the intention of indicate that the way covered until that moment was
angle y. However, due to the language used by Pedro, it could be understood
that the way which is still to be covered corresponds to angle x.
Subsequently, Pedro posed an question to his students looking for them
to relate angle x with the constant speed —slope of the straight line d=100¢—:
“But to what speed does x correspond?” In this way, Pedro concluded that
“The grade... of inclination... increases”. In this episode it is worth noticing
that Pedro emphasized the need to explicitly see the angle.
5. Conclusion
The documental work of Pedro was aimed at answering whether the
angle of inclination of a straight line (whose function is d=80¢) increases
when the constant speed of the moving object —that is, the slope of a straight
line— is greater. The resources used by Pedro revolve around visually
comparing the angles of inclination of the two straight lines with different
slope and intercepted in the origin of the plane. In order to do that, Pedro
had to elongate the straight lines until the (0, 0) point, identify the angle of
inclination of each straight line and slide a ruler from the axis which
represents time to the two straight lines. However, Pedro does not give any
mathematical arguments of why using two straight lines instead of one, why
they have to be elongated and why they should pass through the origin of
the plane. We consider Pedro used these resources due to the fact that the
student’s arguments were not clear for him or they do not visually show that
the angle of inclination increases. Moreover, although the textbook and the
study program were also Pedro’s resources, they did not provide him with
the necessary help.
6. References
Adler, J. (2000). Conceptualising resources as a theme for teacher education.
Journal of Math Teacher Educ, 3, 205-224.
Arriaga, A., Benitez, M. M. & Cortés, M. C. (2008). Matematicas 3.
Meéxico: Pearson.
Gueudet, G. & Trouche, L. (2009). Towards new documentation systems for
mathematics teachers? Educational Studies in Mathematics, 71, 199-
218.
SEP (2006). Reforma de la Educacion Secundaria. Fundamentacion
Curricular. Matematicas. México: SEP.

HMS i JME, Volume 4. 2012



Hellenic Mathematical Society
International Journal for Mathematics in Education

THE GREEK PRIMARY SCHOOL TEACHERS’
VALUES ABOUT MATHEMATICAL THINKING

Sonia Kafoussi & Petros Chaviaris
kafoussi@rhodes.aegean.gr;chaviaris@rhodes.aegean.gr

Abstract
This paper introduces a pilot research as regards the Greek primary
school teachers’ values when they teach mathematics. The analysis of the
results was based on Bishop’s theoretical framework of mathematical val-
ues. The preliminary results showed an emphasis on the mathematical val-
ues of rationalism, objectism and control.

Theoretical Background

One of the challenges for mathematics educators concerned with issues of
democracy is how mathematics education could support the goals of democ-
racy itself (CIEAEM 64). But, “dealing with issues of democracy in mathemat-
ics education clearly requires engaging with values” (Bishop 2008a, p.232).
Towards this direction, this paper concerns an initial investigation of the Greek
primary school teachers’ values when they teach mathematics.

There are different perspectives about the definition of the notion
“value” and the origin of values, but we could mention that values are gen-
erally associated with the affective domain as well as with questions of eth-
ics and moral decision making (Bishop, 2008a; Hannula, 2002). They are
connected with “the worth of something” and it is when one must make
choices that one’s values emerge (Seah & Bishop, 2000). Moreover, they
could be regarded as “interpersonal and public agreements about what
“ought” to be done by the participants of a community of practice for the
social group to function” (Atweh & Seah, 2008, p. 3).

According to Bishop (2008b) values are clearly specific in cultures and
the values of mathematical thinking are influenced by the culture of the
people, the goals of the social institutions of a society regarding mathemat-
ics education, the educational institutions’ values, the teachers’ values and
decisions as well as the individual learners’ goals and values regarding
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mathematics. He used the notion of mathematical values in order to describe
the values which have developed as the knowledge of Mathematics has de-
veloped within Western cultures and the notion of mathematics educational
values to describe the values related to the pedagogy of the discipline.

He considered three components as to the analysis of mathematical val-
ues (Bishop, 2008b): a) the ideological component that concerns the values
of rationalism and objectism, b) the sentimental component that includes the
values of control and progress and c) the sociological component that con-
cerns the values of openness and mystery. On the other hand, mathematics
educational values could be focused on five complementary pairs (Seah &
Bishop, 2000): a)formalistic-activist view, b)instrumental-relational under-
standing/learning, c)relevance-theoretical knowledge (solving daily prob-
lems or not), d)accessibility-specialism (mathematics for all or for the elite
group) and e)evaluating —reasoning (steps of knowing, applying routine op-
erations, searching problem solving/reasoning and communicating).

One of the most important questions about values is what values do
mathematics teachers think they are teaching. The little research that has be
done about this issue highlights the effect of culture in the evolution of val-
ues (Atweh & Seah, 2008; Leu & Wu, 2004; Sam & Ernest, 1997). More-
over, teachers find it difficult to discuss values and mathematics because
they are not used to doing so, although they do hold values about mathemat-
ics and mathematics education (Bishop, 2009). The above issues are being
focused and examined in this paper through a primary investigation of the
Greek primary school teachers’ mathematical values.

Method

48 Greek primary school teachers (14 male, 34 female) participated in
this pilot research, realized in Athens, in January 2011. The teachers were
teaching in 4 schools with different socio- economical and cultural features
(12 teachers participated from each school). The following table 1 shows the
characteristics of each school.

Schools status
Socio-economical Cultural
(immigrant students)
A medium 25%
B high -
C medium -
D low 75%

Table 1. The schools’ status
Eleven teachers had been teaching 1-10 years, 19 had been teaching 10-
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20 years and 18 had been teaching 20-30 years.

The teachers completed a questionnaire that included six open ques-
tions. The questions were the following: 1) For which reasons do you con-
sider it is worth for a child to develop mathematical thinking? 2) What
teaching practices do you consider effective for the development of a child’s
mathematical thinking? 3) What students’ practices do you consider signifi-
cant for the development of their mathematical thinking? 4) What parental
practices do you consider significant for the development of a child’s
mathematical thinking? 5) Describe the important elements of a school
mathematics textbook which you consider support the development of a
child’s mathematical thinking. 6) Which state policies for the design of
Mathematical Education do you consider important for the development of
children’s mathematical thinking?

The analysis of the results was based on Bishop’s theoretical frame-
work of mathematical values. More specifically, the following table (table
1) shows some keywords of teachers’ expected written reports and their
connections with concrete mathematical values (Bishop, 2008b).

Mathematical Values Teachers’ exgected regorts

rationalism Logical reasoning, inference, proofs, argumentation

objectism Invention of symbols, use of tools, history of mathematics

control Analysis of why routine calculations and algorithms work, ap-
plying mathematics to solve problems in society

progress Alternative and non-routine solution strategies, generalization

openness Public justification and critical analysis of an idea

mystery Wonder and mystique of mathematical ideas

Table 2. Mathematical values
Preliminary Results and Discussion
In this paper we will present the results of the first and second question.
The following table (table 3) presents the values that emerged from the
teachers’ written reports on the first question.

Mathematical values about Number of teachers

mathematical thinking School A School B School C | School D
rationalism 10 6 12 8
objectism 1 - - -

S

control 9 9 7 6

Brogress 2 1 5 1

openness - - - -

mystery - - - -

Table 3. Analysis of the first question
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According to table 3, the majority of the teachers’ written reports are
associated:
-With the value of rationalism over its complementary value of objectism
(e.g. “(the child) develops logical processes and secure and completed con-
clusions”, “(the child) identifies a problem and its parameters and combines
the data in a right way in order to find the solution”, “(the child) is able to
reason with proofs”).
- With the value of control (e.g. “(the mathematical thinking) helps the
management of problematic situations in everyday life, “ it helps the child to
cope with demands of the society) over its complementary value of progress
(e.g. “ the child learns to use strategies in order to succeed his/her goals™)
- The values of openness and mystery were not reported.
- There were small differences among the teachers that were teaching in
schools with different socio-cultural and financial features.
Table 4 presents the values that emerged from the teachers’ written reports
on the second question and table 5 presents some examples of their reports.
We mention the values presented in the teachers’ reported practices as to the
development of mathematical thinking.

Mathematical Number of teachers
Values in | School A School B | School C | School D
teachers’ re-
ported prac-
tices
S —————————
rationalism 1 3 2 -
obg'ectism 6 6 10 3
control 6 3 5 6
progress 6 1 2 -
e —————
openness 5 - 3 -
mystery - - - -

Table 4. Analysis of the second question
Values Examples of reported teaching practices
rationalism | “We should help the student to lead his/ her thinking to hypothesis,
reasoning and conclusions.” “Using questions like: How did you find
it? How did you arrive at this conclusion?”
objectism | “The use of number line for the representation of mathematical prob-
lems”. “The use of tables and diagrams”. “The exploitation and use
of new technologies”.
control “The design of activities that they could give solutions in everyday
problems”. “The use of authentic problematic situations”. “Interdis-
ciplinarity and connection with other learning objects” .
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progress “To allow the development of improvised pupils’ strategies”. “To

EEINNT3

pose open problems”. “to promote the development of different chil-
dren’s ways of the solution of a problem”.
openness “Working in groups by finding different arguments, controling, cri-
tisizing and concluding”. “Discussion among the pupils for possible
solutions and different strategies”.

Table 5. Examples for the second question

According to table 4, the majority of the teachers’ written reports con-
cerning their practices are associated:

-With the value of objectism over its complementary value of rational-
ism. This finding could be explained by the fact that when the teachers write
about their practices, they emphasize the tools that they use in order to pro-
mote their goals. That is we are not sure that they interpreted the use of dif-
ferent representations as a value itself, but rather as a means of their teach-
ing.

-With the value of control over its complementary value of progress, al-
though we could find more reports concerning the value of progress in com-
parison to the first question.

-There were some reports about the value of openness. However as in the
case of objectism there is the same problem of interpretation.

- The teachers’ reported practices in school D presented deviations in com-
parison to the ones from the other schools, as they were connected only to
the values of odjectism and control.

These preliminary results put an emphasis on the mathematical values
of rationalism, objectism and control. However, an analysis of all the ques-
tions will give us a better picture of the Greek primary school teachers’ val-
ues when they teach mathematics. Furthermore, the analysis of each
teacher’s reports will allow us to have a deeper understanding of how
mathematical values determine his/her teaching decisions.

In our opinion, the pre-mentioned mathematical values are associated
with the notion of democracy, if we assume that democracy is associated
with decision making based on argumentation, on the creation of new and
alternative tools and strategies in order to cope with the emerging problems
in our society, on the participation in public discussions through the mutual
respect among the interlocutors. However, further research is needed to be
conducted in order to investigate ways of promoting these values to our
teachers.
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Abstract: With the present study we intended to explore the knowledge of in-
service teachers with regards to the notion of statistical literacy and its
connection with effective citizenship in a democratic society.

INTRODUCTION

It is a fact that the understanding of mathematics is crucial for effective
citizenship as it enables pupils to act in the framework of a democratic
society. Although there is a prominent belief that statistics is not
mathematics (Cobb & Moore, 1997) paraphrasing the previous statement we
could say that statistics is a source for decision-making and action. Statistics
play a key role in shaping policy in a democratic society, so statistical
literacy is essential for all citizens in order to keep a democratic government
strong (Wallman, 1993). Recognizing the key role that statistics plays in
modern society, the National Council of Teachers of Mathematics (NCTM,
2000) recommended that “by the end of high school students should have a
sound knowledge of elementary statistics” (p. 48).

Statistical literate students-future citizens- are able to understand and
critical evaluate statistical results that permeate daily life-coupled with the
ability to appreciate the contributions that statistical thinking can make in
public and private, professional and personal decisions (Wallman, 1993).
The fact that statistical literacy is in a direct relation with democracy has
been emphasized from many researchers. Over a half century ago, Wishart
(1939), commented that the teaching of statistics is important because it
protects individuals from the misleading practices of “the propagandists” (p.
549). More than half a century later, Gal (2000) stressed that individuals
need to be able to make sense of numerical information in order to avoid
falling prey to the influence of data that looks incontrovertible simply
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because it is quantitative in nature. In accordance with the above statements
a recent (1996) white paper of the European Commission argued that in a
society in which the individual will have to understand complex situations
and vast quantities of varied information, “there is a risk of a rift appearing
between those who are able to interpret, those who can only use, and those
who can do neither”.

Citizens are constantly incurred with the results of surveys, experiments,
and observational studies. In order to be able to interpret the results of these
studies, it is vital to have some understanding of basic statistical “tools”-
notions that are used in the planning and the conducting of studies. In other
words it is crucial for them to be at a certain level statistical literate.

The knowledge of citizens is connected with the knowledge of teachers
of compulsory education as teacher knowledge is connected to what and
how students (future citizens) learn (Ball & Bass, 2000). Starting from this
point of view we designed and conducted a study which its main goal was to
measure how able are elementary teachers to understand statistical notions
that enables them to act as informed citizens in a democratic society.

BRIEF LITERATURE REVIEW

There are several studies that are related to statistical knowledge of
teachers. Studies have been made about teachers’ comprehension of
measures of center (Callingham, 1997), about comprehension of graphs
(Jacobbe & Horton, 2010) and about teachers beliefs and attitudes towards
statistics (Begg & Edwards, 1999). Precisely, for the interpretation of media
graphs there is the study of Monteiro & Ainley (2007) whose focus is the
critical sense of student teachers. In Greece there aren’t similar studies
except of two about the professional development of elementary teachers in
statistics (Chadjipadelis, 1999; Pagge, 1999).

THEORETICAL FRAMEWORK AND RESEARCH QUESTION

For the present study we adopted a theoretical framework that it is based
on the work of Watson (2004) and it concerns the expectations for statistical
literacy of students when they leave school to participate in society. It
includes (i) the understanding of basic statistical terminology, (ii) the
understanding of terminology when it appears in social contexts and (iii) the
ability to question claims that are made in context without proper statistical
justification.

Keeping these three lines of research, and taking into consideration the
mathematics curriculum for compulsory education, we designed and
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conducted a survey on in-service elementary teachers’ level of
understanding of basic statistical notions.

Our research question was: How able are elementary teachers to
understand statistical notions that are connected to effective citizenship
in a democratic society?

METHODOLOGY

In order to answer the research question a combination of quantitative
and qualitative techniques was used. We constructed a questionnaire which
we administrated to in-service teachers. After its completion and its
assessment we conducted semi-structured interviews with the participants.

Questionnaire

The questionnaire items that we used for this study were either adapted
from items used in previous research (Aoyama, 2003; Garfield, 2003; PISA,
2003) or constructed by the researchers for the needs of the present study.
The questionnaire included ten open-ended items. The analysis was
conducted by coding each item’s responses utilizing a rubric for levels of
correctness (0-4). Reliability of the instrument was tested using a
Cronbach’s alpha simulation approach and the results showed a=0.70,
which is accepted.

Items contained basic statistical notions that are encountered in
everyday life and are connected with effective citizenship in a democratic
society: average, proportional thinking, reading charts and graphs and
inferring about them.

Items with graphs formed the majority of the questionnaire. For some of
them we investigated teachers’ competency in reading the data, reading
between the data and reading beyond the data (Friel et al, 2001), while for
others we used misleading graphs and we asked from the participants to
judge them in comparison with given claims.

articipants and setting

20 teachers participated in this study. All of them were in-service
elementary teacher. All had enough years of teaching experience (from 7 to
23 years with a mean of 10 years) and they had participated in programs of
professional development.

The research was conducted during November and December of 2011.
After the administration and the analysis of the questionnaire a 30-minute
semi-structured interview was conducted with each one of the participants.
The interview was focused on their answers to the questionnaire and to the
way they understand the connection of statistics with effective citizenship.
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KEY RESULTS

Teachers were familiar with the notion of average but many of them had
difficulty to understand that it can be a decimal number or that knowing
only its value we can’t infer about the data set. Although they could make
inferences about the data of a table they showed difficulty to correlate rows
and columns and use proportional thinking. Surprisingly, they were able to
understand a statement that concerned the notion of probability.

As regards to the comprehension of graphs they weren’t able to use the
correct terminology, to understand the structural components and the
specifiers (Friel et al. 2001). Also they weren’t able to understand why a
graph was misleading as it was constructed with truncated scale in order to
emphasize the given claim.

In their interpretation of media-graphs, in-service teachers drew less on
technical knowledge about graphs, than on other resources such as their
personal opinion or personal knowledge (Monteiro & Ainley, 2004) about
the data.

All teachers that participated in the present study were conscious of the
importance of the statistical knowledge for the effective citizenship. As
Chris, a young teacher, observed: All these (the items of the questionnaire)
are very important as we see them in our everyday life...It is very important
for me to be able to recognize and understand misleading claims...I want to
be able to judge the truth...

However our study confirmed the results of previous surveys (Batanero
et. al, 1994) about the poor state of statistical literacy in adult population.
This is probably due to lack of education at university level-as pre-service
teachers- on the statistical literacy.
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