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Hepiinyn
Ta mpoPAquata elevBepov GuVOPOL ATOTEAODV €va podnuaTikOd TTedio Epguvag mTov
YopaKkTNPileTON OO TNV ELPAVIOT GLVOP®V, T®V ooV 1 BEon elvar Ayveoot €k TV
npotépmv. Ta elebBepa chivopa ywpilovv yOPIKES-XPOVIKES TEPLOYES LE OLUPOPETIKES
W teg. KAaoukd mapddetypo amotedel ) 6tEpEOTOINGN TOL VEPOU, OTTOV 1| BEGM TOL
oLVOPOL PETOED vepoD kol mhyov degv givar kabopiopévn, aArld aAlalel Kotd ™
dubpketa g dadikaciog. EAevBepa chvopa TpokOITOVY PLGIKA KOTA T HoOMHotikng
TPOTLTOTOINGT LG LEYAANG TOKIAIOG EMGTNHOVIKMV KOl TEYVOLOYIKMV OEPYACLAV,
OM®G Y. TOPAdEYHO. GTOV TOMED TNG METOMOINONG VAIK®V (YOtevon ydAvPa,
KPUOTOAAIKY kol dgvdpikn avamtuln), ot Proroyia (Suvopky] tov mTAnfucuov,
avantoén Paxtmpdiov), ot Beswpio g kavong, oe mpoPAnuata avtidpaongc-
duyvoNG, 6TV NAEKTPOYNLELR 1] GTN POT| PEVGTAOV OLUEGOV TOPWOIDV UEGDV.

Kloowd npofiquate eredbepov cuvopov eivor to mpofAnue tov Stefan, n pon
dapécov poag pepppavng (thin-film flow), ta kpovortikd kdpata (shock waves), to
npoPAnua emapng (contact problem) kot n e&icwon tov mopddovg pécov (Porous-
medium equation). Olo o TPoPANHOTO EYOVV TO 1O1AUTEPO YOPAKTNPIOTIKO, OTL M
veopetpia tov glevBepov cuvdpov mpémer va Anedel vedyn kol va vwoloyioHel
TOVTOYPOVA PE TNV enilvon tov e€lcdoewmv Tov ediov. To yeyovog avtd pmopovpe
va T0 viofetoovpe ®G oplopd epyasiog TV TpoPfAnudtov ehevBepov Guvopov, TO
omoio. emumAéov  givor un yYPOUIKA, O1OTL Ot ADGES TOV UEPIKAOV OUPOPIKAOV
eElowoemv oyeddv ToTé dev e€aPTAOVTAL YPOUUIKE OO TN YEOUETPIO TOV CLVOPWV
pécsa ota omoia wPEmEL v, EMAVOOHV.

Abstract
Free boundary problems constitute a mathematical research topic characterized by the
occurrence of frontiers whose location is a priori unknown. Free boundaries separate
space—time regions with different properties. Free boundaries occur naturally in the
mathematical formulation of a great variety of scientific and technological processes,
e.g. in material processing (steel casting, crystal and dendritic growth, etc.), in biology
(population dynamics, growth of bacteria), in combustion theory, in reaction-diffusion
problems, in electrochemistry or in fluid flow-through porous media.

The free boundary geometry must be calculated and the field equations must be
solved simultaneously. They are inevitably nonlinear, because the solutions of partial
differential equations almost never depend linearly on the geometry of the boundaries
within which they are to be solved.

The most famous free boundary problem for parabolic equations is the Stefan
problem, in which we consider the solidification of water where the location of the
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boundary between water and ice is not fixed and changes during the process. There
are free boundary problems in diffusion, such as the diffusion flames model, problems
from fluid dynamics, from solid mechanics such as the obstacle problem.

The nonlinearity of free boundary problems makes them less susceptible to
mathematical analysis than the linear equations, so the discussion about stability and
well-posedness is very interesting, because there is just about as much likelihood of
ill-posedness as of well-posedness.

In our effort to deal with the free boundary problems we use classical solutions,
weak and variational methods and sometimes explicit solutions.

Keywords
Free boundary problems, Stefan problem

1. Kloowd Ilpopinpata Erev0epov Xovopov

To mpoPAinua tov Stefan eivon éva TpdPANua petapopds Beppdtntog 610 0T0i0 OU®G
EMTPEMETOL GTO HEGO Vo aAAALEL Phon (Vo AElDVEL Vo TaydVveL, vo eatpiletal, 1 va
GUUTVKVOVETOL).

ice

< i;,.ér
water X
phase boundary I" at ¢ + 8¢

phase boundary I" at ¢
yqua 1.1. H cvvBiin Stefan

H e&icwon g Beppdtrag u: — ,
o6mov M mukvoTTa palag p, M €WK BepudTNTO C KOl O GLVTEAESTNG OeppiKng
ayoyotntag K tov aydypov péoov eivor ola Oetikég otabepés.
O1 ovvOnkeg eAeBepOL GLVOPOL Elvat:
Ko )

omov  eivar M TaydTTO TOL EAgVBEPOL GuVOpov kot L 1 AavBdavovca OBeppotnra
avé povado palog m omoio omatteiton vo wpoceepbel otov néwo Beppoxpoaciog
MoTE vo petatponet og vepo Beppokpaciog
Y10 mpoPinua Hele — Shaw, 1Eddeg pevotod eéavaykaletan gite pe dvtinon eite
pe amopvinomn vo mepdoel SUEGOL €VOG GTEVOUOTOS HETAED 000 TApAAANA®V
Takdv Z=0 ko z = h.
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$sucti0n or injection

liquid

Zyfua 1.2, 'Evo kedl Hele-Shaw

H e&iomon Laplace yio v wigon p:
O1 cvvOnkeg eAeBepOL GUVOPOL Elvat:

Kot -

Ta wpofAnuato eAeBepOV GLVOPOL GE d1dYLON APOPOVV GE TPOPANUATO KOVOTG,
ocuvnbwg oTa aépla, oTe OToio Ol CNUAVTIKES YNUKES avTidpdoels cvpfaivouy pLovo
07O TETOCHO TNG PAOYOGS.

O1 e&iomoelg kot ot cuvinkeg ehedBepov Guvopov elva:

Ko — —

omov T n Beppokpacia, C N GLYKEVIPOGT TOV AVTIOPOVIWOV, O YOPIG ddotacn puOudg
™G avtidpaong &lvarl g HOPONG , 0mov A eivan otafepd ko 1 adtdoToTn
evépyela evepyomoinong (activation energy) E, to glvol peyoddtepn T g
Bepurokpaciog kot to  givon pio otabepd avaroyn pe o A.

[TpoPAnpato amd T pnyoviky|, OT®G:

a) T dvvapukn tov pevotov (fluid dynamics)
O1 e€lomoelg Tov mediov Tov SLVOULIKOV TG ToYLTNTOGS Eval:

H e&iocwon Laplace , L€ TIC GLUVOPLOKES GUVONKEC:

6mov  &ivar to dvvapukd g Tovrag (velocity potential) kot n empdvelo Tov
VEPOL TTEPLYPAPETAL OLTTO TN

B) ™ unmyavikn tov otepedv (solid mechanics) kot to mpofAnua eumodiov yo pia
pepPpavn
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contact set
e —

7 ~~__membrane

. T
- - ». \ _‘.“"-\._\_\_.

T

n-glid obstacle 7 = _f[_r. _\:!

Zymua 1.3, TIpopinuo epmodiov yio pio pepfpdvn
H e&lomon ko o1 cuvOnKeg eAeBepov cuvopov ivar:

Ko ,
o6mov M gykdpota petatomion U(X,y) kavomotel v e&icwon Laplace kat 1o oteped
gUmOd10 TEPYphipeTan and TN cvvaptnon Z = T (X,y).

2. Evotafsio ko Ko Toro0étnon tov Hpopfinpnatov

H oavélvon g evotdbeiog kot ©¢ €k ToOTOL NG KOANG TOmOBETMONG TV
npoPAnudatov elebBepov cuvopov yivetor pe ™ HEDOSGO TV JOTOPAYDOV Yo TN
Bewpla TOV TPOGEYYIGTIKMOV AVGEWMV.

Yta TpoPAnuata eAelBepov cuVOpoL VITAPYEL TOON aKPPOS TOAVOTTA 0oHEVODG
tonofétmong, 0060 kot kaAng tomofétnong. IloAdd mpofAnuate amid oaAiidlovv Ta
YOPOKTNPIOTIKA €VOTAOEG TOVG SOUe®VE pHE TNV KoatevBuvorn duddoong Tov
eAevBepOV GLVOPOVL 1 LE TO TPOGTLO TOV UNYUVIGLLOD 00NYNONG.

Ta mpoPiquarta Stefan epgavifovior va givar koahd TtomoBetnuévo Otov dev
emépyeTon 00Te LILEPPOALKN WYOEN, 0VTE VITepPoikn BEpaven.

Ta eAevBepa cOVOPO TOPD®OOVE PHEGOV Elvar KOAG TOTOOeTNUEVA OTAV 1) KOPEGUEVT
nepoyn Ppilokeror kbt amd 10 €AevBepo chvopo kol acBevdg tomobetnuéva
SLOLPOPETIKA.

Ao Vv avaivon g EoTABELNG TOL JVVOKOD TAXVTNTAG TPOKVLTTEL OTL £YOVLE
QUGIKA OTTOOEKTEG 1OIOAVGELG TOV YPOUUUIKOTOMUEVOL TPOPANUATOS KULOTIGHOD TOV
vePOD, HOVo av 1 180T A givor Tpoypatiky. Avtd avtioto el pe éva ‘wave train’
EMGveD o010 €AeDBEPO GVUVOPO, £€T6L MOTE 1 ToLTNTA TOL KOMOTog va eivar  A/K
TPOQOvVAG Betikn Kot povo av 1o K givar mpaypaticds aptOuodc.

Ao tov éleyyo ¢ evotdbelo g porg Hele-Shaw mpokvmter 611 M oyéon
domopag elvat . Etvan gpoavég 0Tt vhpyet o Opapatiky] oAloyn omod
QovolEVIKG KoAN TtomoBétnon oe acBev) tomoBémon, 600 mpoywpdue amd Eva
TpoOPAnua ‘eppvonong’ otav 1o V > 0, og éva mpdfinua ‘avappoébenong’ étav to V
<0.

3. Mé0ooor Enidvong pofrinpatev ErevBepov Xvvopov
A. Khaoowég AMoelg
I.  MéBodor Zoykpiong
Mepucég mAnpopopiec oyetikd pe ™ 0éom tv eAehlBepmv GuVOP®Y Kol TO €HPOG TV
Moemv umopovv va aAevfovv meptotactokd amd Hedddovg cOYKPIoNG.
ii.  Evepyelakéc péBodot ko Slatnpnuéveg mocOTNTEG
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[TapoAn ™ un ypoppkoOTNTa TOV TPOPANUdT®OV EAEVBEPOV GLVOPOL, Elval TOAVO Vo
e€ayovpe Kamoo TANpoPopia amd Alyo £m¢ moAD Katevbeioy oAokKANpmoT).
li.  Zuvoptmoeig Green kot 0OAOKANP®TIKEG EEIGMGELS

Av kot ot cvvaptioelg Green dgv pHmopovv vo. ypNCIHLOTOBovy GUECH Yol VO
Moovv ta mpoPAnuoto  €AevBepov  GLVOPOL, UTOPOVUE UEPIKEG (QOPES v
LETOKVANGOVUE TNV TANPoeopia. amd to Tedio eEI0MOEMV EMAV® ©TO €AeLOEPO
oLVOPO Kot £€TGL VO avAyovpe To TPOPANUO GE IO U1 YPOUUIKY] OAOKANPOTIKN
eElowon.

B. Acbeveig kan petafoiikég pébodot

Eneidn to khaowd mpoPAnpato ehevbepov cuvopov gival moAd dVGKOAO Vo EXOuV
aVGTNPY AVAALGT|, EIVOL PLGIKO VO TPOCTAOTCOVLE VO KATAGTICOVE YOAAPOTEPO TO
HoONUaTIKO 6TOYO0, AMUITOVTIOS £VO AlYOTEPO VGNP OpIopd TG £vvolag TG AVoTG.
Mia duvatotnta mov Exovue gival vo aKoAovONGovUE TIG 10€eg TV aoOeEVDY ADGE®V
(weak solutions). Na mpoomabnicovue onAadn va opicovpe pio acbevi Avon
noAlomAactalovtog 10 medio TV €EI0MCE®V  UE  GLVOPTNOELS EAEYYOL Kol
OAOKANPOVOVTOG LE TETOLOV TPOTO, MGTE TO EAEVOEPO GVVOPO KOl Ol GLVONKEG TOV
emPOnkav ce ovtd va eglval OVTOROTO EVOOUOATMOUEVEG OTN OlOTUIWGT TOV
oAokANpopatog. Evaidaktikd, 0o propodoape vo TpoomadnGovpe Vo, YEVIKEDGOVLE
™ péBodo TG pHETAPOMKNG TPOCEYYIoNG HE TETOWOV TPOTO, MOV Ol GLVONKECS
elevBepov GLVOPOL VO IKOVOTOLOVVTOL VTOUATO OTO TOVS EACYLGTOTTOMTEG.

Kot o115 dv0 mepumtmoeig 1 prrocoeia etvar 1 idwa. Avalntovpe pio tomomroinon n
omoiao va €xel AOYIKO 1ppoO, aKOUN KOl TOPOLGIO OLOVONTOTE OGVVEYEIMV Ol OTOIEG
EUTEPLEYOVTAL OTIG GLVONKEG €AelBepoL GuvOpov. H duvatdmra avt kavomoteitot
o6tav katoypagetal pio Tumomoinom M omoio €xel KOAES W10tNTEG VmApPENG Kot
povadikodtnToac. AKOUn Kot av auth 1 dtdmteon givotl vrepPoikd dVGYPNOTN OOTE
va EYovpe TV EATOA va fpodpe AUECO TPOTO Yo YEVIKEVUEVEG ADGELS, UTOPOVLE VO
eAntilovpe OtL pmopovv va emvonBodv aplunTikég SOKPITOTOMGELS, o1 omoieg Oa
pumopovcav vo amodetyBovv Ot teivovv oty acBevi M petafoikn Abon otav 10
KatdAAnAo péyeBog tov Prnotog EraTTOVETAL.

I'. Avolvtikég AMoelg

ATO OLEC TIG TEXVIKEG IOV TTEPTYPAPOVTOL GTNV EMIAVGCT TOV KAAGIKOV TOPABOMK®V,
EMEMTIKOV Kot VTEPPBOMKDV TPOPANUATOV 0pYIK®Y KOl GLVOPLOKDOV GLVONKAOV, dVO
umopovdv va ypnoipomombovv yu va Bpovpe ovoALTIKEG AVGES TPOPANUATOV
erebBepov ocvvopov. Avtég elvar mpdTOV, M XPNOWOTOINGN NG OUOLOTNTOGC
petofAntov n omoio meprhapPdver ta taidevovro KOUATO Kol OE0TEPOV, M
YPNOLOTOINCT TOV YUOIKOV UETAPANTOV av TO Tedio TV eEl0DGEMV TVYAIVEL VO
eivan e€lomoelg Laplace 1 evdgyopévamg, n dtoppovikn e&icmon

i.  Ta&wevovto kbpata: petafintn opodtnrag X — Vi
1o TpoPAnua Stefan:

®¢tovtag & =X—Vt, n Adon eival:

ii. O petaoynuatiopdc tov TpoPfinuatog Stefan, BEtovrag:
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dtver g Aoon: -

I'pagikn mapdotoon g Adong tov tpoPAnuatog Stefan:

2 ;
Yynuoe 3.1, H kpiown tyun mg Beppokpaciog oto mpdfinua Stefan

Enopévag:
Yrdpyet pio povadikn Ao otav
Agv VIAPYOVV TPAYHATIKEG AVCELG OTAV

4. Xvopmepaocporo.

e H ghpeon tov KatdAMA®v cuvOnk®v ot1o eAevbepo GUVOPO givol TPOTAPYIKNG
onuociog

o Agv vrhpyet pior pEB0OOG GLUVOMKNG OVTILETMOMIONG TOV TPOPANUATOV eAevBepOL
GLVOPOL

e To imua g EAAetyng evoTdbelag SUCKOAEVEL TN LOVTEAOTOINGT

¢ H opolomoinom ocvpfdiet oty mpoonddeia povteromoinong twv npofAnudtov

e O1 oplBunTikég AVGES VIEPEYOLV TOAD TOV OSWOECIUOV  TEYVIKOV EVPECNG
AVOAVTIKOV ADGEDV

21 ovvéyelo peietdror n Bedpnon tov €redBepov GLVOPOL GTNV TPOTLOTOINGN
WTPIKOV TPOPANUATOV.
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